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PREFACE. 


During the last few years many excellent treatises have been published 
on Structural Engineering, the majority of which are principally 
devoted to a consideration of the subject from the purely theoretical 
point of view, whilst a few others treat the subject mainly with regard 
to the practical arrangement of structural details. The subject is one 
of so wide a range that it is manifestly impossible to attempt anything 
like a comprehensive survey of structures generally in a single volume. 
Between the theoretical computation of the loads and stresses in a 
structure and the evolution of a satisfactory practical design which 
shall have due regard to the exigencies of practical construction, there 
exists a gap which may only be bridged by considerable practical 
experience and knowledge of shop methods. 

The Authors have endeavoured in the present volume to deal with 
the design of the more ordinary and commonly occurring structures 
from both points of view, and whilst necessarily stating the main outlines 
of theory involved, have extended the application of such theory to the 
practical design of a considerable vaiiety of structures and structural 
details of everyday occurrence. The consideration of higher structures, 
such as rigid and two-hinged metal arches, suspension bridges, and 
structures of particular or unique character, has been intentionally 
omitted in order to make room for such examples as will be of interest 
to the majority of readers. It has been considered desirable to include 
a short summary of the properties of structural materials and weights 
of details in order that these may be readily available for reference in 
one volume, and the chapter on materials is not intended to supply 
other than a very brief compendium of the properties of materials. An 
extended acquaintance with these is very necessary to the structural 
designer, and such information in detail is readily accessible in treatises 
on materials. 

Wherever possible, numerical data and arithmetical, in preference 
to analytical, methods have been adopted, and the use of mathematical 
formulae has been avoided where not absolutely necessary. Although 
this treatment may occasionally result in slightly more protracted 
methods of calculation, the Authors are convinced, after many years of 
both practical and teaching experience, that it will render the subject 
matter more accessible to the greatest number of readers. The majority 
of practical designers have neither the time nor opportunity for 
acquiring an advanced knowledge of mathematics, and whilst not 
decrying its desirability, an acquaintance with higher mathematics is 
not necessary to the design of most ordinary structures. A thorough 
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understanding of the elastic beam theory is necessary, and this, it is 
hoped, hhs been stated in the fullest and simplest manner. The 
consideration of column strength has been treated a little more fully 
than is customary in works on Structural Engineering, and the Authors 
are particularly indebted to Mr. J. M. Moncrieflf, M.Inst.C.E., for 
permission to make free use of the matter contained in his exhaustive 
investigation on this subject. Points relative to the design of bridges 
have been frequently alluded to and several bridge details illustrated ; 
but as bridge design constitutes an extensive subject in itself, those 
portions relating to it in the present volume are only intended to be 
introductory. A brief section is devoted to tall building construction, 
and for more detailed information readers may be referred to the many 
excellent American treatises on this subject. It had been intended to 
include a short notice of simple reinforced concrete structures, but 
as these are already fully dealt with in specialized works and the 
subject is rapidly attaining such large proportions, such notice has 
been omitted through lack of space for adequate treatment. Masonry 
structures and types of engineering masonry, which are inseparably 
associated, have been given particular attention and several appliea 
designs carefully worked out. 

It is hoped the information contained in the work may prove of 
general utility to both draughtsmen and students, and although not 
exclusively compiled for the use of students, it will be found practically 
to cover the present syllabus of both the Ordinary and Honours Grade 
Examinations in Structural Engineering held by the City and Guilds 
of London Institute, whilst it will also be of valuable assistance to 
those preparing for the Associate Membership Examination of the 
Institution of Civil Engineers, and the B.Eng. degree of London 
University. 

The Authors desire to acknowledge their indebtedness to Messrs. 
R. A. Skelton & Co. and Messrs. Mellowes & Co., Ltd., for information 
kindly supplied respecting broad-flanged beams and glazing ; to Messrs. 
J. M. Moncrieff and E. Sandeman, MM.Inst.C.E., Professor T. Claxton 
Fidler, M.Inst.C.E., Mr. E. H. Stone, M.Am.Soc.C.E.; to the Engineer¬ 
ing Standards Committee ; and to the Minutes of Proceedings of the Inst. 
C.E ., the Transactions of the American Soc. C.E., the Memoires of the 
French Soc. C.E., The Engineer , Engineering, Annates des Ponts et 
Chaussees , La Revue Technique , and other journals, frequent references 
to which have been annotated. 

J. H. 

Sheffield, August, 1911 . W. H. 


PREFACE TO SECOND EDITION. 

The first edition has been carefully revised, some of the illustrations 
re-drawn to a larger scale, and the table of equivalent distributed loads 
on railway bridges, on page 35, revised to meet the increased weights 
of present-day locomotives. 


Sheffield, January, 1914 . 


J. H. 
W. H. 
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PREFACE TO THIRD EDITION. 

The second edition has been revised and enlarged by the addition of 
new matter relating to beams, roofs, and stresses in lattice girders, 
including inclined girders. A new chapter has been added on simple 
influence lines, the principles of which have been explained by reference 
to several numerical examples which it is hoped will provide a useful 
introduction to the study of this important subject. 

J. H. 

Sheffield, February , 1924. W. H. 


PREFACE TO FOURTH EDITION 


The third edition has been revised and new matter relating to 
cements and concrete has been added. References to British 
Standard Sections have been corrected to agree with the new 
standard sections. The Authors desire to acknowledge their 
indebtedness to Messrs. G. and T. Earle (1925), Ltd., Mr. J. E. 
Worsdale, B.Sc., the Cement Marketing Co., Ltd., the Lafarge 
Aluminous Cement Co., Ltd., and the Engineering Standards 
Committee for valuable information kindly supplied. 

J. H. 

W. H. 

Sheffield, 

May , 1928. 

PREFACE TO FIFTH EDITION 

The fourth edition has been revised and, in response to many requests, 
several new chapters on Reinforced Concrete have been added. In 
these the Authors have followed the original intention of the book by 
treating of general principles, and within the space available, illustrating 
their application by numerous examples of the more commonly occur¬ 
ring structures. The matter in this new section on Reinforced Concrete 
has been compiled with regard to the “ Code of Practice for Reinforced 
Concrete ” drawn up by the Reinforced Concrete Structures Committee 
appointed by the Department of Scientific and Industrial Research 
and published in 1934. 

The Authors desire to acknowledge their indebtedness to H.M. 
Stationery Office, Mr. W. L. Scott, M.Inst.C.E., Dr. W. H. Glanville, 
the Inst.C.E., the Am.Soc.C.E., Sir Cyril Kirkpatrick, M.Inst.C.E., 
Messrs. T. W. Ward Ltd., and to other authorities mentioned in the 
text for permission to include much valuable information. 

J. H. 

W. H. 

Sheffield, 

March , 1946. 
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CHAPTER I. 


MA TERIALS. 

Stone. —The principal engineering structures for which stone is 
employed are masonry dams, piers, abutments and wing-walls for 
bridges, arches and retaining walls. The essential characteristics of 
stone for such works are durability, weight, and resistance to com¬ 
pression. In selecting suitable stone, the following general properties 
should receive consideration. 

Durability .—Durability depends principally upon hardness, chemical 
composition and relative fineness of grain, and is very essential in 
masonry structures, since they are exposed to more or less severe 
atmospheric influences, or are permanently or intermittently submerged 
in water. 

Weight .—The stability of structures such as dams, retaining walls, 
and lofty piers, is dependent on the weight of the material used, whilst 
in the case of ordinary walls and arches weight is not of such .para¬ 
mount importance. 

Resistance to Compression .—All masonry structures being subject to 
compressive stress, it is necessary that the material should possess an 
adequate resistance to compression, especially in the case of massive 
and lofty structures. Masonry is not employed under conditions 
where any considerable tensile stress will be developed. Hardness 
frequently decides the adoption or rejection of a stone which might 
otherwise be employed, on account of excessive expense in working. 

Porosity .—Porosity is undesirable, since it contributes to rapid 
weathering and reduced resistance to compression. Very porous stones 
are especially liable to be affected by frost. 

The following aids to judgment with regard to the above properties 
will be found useful. The best method of ascertaining the durability 
of a proposed stone is by an inspection of existing structures built of 
the same stone. Failing this, a careful examination should be made 
of the weather-resisting qualities of an exposed face of the quarry 
which has been undisturbed for a considerable length of time. The 
weight and resistance to compression are obtained by applying suitable 
tests, and figures relating to these will be found below. In all 
important works, special tests should be made of the actual stone 
employed. A suitable stone should exhibit on a clean fracture, a dense 
ana finely grained structure free from earthy matter. The porosity 
of stone may be tested by immersing a dry sample in water and noting 
the volume of water absorbed, at the same time observing the effect on 
the clearness of the water, since this affords an indication of the 
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amount of soft earthy matter contained in the stone. The principal 
classes of stone employed in structural work are Granite, Limestone 
and Sandstone. 

Granite.—Granite is the most durable stone employed in con¬ 
struction, but its hardness and expense of working restrict its use to 
very exposed structures and those subject to the heaviest stresses. 
Ordinary granite is composed of quartz, felspar and mica. Quartz is 
silicon oxide, and practically indestructible. Felspar is a mixture of 
silicates of alumina, soda, potash, or lime. It is much less durable 
than quartz. Its colour varying from grey to red gives the distinctive 
colour to the different varieties of granite. Mica is formed of sili¬ 
cates of alumina and other earths crystallized in thin laminae which 
readily split on weathering. It is the least durable constituent of the 
granite. Syenitic granites contain hornblende in addition to the above 
constituents. Hornblende is a silicate of lime and magnesia, is very 
hard and durable, and imparts a dark green colour to the granite. 
Syenitic granites are tougher and more compact than ordinary granite, 
but their scarcity makes the cost too great for general use. It is 
largely employed for ornamental purposes on account of the high 
polish it will take. An excess of iron in granite decreases its dura¬ 
bility, and care should be exercised to select material without this 
impurity. The iron is easily detected when the granite is exposed to 
air, dark uneven patches of discoloration due to iron oxide forming 
on the surface. Its weight varies from 100 to 190 pounds per cubic 
foot, and the crushiug load from GOO to 1200 tons per square foot. It 
absorbs a very small percentage of water. 

Limestone.—Limestouc is very varied in composition and physical 
characteristics, and includes all stones having carbonate of lime for 
the principal constituent. Some varieties have a crystalline structure, 
whilst others are composed entirely of shells and fossils cemented 
together. Marble is the hardest and most compact limestone, but is 
only used for decorative purposes. Other limestones make good build¬ 
ing material, but care must be taken to select fine even-grained stone 
containing no sand-cracks or vents. It is easily worked, and forms a 
good evenly coloured surface. Its weight varies from 120 to 170 
pounds per cubic foot, and the crushing resistance from 90 to f>00 tons 
per square foot. It is less durable than granite or sandstone, and 
absorbs a relatively large percentage of water. It should always be 
laid on its natural bed when building, and it is preferable to allow it to 
season before using to free it from quarry sap or moisture it contains 
when quarried. 

Sandstone.—As its name implies, sandstone has for its chief con¬ 
stituent sand, cemented together by various substances, and it is 
largely upon the ^.attire of the cementing material that the quality of 
the stone depends, since the silica forming the sand is extremely 
durable. The best cementing material is probably silicic acid, but 
most sandstones have carbonate of lime, iron, alumina, or magnesia as 
part of the cementing medium. In selecting sandstone, a recent fracture, 
if examined through a lens, should be sharp and clean with grains of 
a uniform size, well cemented together. Its weight should be at least 
130 pounds per cubic foot, and it should not absorb more than 5 per 
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cent, of its own weight of water when immersed for 24 hours. Sand¬ 
stone is used for all the best ashlar work. The most important 
variety for heavy engineering works is termed grit, from the formation 
in which it occurs. It has a coarse-grained structure, is very strong, 
hard, and durable, and is obtainable in very large blocks. For lighter 
work freestone is used, being more easily worked. 

Table 1.—Properties of Stones. 



Weight per 
cubic foot. 

(’rushing weight 
per square fooi. 

Percentage 
absorption of 
its own weight. 

Granites — 

lbs. 

tons. 

per cent. 

Peterhead. 

165 

800 to 1200 

0-25 

Cornish. 

162 

— 

— 

Guernsey. 

187 

950 

— 

Killiney (Dublin). 

171 

690 

— 

Sandstones — 




Craigleith. 

140 

860 

3*6 

Bramley Fall. 

182 

240 

3-7 

Darley Top. 

189 

520 

3-4 

Grinshill Freestone. 

122 

210 

7-8 

lied Mansfield. 

148 

COO 

4*5 

White Mansfield. 

140 

460 

50 

Limestones — 




Bath. 

128 

97 

75 

Portland Wbitbed. 

182 

205 

7-5 


Bricks.—Bricks are manufactured from clay, sometimes mixed with 
other earths, by moulding the clay to the required size and shape and 
burning it in kilns. The quality of bricks depends upon the nature 
and proportions of the constituents of the clay, and the heat to which 
they are subjected in the kilns. A small quantity of lime, very finely 
disseminated through the clay, is advantageous, as it assists vitrification 
when burning ; but if in lumps, on being burnt, it is converted into 
quicklime, which, on exposure to damp, sets up a slaking action with 
consequent expansion and liability to split the bricks. The proportion 
of iron contained in the clay influences the colour of the brick, which 
may vary between yellow, red, blue, or black. Bricks should be burnt 
until vitrification is just commenciug. The characteristics of good 
bricks are, freedom from flaws, cracks, quicklime, and salt; they 
should be of uniform colour, shape, and dimensions, and when struck 
should give a clear ringing sound. The absorption of water is a good 
indication of the quality of the brick. No brick should absorb more 
than one-sixth its own weight of water. 

A test often included in specifications is to place a saturated brick in 
a temperature of 20° F., and subject it to a load of 336 lbs. per square 
inch. If there are any signs of injury, such bricks are liable to be 
rapidly disintegrated by frost, and should be rejected. 

There are many qualities of bricks, but the kinds most generally 
employed in first-class engineering structures, are Staffordshire blue 
bricks and the finer qualities of red bricks known as stock bricks. 
Blue brick has a glazed surface, making it almost impervious to water, 
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is very durable, and has a high compressive resistance. It is used for 
the fyce of works in contact with water, for piers and abutments of 
bridges, retaining walls, and tunnels. Stock bricks are usually employed 
for the interior portions of works. The crushing resistance of Stafford¬ 
shire blue bricks varies between 0*9 and 2*8 tons per square inch, that 
of stock bricks about 1 ton per square inch. The compressive stress 
on bricks should never approach the crushing resistance, as the masonry, 
of which they form part, is, as a structure, much weaker than the 
individual bricks. 

The weight and size of bricks vary according to the locality of 
manufacture, a size frequently adopted being 9 ins. x 4£ ins. x 8 ins., 
and weight about 9 lbs. 

When used in curved structures such as small arches, bricks should 
always be tapered to the radius of the curve, to allow a uniform thick¬ 
ness of mortar in the joints, and ensure an even bearing. 

Specification for Brickwork .—The bricks to be laid in the bond 
specified with joints not exceeding ^ inch in thickness. Every course 
to be thoroughly flushed up with mortar, and the bricks well wetted 
before laying. The work to be substantial, with neat and workman¬ 
like appearance on the face. Heading joints to be truly vertically over 
each other, and the horizontal joints perfectly straight and regular. 
Any cutting to be neatly done. Arches to be turned in half-brick rings 
with bond courses every five feet through the arch. No batts to be 
used, except where absolutely necessary. All joints to be neatly struck 
and drawn, and arch rings to be carefully kept in true curves. Special 
care to be taken in laying the different rings in arched work exceeding 
9 inches in thickness, so that on easing the centering, the separate rings 
shall fully bear on each other throughout the whole length of the arch. 
If any lower ring settles away from an upper ring, so as to cause a ring 
joint to open, such joint shall not be pointed or stopped, excepting with 
permission of the engineer or the clerk-of-works, and any such defective 
rings are, if desired, to be entirely rebuilt. No bricks to be laid in 
frosty weather, and newly executed work to be adequately covered over 
at night. Circular work of less than three feet radius to be executed 
with special radius bricks. 

Lime.—Lime is obtained by heating limestone to redness in kilns. 
This process, termed calcination, converts the limestone into quicklime, 
which on being slaked with water, either by sprinkling or immersion 
(the former is better), forms calcium hydrate. This substance, when 
mixed with sand and water, and left to dry, changes into a solid mass 
which is practically again limestone. The chemical action which takes 
place is as follows :— 

Limestone = CaCo 8 

(Carbonate of lime) 

by calcining = CaO 4- C0 2 -> 

(Quicklime) (Carbon dioxide) 

on slaking, CaO + H 2 0 = CaH 2 0 2 

(Water; (Calcium hydrate) 

on setting, CaH 2 0 2 + C0 2 = CaCO, + H 2 0-» 

Where the limestone is composed almost wholly of carbonate of 
lime, the resulting quicklime, called fat or air-lime, will only harden 
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in air, and unless used with a suitable sand, only the exposed por¬ 
tions will set in reasonable time. Limestones containing clay, when 
burnt form hydraulic lime, which has the property of setting more or 
less rapidly under water or in damp situations. Such limes are said to 
be feebly or strongly hydraulic according as the mortar of which they 
form the active ingredient, sets slowly or rapidly under water. 

Classification of Hydraulic Limes. 


Class. 

Per cent, 
of clay. 

Setting under water. 

Feebly hydraulic 

5 to 12 

Firm in 15 to 20 days. In 12 months hard as 
soap. Dissolves with great difficulty. 

Ordinarily hydraulic 

15 to 20 

Resists pressure of finger in 6 to 8 days. In 
12 months hard as soft stone. 

Strongly hydraulio . 

20 to 30 

Firm in 20 hours. Hard in 2 to 4 days. In 
6 months may be worked like a hard lime¬ 
stone. 


In the preparation of mortar, sand is added to the lime to prevent 
excessive shrinkage and to save cost, but in no way affects the mixture 
chemically. Sharp, clean, gritty sand should be used. The proportions 
of lime and sand may be varied, but the following give good results 
for ordinary purposes: 2*4 parts of sand to 1 part pure slaked lime, 
and 1*8 parts of sand to 1 part of hydraulic lime. 

Cement.—Cement is similar to the best hydraulic lime, but possesses 
stronger hydraulic properties. There are two classes of cements—natural 
and artificial. Natural cements are obtained by calcining naturally 
occurring limestones which are found to produce cement. Roman 
cement manufactured from nodules found ir the London Clay is perhaps 
the best known natural cement. Having no great ultimate strength, it is 
unsuitable for use in heavy structures, and its use is confined to temporary 
work where quick setting is of great importance. 

Portland Cement.—Portland Cement is the most widely used con¬ 
structional material at the present time. It is the vital constituent of 
concrete which has largely superseded masonry and brickwork for heavy 
engineering works and all forms of construction capable of execution 
in reinforced concrete. The great bulk of Portland Cement is manu¬ 
factured by calcining in rotary kilns an intimate mixture of suitable 
quantities of chalk and clay very finely ground and mixed with water 
to a milky consistency. The product of the fusion of this slurry, known 
as clinker, when finely ground, constitutes the Portland Cement of com¬ 
merce. A brief outline of the various stages in the manufacture as 
practised in one of the most modern plants is here given. 

Chalk is excavated on a large scale by steam diggers and railed to 
gyratory crushers capable of reducing 200 tons of stone per hour to 
4-inch gauge. The crushed chalk passes to a rotary screen with 8-inch 
holes, the tailings from which are re-crushed by a jaw crusher. The 
crushed chalk is then elevated and charged into a reinforced concrete 
silo of 8000 tons capacity. The silo discharges into a set of combination 
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tube mills 32 feet long by 6 feet in diameter divided into three com¬ 
partments, two of which contain forged steel balls and the third, flint 
pebbles. In these the chalk, mixed with water, is so finely ground as 
to leave a residue of not more than 10 per cent, on a 180 x 180 mesh 
sieve. The chalk slurry from the tube mills is next delivered into a 
circular reinforced concrete tank 66 ft. in diameter and 11 ft. deep, 
holding about 1500 tons of slurry and furnished with an electrically 
driven stirring mechanism of the sun and planet type. By this means 
the slurry is continuously agitated and the solid matter prevented from 
sinking to the bottom. The slurry tank discharges to a sump from 
which the slurry is lifted to an automatic measuring machine which 
passes forward exactly the desired quantity in any given time. From 
the measuring machine the slurry gravitates down an inclined shoot in 
an even film, to octagonal wash mills 20 ft. wide provided with rotary 
stirrers. At this stage the clay is added to the chalk slurry by tipping 
it down the same shoot as that down which the slurry is flowing. The 
clay is weighed previously to mixing with the chalk slurry. The 
combined chalk and clay slurry after mixing and stirring in the wash 
mills is strained through gratings to a sump, from which it is lifted to 
reinforced concrete triple mixers, each measuring 40 ft. long by 20 ft. 
wide by 10 ft. deep, and provided with three sets of rotary stirring 
arms. From these mixers samples are continually taken for analysis, and 
any adjustments in the proportion of the ingredients are made prior to 
the slurry passing forward to the slurry grinding tube mills. In the 
slurry grinding tube mills, each 20 ft. long by 5 ft. diameter, the slurry 
is so finely ground that, when dried and pulverized, 95 per cent, will 
pass through a standard sieve of 180 holes to the lineal inch. These 
tube mills discharge into a small tank with motor-driven stirring arms 
which forms the sump of the slurry pumps. The slurry pumps deliver 
the slurry to the feeding platform of the rotary kilns, and also into a set 
of storage silos of capacity sufficient to supply slurry to the kilns for 
from 4 to 5 days running in the event of casual stoppage of the supply 
of raw materials‘or breakdown of the grinding and mixing plant, since 
the kilns necessarily run continuously for long periods. In the storage 
silos, which are riveted steel tanks 50 ft. high and 23 ft. diameter, the 
slurry is kept agitated by blowing air at about 25 lbs. per square inch 
pressure upwards through the slurry for short periods at intervals. 

The rotary kilns, 200 ft. to 250 ft. long and 9 ft. to 10 ft. in 
diameter, are of riveted steel plates lined with refractory brick. They 
are supported at an inclination of 1 in 20 by four cast-steel tyres 
running on rollers and driven through reduction gearing at the rate of 
about one-half to two revolutions per minute. The output of clinker 
from one such kiln averages between 7 and 8 tons per hour. The 
slurry from the j umps is delivered into a feed tank, from which it is 
measured by a scoop wheel into a trough which discharges into the 
feed spout leading into the upper end of the rotary kiln. A tell-tale on 
the firing platform indicates whether the feeding mechanism is operating 
satisfactorily or not. At the lower end of the rotary kiln pulverized coal, 
previously dried in revolving cylinders, is blown through the firing 
nozzle in the hood covering the end of the kiln and an intense flame 
plays axially into the kiln. The action inside the kiln is as follows : 
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As the slurry flows down the inclined rotating barrel, the water is first 
evaporated, and as it passes further down the kiln the calcium carbonate 
is decomposed by the more intense heat and its carbonic acid gas 
liberated. The lime is then free to combine with the silica and alumina 
of the clay, which chemical combination takes place in the burning or 
clinkering zone at a temperature of between 1300° and 1400° C., calcium 
silicates and aluminates being formed. The calcined product or clinker , 
in the form of greenish-black granules about the size of marbles, falls 
from the kiln into a rotating cylindrical cooler through which air is 
drawn. This air, heated by contact with the red-hot clinker, is sub¬ 
sequently passed into the kiln, where it contributes to the combustion 
of the coal. 

The clinker falls on to a conveyor, which delivers it to silos con* 
structed over the cement grinding mills. At this stage a small percentage 
of gypsum is added for regulating the setting time of the cement. The 
clinker is finally ground in combination tube mills similar to those 
already described, to a degree of fineness such that 5 per cent, only 
remains on a standard 180 x 180 mesh sieve. The ground cement is 
then conveyed to store, from which it is drawn to automatic weighing 
and bag-filling machines. 

Bulking of Cement and Influence of Fine Grinding on Weight 
and Strength. —By bulking is meant the change in apparent volume due 
to increased fineness of grinding. A cubic foot of cement carefully 
measured is found to be of very variable weight dependent upon its 
degree of fineness. The finer the grinding the les3 is the weight per 
cubic foot. The increase in bulk of a given weight of cement with 
finer grinding is attributed to the cushioning action of air. The 
British Standard Specification for Portland Cement (1925) requires that 
the residue on a 180 X 180 sieve shall not exceed 10 per cent, after 
15 minutes* sifting. Table 2 shows the influence of fine grinding on 
the weight per cubic foot. The specific gravity of cement varies 
between 3*05 and 3*15. 

Table 2.—Influence of Fine Grinding on Weight of Cement 
(J. E. Worsdale). 


Cement residue 
on 180 Bieve. 

1 Actual weight per 
cubic foot. 

| Measured dry. 

Weight per cubic 
foot based on uniform 
volume of paste. 

Suggested agreed 

1 figure for weight 
per cubic foot. 

per cent. 

lbs. 

lbs. 

lbs. 

10 

1 90 

90-0 

90 

6 

85-5 

86*5 

87 

3 

82-5 

83*4 

84 

1 

80*6 

802 

81 


The bulking of cement has an important bearing on the quantity 
to be specified for making concrete, since if the cement be measured by 
volume, the actual weight employed will be very variable dependent 
upon the degree of fineness of grinding. For this reason it is preferable 
to specify the weight of cement to be mixed with stated volumes of 
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coarse and fine aggregate. Fineness of grinding also influences the 
strength of cement. If cement having a residue of 10 per cent, on a 
180 X 180 sieve is considered to weigh 90 lbs. per cubic foot, then for 
every one per cent, reduction in residue the weight will be reduced 
approximately l£ per cent. On the other hand, for equal weights of 
cement made into concrete, one per cent, reduction in residue will 
increase the strength of the concrete by the amounts shown in Table 3. 


Table 8.—Influence of Fine Grinding on Strength of Concrete 
(J. E. Worsdale). 


Baaed on testa at age of 

7 days. 

28 days. 

3 months. 

1 year. 

Percentage increase in concrete strength 

2i 

2 


4 


- 175 -- +* 


Tests .—The tensile strength of cement is ascertained by making 
tests on briquettes of standard shape and dimensions. The B.S.S., 1 
1925, requires the average tensile strength of 
six briquettes of the form shown in Fig. 1 to 
be not less than 600 lbs. per square inch, the 
tests being made seven days after gauging. 
The briquettes are to be kept in a damp atmo¬ 
sphere for 24 hours after gauging, then removed 
from the moulds and submerged in clean fresh 
water at a temperature of between 58° and 
64° F. until the time for testing. All of the 
well-established brands of cement will be found 
to comply easily with the above specification, 
most being well above it. 

The B.S.S. also requires that six briquettes 
made from a mixture of one part of cement to 
three parts by weight- of standard (Leighton 
Buzzard) sand shall show the following average 
tensile strengths : Seven days after gauging, 
not less than 325 lbs. per square inch, and 28 days after gauging, not 



Fig. 1. 


less than 


Breaking ,length at 7 daje + Brtg , Jg, , j,,, "»• P» «q. in. 


Le Chatelier Test .—The soundness of cement is determined by the 
Le Chatelier test. 2 The apparatus, illustrated in Fig. 2, consists of a 
small split cylinder of spring brass, to which are attached two indicators. 
The cylinder is filled with cement gauged under the conditions of the 
B.S.S., and placed ander water for 24 hours. It is then removed from 
the water and the distance between the ends of the indicators accurately 


* Reproduced by permission of the Engineering Standards Committee, from 
Report No. 12, revised 1925. 

* Reproduced from Report No. 12, revised 1925. British Standard Specifi¬ 
cation for Portland Cement. By permission of the Engineering Standards 
Committee. 
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measured. The mould is again immersed in cold water, which is brought 
to boiling-point and kept boiling for six hours. After allowing the 
mould to cool the distance between the 
indicators is again measured. The expansion 
should not exceed 10 millimetres after 24 
hours’ previous aeration of the cement, nor 
5 millimetres after 7 days’ aeration. 

Time of Setting .—The time of setting is 
determined by the aid of the Yicat needle 
apparatus. For the method of making the 
test the reader is referred to the B.S.S. 

The initial setting time of normal setting 
cement should not be less than 30 minutes 
and the final setting time not more than 10 
hours. For quick-setting cement the initial 
setting time should not be less than 5 minutes 
and the final setting time not more than 30 
minutes. 

Rapid Hardening Cements.—The im¬ 
portance of speed in constructional concrete 
work has created a demand for Portland 
cements possessing quick - hardening pro- Fig. 2. 

perties. The advantages will be obvious. 

Concrete roads may be opened to traffic after two or three days, 
shuttering may be removed from reinforced concrete members in a few 
days, and concrete piles driven in from two to seven days after 
moulding instead of requiring curing for several weeks. In general, 
this class of cements possesses superior strength to ordinary Portland 
cement, and thus makes for economy in weight. Quick-hardening 
cements should not be confused with those quick-setting cements which 
have to be used with great speed and placed in situ within a few 
minutes, as, for instance, Roman cement. A considerable number of 
such cements are now on the market, some of the widest known being 
Ciment Fondu, Ferrocrete, and Tunnelite. 

Giment Fondu .—This cement, introduced in 1918, is often referred 
to as an aluminous cement. It will be seen from Table 5, its con¬ 
stitution differs considerably from that of normal Portland cement, in 
that it contains a much larger percentage of alumina and much less lime 
and silica, the resulting chemical action on hydrating producing an 
essential crystalline structure of aluminate of lime in place of silicate 
of lime, which structure matures and hardens in a much shorter time 
than a structure mainly siliceous. Ciment Fondu is not quick setting, 
its setting time being longer than that of Portland cement. It possesses 
greatly increased strength and develops considerable heat during setting, 
thus being advantageous for use in frosty weather. Since it contains 
no free lime it is more permanently retentive of colouring matter. 

Ferrocrete.— Ferrocrete is a rapid-hardening cement having a final 
setting time a little less than that of ordinary Portland cement, and 
thus allows ample time for placing concrete in position before setting 
has appreciably progressed. In about four days concrete made with 
Ferrocrete attains approximately the same compressive strength as does 

b 2 
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Portland cement concrete in 28 days. Also, in two days, Ferrocrete 
mixed jwith three parts of sand develops a considerably greater tensile 
strength than that required by the B.S.S. in 28 days, these results 
being well substantiated by independent testing authorities. It is 
obviously of great advantage in reducing the amount of shuttering 
required on extensive works, its superior strength permits of leaner 
mixes of concrete being used for equal strength with ordinary Portland 
cement concrete, precast units may be lifted and moved earlier, piles 
driven in a few days and concrete structures generally loaded much earlier. 

Table 4 gives representative results of tensile tests on 3 to 1 sand 
and cement briquettes at various ages. 

Table 4.—Tensile Tests of Sand and Cement Briquettes. 


Lbs. per square inch. 3 sand to 1 cement 


Age. 

1 day. 

2 day 8. 

3 day8. 

5 days. 

7 days. 

28 days. 

Portland cement . 

220 

340 

480 

520 

550 

622 

Ferrocrete . 

312 

516 

583 

611 

688 

713 

Ditto . . . 

425 

525 

585 

635 

680 

700 

Ciment Fondu . . . j 

475 

518 

546 

569 

580 

618 


Table 5.—Representative Analyses of Various Cements. 



Portland 

cement. 

Ferrocrete. 

Ciment 

fondu. 

Roman 

cement. 


per cent. 

per cent. 

per cent. 

per cent. 

Insoluble residue .... 

0*45 

0*12 

0*80 

— 

Silica. 

21*17 

20*58 

7*80 

25-48 

Alumina. 

6*79 

6*06 

36*23 

10-30 

Iron oxide. 

2*65 

2*82 

8*17 

7*44 

Lime. 

64*22 

64*56 

41*97 

44*54 

Magnesia. 

1*10 

1*25 

0*47 

2*92 

Sulphuric anhydride . 

1*48 

1*90 

0*22 

2*61 

Sulphur (as sulphide) . , 

— 

— 

0*11 

— 

Alkalies and Loss .... 

0*66 

1*21 

} Ml { 

— 

Loss on ignition. . . . 

1*48 

1*50 

3*68 

Titanium oxide. 

— 

— 

3*92 

— 

Other constituents .... 


— 

■ 

1*46 


Concrete.—Concrete is formed by mixing together suitable pro¬ 
portions of broken stone or gravel, sand, cement and water. The 
mortar formed by the sand and cement is called the matrix. The larger 
material constitutes the aggregate. The sand and aggregate should be 
clean, and where great strength is required the aggregate should consist 
of hard material. The stone is better specified as coarse aggregate and 
the sand as fine aggregate. To secure the best results the stone should 
be well graded in size between specified limits so that the smaller pieces 
help to fill the relatively large voids which would otherwise obtain if 
the stone were of uniform size. 

In Fig, 3 the whole of the voids in stone of sensibly uniform size is 
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filled with mortar. In Fig. 4, where stone of two screened sizes is used, 
more of the voids are occupied by solid material; and in Fig. 5, where 
the stone is well graded, the maximum density is obtained with the 
minimum quantity of cement. For concrete in mass the stone may 
be from 2£ inches downwards, but for reinforced concrete slabs and 
members generally, £ inch is usually specified as the maximum size of 
coarse aggregate to ensure thorough filling between the reinforcement. 
For massive concrete work, rubble or cyclopean concrete is used (see 



Fig. 3. 


Fig. 4. 


Fig. 5. 


page 370). The sand should also be graded from £ inch down, the larger 
proportion passing a —inch mesh. Fine dust should be rigorously 
excluded from both stone and sand. It is a source of weakness, as it 
has no body to which the cement can adhere. The object of grading 
is to reduce the percentage of voids as far as possible, as the purpose 
for which cement is added is to act as a binding material and not to Jill 
the voids. 

Proportions for Concrete.—The careful proportioning of the con¬ 
stituents of concrete for a given purpose is a considerable subject in 
itself, but for most ordinary purposes the following method may be 
followed. The percentage voids of large and small aggregate should 
be known. For the large aggregate the percentage voids may be found 
by filling a tank of known capacity with the previously soaked aggregate 
and measuring the quantity of water required to fill up the tank. In 
estimating the voids in sand this method is not so satisfactory owing 
to the difficulty of releasing all the air between the closely packed 
grains. The specific gravity of the sand is preferably taken and the 
voids calculated therefrom. 

The proportions are usually specified by volume, taking the cement 
volume as unity. Thus 1:2:4 indicates 1 part by volume of cement, 
2 parts of fine aggregate, and 4 parts of coarse aggregate, and is known 
as 6 to 1 concrete. The voids of the large aggregate represent the 
minimum volume of mortar required to form a dense concrete if perfect 
mixing could be ensured and no wastage of cement occurred between 
mixing and laving, but the volume of mortar should exceed by about 
20 per cent, the volume of the voids in the coarse aggregate to ensure 
thorough soundness. Since the percentage voids of most aggregates 
range from about 30 to 45 (see Table 6), this quantity of excess mortar 
will represent from 6 to 9 per cent, of the total volume of the aggregate, 
including its voids. The quality of the concrete may be varied by 
using different proportions of sand to cement, a larger proportion of 
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sand making a weaker bnt less expensive concrete. Table 6 gives the 
approximate percentage of voids to be expected in various aggregates, 
but where doubt exists these should be actually measured. 


Table 6.— Percentage Voids in Aggregates. 


Material. 

Size. 

Per cent, of voids. 

Granite chippings . . 

f in. 

47*3 

Crushed sandstone . . 

i in. 

44*4 

Sandstone .... 

2 in. 

42-5 

Limestone .... 

3 in. to 1 in. 

41*0 

Sandstone .... 

1 in. to J in. 

39-8 

Limestone .... 

H in. to A in. 

38*5 

Broken brick 

1J in. 

38*5 

Thames ballast . . . 

1 in. to ^ in. 

37*5 

Trent sand .... 

J in. down. 

37*3 

Round pebbles . . 

3£ in. to 1$ in. 

37-0 

Thames ballast . . . ! 

]£ in. to j in. 

35-3 

Gravel.j 

f in. to J in. 

34*8 

Sand.j 

$ in. down. 

30*0 

Gravel . . . . 1 

1 in. to J in. 

27*3 

Mixed gravel and sand. 1 

— 

23*2 


Example 1.— To find the relative quantities of dry materials to be 
used of coarse aggregate having 45 per cent . voids and fine aggregate or 
sand having 30 per cent, voids , the mortar to be 1 of cement to 2 of sand 
and to be 20 per cent . in excess of the voids of the large aggregate . 

Let x = volume of cement; 2x = volume of sand. 

30 3x 

Volume of sand voids = x 2x = 

100 5 

Excess of cement over sand voids = x — ~r = ~ 

o o 

Volume of mortar = 2x + ^ 

5 o 

100 12x 

Hence, volume of voids of large aggregate should = - 9() x -y = 2x, 

and volume of large aggregate = ^ X its voids = ^ x 2x = 4*4z. 

The required proportions by volume are therefore 1 : 2 : 4* 

The volume of concrete resulting will be the volume of the large 
aggregate including voids + 20 per cent, of its voids = 4*44a; + io °5 of 
2x = 4*84z. 

The volume of ingredients before mixing = x 4* 2x + 4-44$ = 7*44z. 

7*44 

Hence for 100 cuo. ft. of concrete in situ 7 - 3 ^ X 100 = 153*72 cub. ft. 

4*84 

of dry ingredients would be required, assuming no waste in mixing and 
transporting. A slightly richer mix would be desirable if watertight¬ 
ness was a special consideration. 

While it is still a general practice to specify the proportions by 
volume, it should be remembered that a cubic foot of cement may 
contain a very variable weight of cement according as it is loosely 
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measured or well shaken down. The degree of fineness also affects the 
weight as shown in Table 2 . For these reasons it is preferable to 
specify the weight of cement to be used with stated volumes of aggregate. 
Mr. J. E. Worsdale has recently proposed a new specification for the 
proportions of concrete as follow^: “The proportions of coarse and 
fine aggregates shall be 5 cub. ft. of coarse aggregate and 2 £ cub. ft. of 
fine aggregate to 1 cwt. sack of cement.*’ These proportions are based 
on a cement having a fineness which just complies with the British 
Standard Specification, but for cements having fineness given below, the 
quantities of aggregates may be increased according to the following 
schedule:— 


Cement residue on 

180 x 180 sieve. 

Increased proportions of aggregate 
| per cwt. of cement. 

Coarse. 

Fine. 

per cent. 



6 

0*17 

008 

3 

0-35 

0*17 

1 

0-55 

0*27 


Such a specification ensures the proper quantity of cement being 
employed. Taking one cubic foot of cement equal to 90 lbs., one cwt. 
would be the equivalent of practically 1\ cub. ft., and a specified mix of 
1 cwt. of cement to 2^ cub. ft. of fine and 5 cub. ft. of coarse aggregate 
is equivalent to \ cwt., or one cubic foot of cement actually weighing 
90 lbs. to 2 cub. ft. of fine and 4 cub. ft. of coarse aggregate. Specified 
in this way, the proportions in Example 1 , above, would be— 

1 cub. ft. x It = 1 cwt. of cement, 

2 „ x l| = 2£ cub. ft. of fine aggregate, 

and 4*44 „ X l| = 5*55 cub. ft. of coarse aggregate. 

Slump Test for Consistency .—The consistency of concrete is readily 
ascertained by the Slump Test. A sample from the mix is filled in 
three layers, with a pricker, into a truncated conical metal mould 12 in. 
high, 8 ins. base ana 4 ins. top diameter. The mould is then lifted and 
the slump or settlement of the concrete measured. A slump of £ in. 
to 1 in. represents concrete of “ Normal Consistency.” Slumps of J in. 
to 1 in., 3 in. to 4 in. and 5 in. to 6 in. represent consistencies suitable 
for machine-finished roads, heavy reinforced sections and thin vertical 
reinforced sections respectively. 

Compressive Tests for Concrete. —Compression tests, which are 
more representative of the strength of concrete as generally used, are 
usually made on 6 -in. cubes for small aggregate up to 1 -in. and 9 -in. 
or 12-in. cubes for larger aggregates. The cubes should be accurately 
shaped and cast in metal moulds. They are removed from the moulds 
in 24 hours and kept immersed in water at 60° F., or they may be 
exposed to the weather under damp cloths, at the site where the concrete 
is to be used, until ready for testing. The following table gives typical 
results of compressive tests on concrete made with different cements at 
various ages:— 
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Compressive Strength of Concrete 6-in. Cubes. 


'-1- 

Age. 

Lbs. per square inch. 

1 day. 

2 days. 

7 days. 

28 days. 

1 year. 

Portland Cement. 






i:i*: 8 . . . 


1850 

3940 

5050 

7729 

i:2:4. . . . 


1550 

3190 

4490 

6173 

1: 2* : 5 . . . 


1170 

2860 

3460 

5582 

1:3:6. . . . 


840 

1900 

2540 


Ferrocrete 






1 : 1* : 3 . . . 


3470 

67 CO 

8240 


1:2:4. . . . 


3000 

6020 

7350 


1 : 2 *: 5 . . . 


2290 

4560 

5200 


i:3:6 . . . 


1350 

3400 

4080 


Cimant Fondu 






1:2:4. . . . 

8000 


8810 



l: 6* 14 . . . 

| 

6258 

7642 

8160 

11,200 


Asphalte.—Asphalte is used to a great extent in engineering works 
for damp-proof courses, and layers in masonry and metal bridges, roads, 
roofs, etc. It is a combination of bitumen and calcareous matter, 
naturally or artificially combined. The natural asphaltes are usually 
found as limestones saturated with 8 to 12 per cent, of bitumen. In 
preparing such asphalte for use, the rock is ground to a powder, mixed 
with sand or grit and heated with mineral tar. (Coal-tar should not 
be used, being brittle, easily crushed, and readily softened under heat.) 
The mastic, as the mixture is then called, is laid in situ as a thick 
liquid. If the natural rock contains a large percentage of bitumen it 
may be laid, after grinding and heating, as a powder, in which case it 
must be thoroughly rammed, whilst hot, so as to form one solid mass. 

The proportion of grit in the mastic will vary according to the 
purpose for which the asphalte is to be used. 

For roofs, lining of tanks, etc. . . 2 of grit to 18 of asphalte. 

„ flooring, footways, etc. ... 2 „ 1 G „ 

Timber.—The uses of timber in engineering structures may be 
classified as follows :— 

1 . For marine works. 

2 . „ exposed structures other than marine works. 

3. „ parts of structures under cover. 

4. „ paving. 

For the first three classes strength and durability are essential, and 
for the last hardness is the chief quality required. All timber structures 
situated in sea-water are subject to the attacks of sea-worms, which 
bore into most varieties of timber, and reduce or entirely destroy its 
strength. For such situations the most suitable timbers are greenheart 
or jarrah, as these timbers contain an oil which renders them to some 
extent immune from the attacks of sea-worms. For the second class 
the timber is usually preserved from weathering by creosoting or other 
means, which is unnecessary for the third class. 
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Selection of Timber .—The selection of timber should be entrusted 
only to a thoroughly experienced person, as the quality can only be 
judged after much personal experience. For all the main members of 
structures the heartwood only should be used, the outer portions, or 
sapwood, being inferior in strength and durability. The annual rings 
should be regular, close, and narrow. Darkness of colour is generally 
a good indication of strength. When freshly cut, the timber should 
have a sweet smell; a disagreeable smell usually betokens decay. The 
surface should be firm and bright when planed, and when sawn the 
teeth of the saw should not be clogged. Knots should not be large, 
numerous, or loose. 

Glassification of Timber according to Size .—Timber is converted from 
the logs or balks to commercial sizes by different methods of sawing, 
depending upon the uses to which the timber is to be put. 

The usual sizes of timber employed in engineering construction are 
the following :— 

Whole or square timber 9 in. x 9 in. to 18 in. x 18 in. 


Half timber .... 9 in. x 4.J in. to 18 in. x 9 in. 

Planks.11 in. to 18 in. wide by 3 in. to 6 in. thick 

Deals.9 in. wide by 2 in. to 4 in. thick 

Battens.4^ in. to 7 in. wide by | in. to 3 in. thick. 


Varieties of Timber. —For engineering purposes the following are the 
most generally used timbers :— 

Tine , Baltic , sometimes known as red or yellow fir, consists of 
alternate hard and soft rings. It has a strong resinous odour, is easily 
worked, but is not nearly so durable as some of the harder timbers. 
The best varieties are those in which the annual rings do not exceed 
yV in. in thickness, and contain little resinous matter. In seasoning 
the maximum shrinkage is ~th part of its original width. 

Sizes obtainable.—Balks 10 to 1G in. square, 18 to 45 ft. long. 

Deals 2 to 5 in. thick, 9 in. wide, 18 to 50 ft. long. 

Uses.—Decking, temporary work, or in positions where there is 
little or no stress. 

American Red or Yellow Pine , is clean, free from defects, and easily 
worked, but is weaker and less durable than Baltic pine. 

Sizes.—Balks 10 to 18 in. square, 1G to 50 ft. long. 

Deals 2 to 5 in. thick, 9 in. wide, 1G to 50 ft. long. 

Uses.—Similar to Baltic pine. 

Pitch Pine y obtained from the southern states of America, is a 
timber very largely employed in engineering works on account of its 
strength and durability. It is very hard and heavy, and contains a 
large proportion of sapwood full of resin. It is liable to cupshakes, 
will not take paint, and is very hard to work. 

Sizes.—Balks 10 to 18 in. square, 20 ft. to nearly 80 ft. long. 

Deals 3 to 5 in. thick, 10 to 15 in. wide, 20 to 45 ft. long. 

Uses.—For the heaviest timber structures, where strength and 
durability are essential. The long lengths in which it is obtainable 
make it very suitable for piles. 

Oaky English , is the most durable of northern latitude timber. It 





16 


STRUCTURAL ENGINEERING 


is very strong, hard, tough, and elastic. Contains gallic acid, which 
increases its durability, but corrodes any iron penetrating the timber. 

Uses.—It is too expensive for use in general engineering works, 
and is only employed where extreme strength and durability are 
required. 

Oak , Americani, is similar in many respects to English, but is inferior 
in strength and durability. It is sound, hard, tough, elastic, and 
shrinks little in seasoning. 

Sizes.—Balks 12 to 28 in. square, 25 to 40 ft. long. 

Uses.—Similar to English oak. 

Oreenheart is probably the strongest timber in use. It is dark 
green to black in colour, and obtainable only from the northern part 
of South America. It has a fine straight grain, is very hard and 
heavy, has an enormous crushing resistance, and contains an oil which 
resists, to a great extent, the attacks of sea-worms. It is very apt to 
split and splinter, and care must be taken when working it. 

Sizes.—It is imported rough in logs 12 to 24 in. square, and up to 
70 ft. in length. 

Uses.—For piles, dock gates, jetties, and all marine structures. 

Beech, is black, brown, or white in colour, is light, hard, compact, 
not hard to work, and is durable if kept constantly either wet or dry, 
but if alternately wet and dry it quickly rots. 

Use.—For piles and sleepers. 

Elm possesses great strength and toughness. It has a close fibrous 
grain, warps, and is difficult to work. It should be used when freshly 
cut, and kept continually under water. 

Uses.—For piles and fenders. 

Table 7.—Weight and Strength of Timber. 


Timber (seasoned). 


Pine, Dantzig . 

„ American Bed 
„ „ Yellow 

„ Pitch . 

Oak, English . . 

„ American . 
Greenheart . 

Beech .... 

Elm. 

Teak. 

Jarrah .... 


i 

Weight per 
cubic foot 

! 

Resistance to crush- > 
ing in direction of 
gr{iln in tons per 
square inch. 

Breaking load at 
centre for square 
beam 1" x 1" X 1 
i ft. span. 

i 

lbtJ. 

36 

31 


lbs. 

400 to 700 

34 

21 

— 

390 to 570 

30 

1-8 

— 

470 

42 to 48 

30 

— 

350 to 500 

48 to 60 

2-9 

4-5 

500 „ 750 

54 

3*1 

— 

500 „ 700 

60 to 70 

5-8 

6-8 

900 ,,1500 

43 to 53 

3*4 

4-2 

550 , 

, 700 

36 

2*6 

4-6 

860 „ 450 

41 to 55 

2-3 

5-4 

600 , 

, 700 

60 to 63 

3*2 

— 

500 , 

, 650 


Teak, has a dark brown colour, is light, but very strong and stiff. 
It contains a resinous oil, which makes it very durable, and able to 
resist the attacks of ants. It is easily worked, but splinters. 

Sizes.—Balks 12 to 15 in. square, 23 to 40 ft. long. 

Uses.—Used to a great extent in shipbuilding for backing armour, 
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as the oil it contains does not corrode iron. It is also used for decking 
and structures liable to the attacks of ants. 

Jarrah .—A red Australian timber, with a close wavy grain. It is 
very durable, and contains an acid which partially resists sea-worms 
and ants. It is full of resin, brittle, liable to cupshakes, and shrinks 
and warps in the sun. 

Sizes.—Balks 11 to 24 in. square, 20 to 40 ft. long. 

Uses.—Similar to greenheart. It is also used to a large extent for 
wood pavement. 

Where two values are given in the above table for the crushing 
resistance, the first is for timber moderately dry, and the second for 
thoroughly seasoned timber. Timber when wet does not possess nearly 
the same strength as when thoroughly dried. 

Shearing Strength .—The shearing resistance of timber is very 
variable, and few reliable experiments have been made to ascertain such 
resistance. Rankine says the shearing strength along the grain is 
practically the same as the tensile strength across the grain. The 
following are approximate shearing values along the grain :— 

Oak, elm, ash, birch.over 1000 lbs. per sq. in. 

Sycamore, Cuban pine. „ GOO „ „ 

Norway pine, white pine, spruce . „ 400 „ „ 

English oak trenails, across the grain „ 4000 „ „ 

Decay of Timber.— Dry rot is caused by the confinement of gases, 
produced by warmth and stagnant air, around timber. The fungus 
thus produced feeds upon the wood, and reduces it to a powder. The 
rot will spread to any wood in the vicinity. Unseasoned timber is 
more liable to dry rot than seasoned. Thorough seasoning, ventilation 
and protection from dampness are the best precautions against dry rot. 
Wet rot is the decomposition of wood by chemical action through being 
kept in a wet state. It is not infectious excepting through actual 
contact. Thorough seasoning and preserving by painting, creosoting, 
etc., will prevent wet rot. 

Destruction of Timber .—All marine timber structures are liable to be 
destroyed by sea-worms, chief amongst which is the Teredo. By 
employing greenheart or jarrah the action of the sea-worms is to some 
extent prevented. Other precautions adopted are, covering, after 
tarring, of all timber below high-water level, with sheet zinc or copper, 
or studding the whole surface with scupper nails. Where timber is 
liable to be attacked by white ants, teak, jarrah, or other ant-resisting 
timber should be selected for use. 

Seasoning .—The object of seasoning is to expel any sap there may 
be remaining in the timber. Natural seasoning is performed by 
stacking balks in layers, under cover, and allowing a free circulation of 
air to pass around each balk. This process requires a considerable 
time, taking between three and twenty-six months, according to the 
description of the timber and the sizes under treatment; Water 
seasoning reduces the time occupied. By this method the timber is 
placed under water, preferably in a stream, for a fortnight, after which 
it is stacked under cover and allowed to thoroughly dry. Whilst under 
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water the sap is dilated and carried away, thus reducing the time 
required to season when stacked. 

Dessicating is seasoning the timber by enclosing it in a chamber and 
circulating hot air around it. This method reduces the time required 
for seasoning, but care must be taken that the heat is not sufficient to 
cause the timber to split. This method of seasoning is unsuitable for 
large balks. 

Seasoning reduces the weight of timber by 20 per cent, to 33 
per cent 

Preservation of Timber .—The most effective means of preserving 
timber is, after thoroughly seasoning, to fill up the pores so as to 
exclude all moisture from penetrating below the surface. Many 
processes for accomplishing this have been adopted, but the most 
successful is that of creosoting. 

Greosoting .—By this process the timber is thoroughly impregnated 
with dead oil of coal tar. Two methods of accomplishing this are in 
use. The older method consists of placing the timber, after seasoning, 
in an airtight cylinder, exhausting the air and then admitting the 
creosoting oil, at a temperature of 120° F. and 170 lbs. per square 
inch pressure. After maintaining the pressure for a short time, the 
oil is removed from the cylinder and the timber allowed to dry. By 
this treatment up to 20 lbs. of creosote per cubic foot of timber can 
be injected. 

A second method, known as the Rueping process, has latterly been 
extensively adopted in America. After placing the seasoned timber in 
the cylinder, the air pressure is increased to 75 lbs. per square inch, 
and whilst at that pressure the cylinder is filled with creosote. The 
pressure is then gradually increased to 150 lbs. per square inch, and 
allowed to remain at such pressure for 15 minutes, after which the 
pressure is reduced to that of the atmosphere and the creosote drained 
from the cylinder. The air in the cells of the timber, having been 
compressed to 150 lbs. per square inch, expands and forces any surplus 
creosote from the cells. To remove any oil from around the outside of 
the pores a vacuum of 22 inches is created. The total operation 
requires about 4J hours. By this treatment about 5 lbs. of creosote 
per cubic foot of timber is sufficient to preserve the timber against 
decay in ordinary situations. 

The amount of creosote required per cubic foot of timber will vary 
according to the nature of the timber and the proportion of sapwood 
in the piece. 

Boucherie's Process consists of forcing copper sulphate along the 
fibres until the timber is thoroughly impregnated, and is very successful 
in preventing dry rot; but if the timber be exposed to the action of 
water the salt is dissolved and carried away. It has not the power to 
repel the attacks of white ants or sea-worms. 

Kyans Proem.—Bichloride of mercury is, by this process, injected 
into the pores of the timber. To some extent it prevents destruction 
by ants and sea-worms, and is effective against dry rot, but is now 
seldom employed. 

Metals. —The metals of greatest use in construction are cast iron, 
wrought iron, and steel. All being derived from iron ore, iron forms 
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the chief constituent of each. The iron in the ore is in chemical 
combination with other materials, which are partially removed by 
smelting. The iron after smelting is known as pig iron . Cast iron is 
manufactured directly from suitable pig iron by remelting and running 
the molten metal into moulds. Wrought iron is made from pig iron 
by processes termed refining, puddling, and rolling. There are a 
number of methods of converting iron into steel, the chief being the 
Bessemer, Siemens, and Siemens-Martin processes. The description 
of the processes of manufacture cannot be entered into here, but may 
be found in works on metallurgy. 

The chief difference in the chemical composition of the three metals 
is the proportion of carbon contained by each. The following table 
gives typical percentages of carbon and other impurities in the metals. 

Table 8.—Analyses of Iron and Steel. 



Cast iron. 

Wri ught iron. 

Steel. 


Ter cent. 

Per cent. 

Per cent. 

Carbon . 

2*0 to 6*0 

0 to 0-25 

0-15 to 1-8 

Silicon. 

0-2 to 2-0 1 

0-C32 

0015 

Phosphorus. 

1 0038 

0-004 

0 041 

Manganese. 

i 0-013 

trace 

0-683 

Sulphur. 

| 0-014 

0114 

0-035 


The carbon in cast iron exists partly in the state of a mechanical 
mixture, when it is visible as black specks in the mass and gives the 
iron a dark grey colour, and partly as an element in the chemical 
compound. Free carbon makes the metal softer and more adaptable 
for casting. When chemically combined, carbon imparts strength and 
brittleness to the iron. 

The chief differences of physical properties are shown in the 
following table. 


Table 9.—Physical Properties of Iron and Steel. 



Cast iron. ! 

Wrought iron. j 

1 

Steel. 

Hard. 

Soft. 

Medium to bard. 

Brittle. 

— 

— 

Fusible. 

Malleable. 

Ductile. 

Forgeable. 

Tenacious. 

Weldable. 

Fusible when con¬ 
taining a high per¬ 
centage of carbon. 
Malleable. 

Ductile. 

Highly elastic. 

Temperable. 

Weldable. 


Cast Iron.— The use of cast iron for constructional purposes hai 
diminished to a very great extent in recent years owing to the improved 
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methods of manufacturing wrought iron and steel. Its use is now 
restricted to columns, bed plates, cylinders, and similar members that 
are subject to purely compressive stress. 

Ultimate strength of cast iron— 

Tension .... 7 to 11 tons per square inch. 

Compression . . . 35 to 60 „ „ 

Shear.8 to 13 „ „ 

The transverse strength is often specified in preference to the com¬ 
pressive and tensional strengths. Test pieces, cast on the main casting 
and afterwards removed, are tested by supporting them as beams and 
applying central loads. A usual specification for such tests is as 
follows: Test pieces to be 2 inches deep, 1 inch wide and 3 feet 
6 inches long, and placed on supports 8 feet apart. The central 
breaking load to be not less than 28 cwts., and the deflection to be at 
least ^ inch. 

The very marked difference between the strength in tension and 
compression makes it unsuitable for girders, and although formerly 
used for such, the practice is now discontinued. The cost of production 
and the high compressive resistance of cast iron render it an economical 
material for use in compression members subject to steady dead loads, 
but it is liable to fracture under sudden severe shocks. Grey iron, in 
which there is a large percentage of free carbon, should be used for 
casting. Columns should always be cast in a vertical position to ensure 
a uniform density of metal, ana to allow air bubbles and scoriae to rise 
to the head and be removed. In casting hollow columns the core is 
more easily adjusted and kept in position by the above method than if 
the column were cast in a horizontal position. Castings should be 
clean, sound, and free from cinders, air holes, and blisters. Wavy 
surfaces on castings indicate uneaual shrinkage and want of uniformity 
in the texture of the iron. Fillea-up flaws can be detected by tapping 
on the faces; a dull sound is given out by the filling. 

The uncertainty of obtaining perfectly sound castings necessitates a 
high margin of safety being adopted. 

Wrought Iron. —Wrought iron has a fibrous structure, and, compared 
with cast iron, is soft and ductile. Its quality depends, in a great 
measure, upon the rolling process it has undergone. The best quality 
is produced by repeating the process of piling, welding, and rolling some 
three or four times. 

Strength .—To ascertain the strength of wrought iron, samples 
should be cut from each rolling and tested in tension, noting the 
ultimate stress *>er square inch, the elastic limit, the percentage elonga¬ 
tion, and the percentage reduction of area at fracture. The usual 
requirements for strength are given in the following table :— 
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Ultimate tensile stress 
per square inch. 

Elongation per cent. 

Bound or square bars . 

tons. 

23 to 24 

per cent. 

20 to 50 

Flat bars. 

22 „ 23 

25 „ 45 

Angle iron .... 

22 „ 23 

25 „ 45 

T or H iron .... 

20 „ 22 

10 „ 45 

Plate] 

grain lengthways . 

18 , 

22 

10 „ 20 

„ crossways . 

17 „ 19 

5 „ 12 

10 „ 20 

Sheet 

f grain lengthways 

20 , 

22 

{ ,, crossways . 

18 „ 19 

5 „ 12 


The percentage elongation is a measure of the ductility of the 
material. It is usual to specify bending tests in addition to the tensile 
tests, and Table 11 shows the bending tests required by the Admiralty 
for two qualities of wrought-iron plates. 

Table 11.—Bending Tests for Wrought Iron. 



Augle through which plates must bend without cracking. 

Hates. 

Hot. 

1 

Cold. 

« 


Thickness 


1 inch thick 
and under. 

1 iuch. 

t inch. j 

4 inch. 

i inch. 

B.B. grain lengthways 

degrees. 

125 

degrees. 

15 

degrees. 

25 

degrees. 

35 i 

degrees. 

70 

B.B. grain orossways . 

90 

5 

10 

15 

30 

B. grain lengthways . 

90 

10 

20 

30 

65 

B. grain crossways 

60 

— 

5 

10 

20 


Rivets should bend double when cold without showing any signs 
of fracture. Angles, tees, and channels should bend, whilst hot, to the 
following shapes without fracture, Fig. 6. 

o ^ cp €=^ 

C ha rind. 

Fio. 6. 


Market Forms. —Sheet iron , so called when the thickness does not 
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exceed No. 4, B.W.G. (0*239 inch), is little used in engineering 
construction. 

Corrugated sheets are made by passing the sheets between grooved 
rollers, after which they are usually galvanized, i.e . coated with zinc, 
to preserve them from rusting. The widths of the corrugations or 
flutes are made 8, 4, or 5 inches. The width of sheet is specified in 
terms of the number and width of the corrugations; thus a 10/3 inch 
sheet would cover a net width of 2 feet 6 inches when laid, the actual 
width of the sheet being a little more to allow for side lap. The usual 
sizes employed range from 18 B.W.G. to 22 B.W.G. in thickness. The 
maximum ordinary length of sheet is 10 feet. 


Table 12.—Dimensions of Corrugated Sheets. 


Thickness B.W.G. 

Thickness In inches. 1 



Widths of sheets. 


No. 16 

0 065 


5/5", 

6/5" 



„ 17 

0-058 


5/5", 

6/5" 



„ 18 

0-049 

) 

5/5", 

6/5", 

6/4", 

7/4", 

„ 19 

0-042 

8/3", 

10/3" 



„ 20 

„ 21 

0-035 

0-032 

} 6/4", 

7/4", 

8/3", 

10/3" 

„ 22 

0-028 






„ 23 
„ 24 

0025 

0-022 


8/3", 

10/3" 



„ 26 

0-018 







Plates .—The ordinary sizes are as follows : Thickness, £ inch 
to 1 inch; width, 1 foot to 4 feet; length, up to 15 feet. The 
superficial area of a sheet must not exceed 30. square feet, nor the weight 
be more than 4 cwts. Larger sheets are obtainable, but are charged 
extra. Plates of less width than 12 inches are known as flats . Flats 
can be readily obtained up to 25 feet in length. 

Round and square bars are rolled in sizes from 3 inches to 6 inches 
in diameter or side. 

Wrought iron L, T, and H sections are obtainable, but are now 
very little used in engineering structures. The sizes are similar to 
those specified for mild steel. 

Steel.—For all important structural works steel is the metal almost 
exclusively used. The two chief varieties for such work are cast and 
mild steel. The former is used for all important castings, and although 
possessing many of the characteristics of cast iron, it is much superior 
in strength, uniformity of texture, and as a material from which sound 
castings may be produced. 

Mild Steel —For structural purposes the sizes of rolled sections, 
strength and methods of testing have been standardized by the British 
Engineering Standards Committee and published in specification form, 
which is generally adopted for structural works. 
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Strength.— 


Table 13.—Tensile Strength op Steel. 



Ultimate tensile 
strength per 
square inch. 

Elastic limit. 

Elongation. 

Mild steel . . . i 

i tons. 

28 to 32 

tons. 

17 to 18 

20 per cent, in 8 in. 

Cast steel (annealed) 

30 to 40 

15 to 17 

10 to 20 per cent, in 10 in. 

Rivet steel . 

2G to 30 

15 to 17 

| 25 per cent. 


Bending tests for mild steel. Test pieces, not less than l£ inches 
wide, should withstand without facture, being doubled over until the 
internal radius is not greater than times the thickness of the test 
piece. Rivet shanks should withstand without fracture, being bent 
over, when cold, until the two parts of the shank touch. 

Rolled Sections.— Flats .—Sections obtainable :— 

Width, | inch to 12 inches; thickness, £ inch to 2 inches. 
Maximum ordinary length, 40 feet. 

Plates are rolled to maximum width, length, or area. The following 
table shows the maximum dimensions for a few thicknesses of plates. 


Thickness. 

Length. j 

Width. 

Area. 

inches. 

feet. 

inches. ; 

sq. ft. 

i 

14 

48 1 

48 

\ 

20 

72 

100 

a 

36 

81 

200 

\ 

a 

44 

81 

200 

$ 

44 

81 

220 

1 

44 

81 

175 

n 

44 

81 

135 

H 

44 

i 

81 

115 


As the width multiplied by the length must not exceed the maximum 
area, plates cannot possess both the maximum length and maximum 
width. 

Chequered Plates .—The maximum dimensions for chequered plates 
will be found in the following table. 


Thickness on plain. 

Length. 

Width. 

Area. 

inches. 

feet. 

inches. 

sq. ft. 

ft 

20 

52 

52 

I 

\ 

25 

54 

54 

25 

55 

64 

i 

25 

55 

64 

i 

i 

l 

1 

25 

65 

60 

20 

54 

60 

20 

52 

43 

20 

52 

38 
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Buckled plates are made in sizes 3 feet to 5 feet square, the camber 
varyiag between 2 and 8 inches. The thicknesses are £ inch to £ inch, 
rising by -^ths. 

Stamped Steel Troughing .—The sizes of troughing will be found in 
Table 15. The maximum dimensions of troughing stamped from 
single plates are f inch thick, 18 inches deep, and 36 feet long. 

Round bars may be obtained up to 6 inches in diameter, the 
maximum length up to 1$ inches diameter being 60 feet. The maximum 
length rapidly decreases for larger sections, 15 feet being the maximum 
for 3 inches diameter and over. The sections of angles , tees , joists , 
channels , zeds , and rails have been standardized, and the full lists, 
published by the Engineering Standards Committee, should be con¬ 
sulted. The maximum ordinary length for all the above sections is 
40 feet. Some of the standard sections are used to a greater extent 
than others, and consequently such sections are rolled more frequently, 
and are easier to obtain at short notice. Rolling lists specifying these 
sections are to be obtained from the makers. The weight per foot 
length cannot be exactly adhered to by the rollers, and they reserve 
the right to supply material within the limits of 2£ per cent, under or 
over the specified weights. Lengths beyond the ordinary maximum 
may be obtained on payment of special “extras.” Extras are also 
charged for any workmanship, such as cutting to dead lengths, 
bevelling, etc. 

The following references to the publications of the British Engineer¬ 
ing Standards Association, 28, Victoria Street, London, S.W.l, will be 
found useful. The number is the official number of the Standard, 
and the year is the date of the latest issue to 1945. 

Nos. 4, 4a and 6—1945. Dimensions and Properties of Rolled Sections. 
No. 9—1941. Bull Head Railway Rails. 

,, 12—1940. Ordinary Portland and Rapid Hardening Portland 

Cement. 

„ 15—1941. Steel for Bridges, etc., and general Building Con¬ 

struction, Structural. 

,, 63—1939. Size of Road Stone and Chippings. 

,, 76—1943. Tars for Road purposes. 

,, 144—1941. Coal Tar Creosote for the preservation of Timber. 

,, 153—1941. Girder Bridges. Parts 1 and 2, Materials and Work¬ 
manship. Parts 3, 4, and 5, Loads and Stresses, 
Details of Construction and Erection. 

,, 153—1930. Appendix I. Tables of Unit Loadings for Railways 
and Highways. 

,, 785—1938. Rolled Steel Bars and Hard Drawn Steel Wire for 
Concrete Reinforcement. 

,, 858—1939. ‘ Best Yorkshire ” Wrought Iron. 

,, 877—1939. Foamed Blast Furnace Slag for Concrete Aggregate. 



CHAPTER II. 


LOADS AND WORKING STRESSES. 

Dead and Live Load .—General Considerations .—The load on a struc¬ 
ture may be divided broadly into two classes—the dead load , and what 
is usually termed live load . The dead load comprises the weight of the 
structure itself, which is constantly imposed. The live load would 
perhaps better be defined as incidental or intermittent load. It com¬ 
prises all load which is applied to and removed from the structure at 
intervals. The live load may be of very varied character. In the case 
of bridges it consists of the weight of rolling traffic, such as trains or 
road vehicles, together with pedestrian traffic and wind pressure. On 
roofs the principal live load is that due to wind pressure ; on crane 
girders, the weight of the traveller, together with the load lifted 
increased by accelerating force ; on columns, wind pressure combined 
with intermittent loads in cases vshere the columns support girders 
subject to live loads. It will be noted that all structures in the open 
are subject to wind pressure. Whilst the character of the dead load is 
that of an unchangeable static load, that of the live load is very varied 
on different structures. Thus the live load imposed on a short bridge 
girder during the passage of a train at high speed differs greatly from 
the very gradually applied pressure as the tide rises against the gates of 
a dock entrance, or the still more slowly increasing pressure behind a 
dam as the reservoir gradually fills with water. Both these latter are, 
however, examples of live load, although their effect on the structure is 
much less intense than in the former case. 

The dead load may be conveniently divided into two portions, one 
comprising the weight of the main girders or frames of the structure, 
and the other including the accessory parts of the structure necessary 
for giving it the desired utility. The weight of the main girders of 
a bridge, the principals of a roof, and the main columns and girders of 
a framed building, are examples of the first subdivision, whilst the weight 
of the flooring, permanent way or pavement, roof covering, etc., repre¬ 
sents the second subdivision. In commencing to design any structure, 
it is necessary to make as careful an estimate as possible of the dead 
weight of the structure itself, and it is obvious the exact weight of a 
structure is indeterminable until the structure has been completely 
designed. The nominal amount of live load for which a structure is 
to be designed is generally fairly accurately known, although owing to 
the varied character of different live loads, their effect as regards the 
stress brought into action is often a debatable point. Of the dead load, 
the weight of the accessory parts of a structure is very closely estimable, 
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but the weight of such portions as main girders, roof principals, etc., 
may only be approximately estimated, and the closeness of agreement 
between such estimated weight and the final weight of the structure as 
designed, will determine whether the design is suitable or otherwise. 
Frequently a re-calculation of the structure becomes necessary, owing to 
the final weight considerably exceeding the estimated weight. This 
matter constitutes one of the principal difficulties in design, and the 
difficulty increases with the magnitude of structure and lack of precedent. 
In a small structure exposed to the action of a considerable live load, 
a very close estimate of the dead weight of the structure is of relatively 
little importance, since by far the greater proportion of the stress will 
be caused by the live load. In a very large structure, the bulk of the 
stress will be caused by the dead load, and it is important to estimate 
more accurately the probable weight of such a structure before com¬ 
mencing its design. Unfortunately, the probable weight of large 
structures is always more difficult to forecast, since fewer precedents 
exist for purposes of comparison, and much greater judgment and 
experience are essential, on account of the greater complexity of the 
structure. 

Innumerable formulae have been devised, which aim at giving the 
probable weight of main girders, roof principals, piers, etc., but such 
formulae can only furnish a general guide to be supplemented by careful 
judgment, since the assumptions on which they are based are seldom 
realized in the particular structure under consideration. Many such 
formulae are framed on records of the weight of existing structures 
similar to the type under consideration, and where ample precedent 
exists the formulae will naturally be more reliable. Formula?, however, 
are less reliable for the larger and more uncommon types of structures, 
and it will be realized from the above remarks that considerable experi¬ 
ence and judgment are absolutely necessary to undertaking the design 
of large and important structures. 

Dead Load. —Table 14 gives the weight of the various kinds of 
masonry and materials employed in structural work. 

Table 14.—Weight of Various Materials. 


Material. 


Weight in lbs. 
per cubic foot 


Masonry. 

Granite ashlar masonry in cement mortar .... 
Freestone ashlar ,, „ .... 

Limestone rubble „ „ .... 

Freestone rubble „ ,, .... 

Blue brickwork „ ,, .... 

Red brickwork „ „ .... 

Concrete. 

Rubble concrete in masonry dams. 

Coke breeze concrete (1 to 6). 

Ballast concrete. 

Clinker concrete (1, 2, 4). 

Cement concrete (1 to 5). 

Granolithic concrete (1 to 2). 

Reinforced concrete, including average reinforcement 


165 

145 

158 

122 to 138 
147 
122 


140 to 162 
95 
140 
112 
130 
138 
156 
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Table 14.—Weight of Various Materials— continued . 
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M uterialo. 


Weight in lbs. 
per cubic foot 


Ballast {Dry). 

Limestone, 35 per cent, voids 


»> *** M M . 

Sandstone, 35 „ „ . 

„ 40 „ ,, . 

.. 45 „ „ . 

Broken slag 2£ inches, containing about 35 per cent voids . 
Gravel. 


110 

102 

93 

94 
86 
79 

95 to 100 
90 


Miscellaneous. 

Slag, solid. 

Sand, damp. 

» dry. 

York paving flags .... 
Granite paving (Penmaenmawr) 
Asphalto .. 

Timber. 

Elm. 

Red pine and spruce fir 
American yellow pino . 

Larch. 

Oak (English). 

„ (American). 

Teak. 

Greenheart. 

Pitch pine. 

Jarrah (wood pavement) 

Iron and Steel , 

Cast iron. 

Wrought iron. 

Mild steel. 

Cast steel . . 

Glass . 

Flint. 

Plate and sheet. 

Fresh water . 

Sea water . 


150 

118 

90 

154 

172 

150 


36 

30 to 44 
30 

31 to 85 
48 to 60 

54 

41 to 55 
60 to 70 

42 to 48 
60 to 63 


448 

480 

490 

492 


187 

169 


62*5 

64-125 


Dead Load on Bridges.— In estimating the dead load on railway 
bridges, the permanent way may be conveniently balked as so much 
per foot run. The following detail weights may be taken as repre¬ 
sentative for the standard gauge of 4 feet 8j inches. 

Sleepers, 9 ft. x 10 in. x 5 in. at 40 lbs. per cub. ft. = 125 lbs. 
each. Chairs, 52 lbs. Rails, 86 or 100 lbs. per yard. Fishplates, 32 
lbs. per pair. Fishplate bolts, 5 lbs. per set of four. Spikes, f lb. 
each. 
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Weight of 30 feet of single track — lbg 

* 20 yards of rail at 86 lbs.1720 

11 sleepers (pine) at 125 lbs.1375 

22 chairs at 52 lbs.1144 

22 keys at 50 lbs. per cub. ft. 68 

2 pairs fishplates at 32 lbs. 64 

2 sets fishplate bolts at 5 lbs. 10 

22 sets spikes and trenails at 4 lbs. 88 


4469 

Say 2 tons per 30 feet of single track, or ^ ton per foot run, = say 150 
lbs. per foot run. With 100-lb. rails and suitably heavier chairs and 
fastenings = 166 lbs. per ft. run. 

Rails, —Railway rails weighing 85, 86, and 100 lbs. per yard are in 
general use for main-line traffic, usually in 45 or 60 feet lengths. 

Tramway Rails .—The following are' in use. South London, 102 
lbs. per yard. Newcastle, 101. Leeds, 100. Birkenhead, 100. For 
purposes of preliminary estimate, 105 lbs. per yard may be taken. 

Ballast and Pavement .—These weights are stated in Table 14. 
The mean width of ballast may be taken as 12 feet for a single track, 
23 feet for double track, and 45 feet for quadruple track, for standard 
gauge. The average depth of ballast used is 18 to 19 inches, the lower 
9 inches, called pavement, consisting of larger stones roughly hand 
packed, leaving 9 to 10 inches of gravel or broken stone ballast above 
to the upper level of sleepers. On the Great Central Co.’s main line, 
the quantity laid per mile of double track is 7500 cubic yards. The 
lower layer of pavement is not laid on bridges. 

Flooring .—The flooring of railway bridges consists of flat or buckled 
plates on cross-girders and rail-bearers, or one of the many types of 
troughing. For highway bridges, troughing levelled up with concrete, 
or jack arches turned between cross-girders, are most suitable. Table 15 
gives the weight of various floor details. 


Table 15.— Weight of Bridge Floor Details. 


Detail. 


Weight 
Lbe. per 
sq. ft 


Flat Steel Plates. 

Per thickness of {inch . 

Buckled Plates. Rise 2 to 3 inches. 
1 inch thick. 


Troughing. Lap-join j&& as Fig. 7, including rivets. 



51 


10*3 

15*4 

20*5 
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Table 15.—Weight op Bridge Floor Details— continued . 


Detail. 


1 foot 8 inch pitch, G inches deepj^ 3 * nc ^ 

2 t» 0 )» »i ,, ,, || ** 

2 „ 0 „ „ 10 „ „ ” 

l i »» »* 

2 „ 8 „ ,. 12 „ „ ” » 

2 „ 10 „ ,, 11 „ „ | f ” ” 

la *» »> 

Butt-jointed as Fig. 8 


H--. p -.H 



Butt-jointed with reinforced bottom flange as Pig. 9. 



2 feet 0 inoh pitch, 7} inohes 
2 „ 6 „ „ 10 

2 „ 8 „ „ 12 

2 „10 „ „ 14 

3 „ 0 „ „ 10 

8 „ 0 „ „ 1G 

4 „ 6 ,, ,, 18 


deep, \ inch plate, J inch straps 
»* *» »» • * 

M >> >> * 

*» >» M * 

” $ inch plate, J inch straps . . 

„ with double straps top and 

bottom, J inch tnick . . . 

„ with double straps top and 

bottom, | inch thick . 


Weight. 
Lbs. per 
sq. ft. 


19*71 

23*45 

23*56 

31*15 

23*69 

31*39 

24*61 

32*68 

25*30 

33*61 


I 26*08 

o4*27 
25*58 
33*70 
26*49 
i 84*94 
; 27*07 
i 35*73 
j 29*03 
38*29 
37*97 
47*18 


34*00 

34*63 

34*98 

35*06 

35*18 

45*47 

55*48 

68*61 
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Table 15.—Weight of Bridge Floor Dftails— continued . 


I) tail. 


Arched troughing as Fig. 10. 



Weight 
Lbs. per 
sq. ft. 


Fig. 10. 


1 foot 9 inch pitch, 9 inches deep, \ inch thick 


2 

„ o „ 

„ 10 

2 

„ 3 „ 

„ 12 

2 

„ 6 „ 

„ 12 

2 

„ 6 „ 

„ 15 

2 

i» 6 „ 

„ 15 


i 


20-31 

20-60 

25-67 

29-53 

24-48 

3300 


Weight of Gross-girders. —In railway bridges with framed floors, 
consisting of cross-girders, rail-bearers, and plate flooring, the most 
economical spacing of cross-girders is from 7 ft. to 8 ft. The growing 
practice of building locomotives with small wheels dose together, tends 
to a closer spacing in the near future. With these spacings, cross- 
girders for double-track railway bridges are usually 26 ft. to 27 ft. 
long, and 2 ft. 3 in. to 2 ft. 6 in. deep. Adopting these proportions, 
the weight of one cross-girder may be taken as 2’25 tons. For single- 
track bridges with cross-girders 14 ft. to 15 ft. long, and 15 in. to 
18 in. deep, the weight of one cross-girder may lie taken as 0 5 ton. 
Cross-girders between main braced girders with wide bays will be much 
heavier, and an independent estimate is necessary. Cross-girders for 
highway bridges will be appreciably lighter for the same spans, but 
owing to the variable character of the traffic and width of highway 
bridges, a preliminary estimate is necessary in each case. 

Rad-bearers .—Rail-bearers 7 ft. to 8 ft. long may be estimated at 
700 lbs. to 900 lbs. each. 

Jack arching is usually 9 inches to 13£ inches thick of brickwork, 
and its weight is readily estimated. 

Weight of Main Girders.—Plate Girders . The probable weight of 
main plate girders, provided the depth is about one-tenth the span, 
may be fairly closely obtained from the following formulae. Whenever 
reliable information may be obtained as to the weight of well-designed 
existing girders of the same span, similarly loaded, such records are 
preferable to results calculated from formulae. 

W = Total distributed or equivalent distributed load carried by 
one girder, exclusive of its own weight. L = Span in feet. 

rrobable weight of plate girders. Depth about span. 
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From 20 ft. to 40 ft. span 
„ 40 ft. „ 60 ft. „ 

„ 60 ft. „ 100 ft. „ 

Plate girders are seldom employed beyond 100 ft. span. 

Probable weight of lattice girders. Depth about ~ span. 

From 20 ft. to 50 ft. span 
„ 50 ft. „ 90 ft. „ 

„ 90 ft. „ 120 ft. „ 

The weights of lattice girders of larger span should be carefully 
estimated in detail, having regard to the probable stresses coming upon 
the various members. The weight of main lattice girders is more 
influenced by variations in arrangement of detail than is that of plate 
girders. 

Weight of Rolled Steel Section Bars .—Table 16 gives the weight per 
foot run of the most commonly used rolled sections in mild steel. Full 
lists of these are published in most section books. 

Table 16.—Weight of Rolled Steel Section Bars. 


W x L 
600 

W x L 
590 

W x L 

530 


tons. 


W x L 

= 380 t0na ‘ 

W x L 
~ 560 ” 

= Y,r x L 
580 


Equal Angle®. j Unequal Angles. 


Size. 


Weight lba. per foot. 



28*70 

19-92 

14-46 

12-75 

11-05 

7-18 

5-89 

4*45 


Tees. 


in. in in. 


6x4x1 

16-22 

6 X 3 x J 

14*53 

5 X 4 X \ 

14-51 

& x 3x1 

1 

12-79 


Si/e. 

Weight lbs. per foot. 

in. in. in. 


6X4 X § 

19*92 

6X4 X | 

1615 

6 x 3J X l 

15*31 

5X3 X 

12-75 

4X3 X J 

1105 


Channels. 


in. in. 
17 X 4 
15 X 4 
12 x 4 
12 x 8J 
10 X 3J 
9X 3J 
8 X 3J 
7 X 3} 
7x3 
6 X 3J 
6x3 


44*34 

36-37 

31-33 

25*25 

24-46 

22-27 

20-21 

18-28 

14*22 

16*48 

12-41 





32 STRUCTURAL ENGINEERING 

The weights of several sizes of rolled sections are given on pages 147- 
150, together with other properties of those sections. 


Table 17.—Weight of Bolts, Nuts, and Rivet-heads. 


1 

i 


Weight In lbs. of 


Diameter. 

1 inch length of bolt 

One hexagonal nut 
and bolt-head. 

One square nut and 
bolt-head. 

100 rivet-heads. 

in. 

l 

j 

0 0313 

0-057 

0-071 


0-0556 

0135 

0-169 

4-17 

1 

0-0869 

0-261 

0-330 

8-15 


— 

— 

— 

10-85 

i 

01252 

0-450 

0570 

1408 

}l 

— 

— 

— 

17*90 

l 

0-1703 

0-720 

0-90 

22-36 

\i 

— 

— 

— 

27-50 

l 

0-2225 

1-07 

1-35 

33-38 

i| 

— 

— 

—. 

47-53 

M 

11 

0-3476 

209 

2-63 

65-19 

0-5066 

3-61 

4-55 

— 

11 

0-6815 

5-70 

7-20 

— 

2 

0-8901 

8-56 

10-80 

— 


In estimating the weight of riveted work, an allowance of from 
2 per cent, to 5 per cent, of the weight of the structure is usually made, 
depending on the class of work, to cover the weight of rivet-heads. 
Such allowance is usually excessive, and is really intended to cover the 
wastage of drilling and punching the holes. 

Dead Load on Roois.—• Principals. The probable weight of roof 
principals of ordinary V-types may be fairly estimated from the follow¬ 
ing formulae :— 

W = Weight of one principal in lbs. L = Span in feet. D = Dis¬ 
tance apart of principals in feet. 

For roofs with heavy covering, W = l DL (1 + 

„ „ medium „ W = | DL (1 + T L 5 ) 

» » light „ W = .«DL(1 +ts) 

Purlins and Common Rafters consist of angle, zed, or joist section if 
of steel, or rectangular sections if timber. The weights of the former 
are given above. The weight of timber members may be estimated on 
a basis of 35 lbs. to 40 lbs. per cubic foot. 

Roof Coverings. —Boarding 1 inch thick, 3 lbs. to 3^ lbs. per square 
foot. 

Slating ~The usual sizes and weights of slates used for roofing are 
given in Table 18, for slates laid with 8-inch lap and nailed near the 
centre. A square of slating is 100 square feet, and a nominal 1000 of 
slates contains 1200. 
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Table 18.—Sizes and Weight of Slates. 



Size. 

Area covered by 1 
1200 slates. 

Weight per sq. foot 
| of roof surface. 

Doubles. 

in. in. 

13 X 6 

squares. 

2*5 

lbs. 

8*25 

Ladies. 

16 X 8 

4-75 

8*0 

Countesses .... 

20 x 10 

70 

8-0 

Duchesses .... 

24 X 12 

10*0 

8-5 


Glazing .—The weight of glass such as used for roof covering is 
14 ozs. per square foot for each j- inch in thickness. The sheets are 
usually 2 feet wide and \ inch thick, and weigh 3| lbs. per square foot. 

Glazing Bars .—A large number of patent bars are in use. The 
following table of the weights of Messrs. Mellowes and Co.’s “ Eclipse ” 
glazing bars will afford a guide in estimating the weight of this detail. 

Table 19.—Weight of Glazing Bars. 


“ Eclipse " bar. 

Bearing, centres of 
purlins. 

Weight in lbs. per foot 
run. 


fr. in. 


No. 7 

6 0 

2796 

„ 8 

7 G 

3*202 

„ 9 

8 6 

3*578 

„ 9a 

9 3 

3*906 

„ 10 

10 0 

4*906 


The standard spacing of these bars is 241 inches. 

Corrugated Sheeting. —These sheets are rolled of such sizes that tbe 
side lap is about 1 inch, whilst the end lap is generally made 6 inches. 
Allowing for these laps, Table 20 gives the weight per square foot for 
various gauges. 

Table 20.—Weight of Corrugated Sheeting. 


Thickness B.W.G. 

18 

20 

22 

24 

20 

Weight in lbs. per square foot, 
including laps. 

2-78 

2-20 

1*80 

1*49 

1*12 


Galvanized Fittings for Corrugated Sheets. —The weight of fittings 
per 100 square feet of roof surface may be taken as 12*6 lbs. if the 
sheets are attached to steel purlins by hook-bolts, and 7*6 lbs. if screwed 
to timber purlins. 

Galvanized Ridging and Louvre Blades .—Ridging weighs from 1 lb. 
to.8 lbs. per foot run for girths of from 10 inches to 36 inches, and 
thicknesses of from No. 26 to No. 16 B.W.G.; Louvre Blades, from 
2-5 to 5 lbs. per foot run for each blade of 11 inches girth, and thick¬ 
nesses of from inch to ^ inch. 

Stamped Steel Gutters usually vary from inch to \ inch thick, and 
weigh from 9 lbs. to 25 lbs. per foot run according to section. 


o 






34 


STRUCTURAL ENGINEERING 


Lead for flashing and covering flats usually weighs from 5 to 7 lbs. 
per square foot, and allowing for laps, rolls, and nails, may be taken 
at 5*8 to 8*5 lbs. per square foot. 

Zinc .—The thickness of zinc sheeting follows the zinc gauge, 
ranging from Nos. 9 to 16, and corresponding closely with Nos. 27, 25, 
etc., to 19 of the B.W.G. respectively. Nos. 15 and 16 are generally 
used for roofing. The sheets are 7 feet to 8 feet long by 2 feet 
8 inches to 3 feet wide. Allowing for laps, the weight is l£ to If lbs. 
per square foot. 

Asphalte .—The thickness and weight of asphalte laid on floors and 
roof flats is given in Table 21. 


Table 21.—Weight of Asphalte on Floops and Roofs. 



Thickness. 

Wt. lbs. per sq. ft. 

Roof flats and bridge floors. 

inch. 

1 

9$ 

Goods warehouse floors. 


15$ 

Railway platforms. 

1 

12£ 

Waterproofing backs of arches. 

\ 

64 


In laying asphalte and waterproof coating, care should be taken to 
give the finished surface a good fall to ensure proper drainage. 

Snow. —The snow load accumulates slowly, and may be treated as 
dead load. 5 lbs. per square foot of covered area is usually assumed in 
England. 

Dead Load on Floors. —Floors being of very varied construction, no 
general weight per square foot may be cited. The type of floor being 
decided, its weight per square foot may be readily estimated in detail 
by reference to the preceding tables. 

z Live Load.— Lice Load on Floors. The live load on floors of 
different classes may be assumed as equivalent to the following dead 
loads :— (See also page 579.) 

For dwelling-houses, hotels, and hos¬ 
pitals .60 to 70 lbs. per square foot. 

For schools, assembly halls, offices, and 

retail shops.110 to 130 lbs. „ „ 

For warehouse buildings. 200 to 250 lbs. „ „ 

Machine shop floors are examples where especially heavy loading 
may occur. Usually the lighter classes of machine tools only are placed 
on upper floors, heavier machinery requiring special foundations being 
necessarily placed in the basement. The type of machines to be em¬ 
ployed will determine the weight for which tne floor is to be designed. 
The load on such floors is less uniformly distributed than on ordinary 
floors, and solid and rigid types should be adopted to ensure the best 
distribution of the locally concentrated loads to the girders beneath. 

Live Load on Bridges. —The intensity of the live load on railway 
bridges is governed by the type of locomotives in use. These actually 
impose heavy concentrated rolling loads upon the various members, 
such loads depending on the weight of engine and tender and spacing 
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of axles. Two methods of treating the rolling load are in general use. 
1. The concentrated load method , in which the bending moments and 
shearing forces due to the actual concentrated loads at known spacings 
are considered. 2. The equivalent distributed load method , in which 
the system of actual concentrated loads is replaced by a distributed load 
of uniform intensity which will create the same maximum bending 
moment at any point on the span, as that caused by any position of 
the concentrated axle loads. The former method is generally adopted 
in American, and the latter in English practice. 

Equivalent Distributed Load on Main Girders. —Fig. 11 shows the 
loads and axle spacings of two of the heaviest locomotives at present in 

L.N E.R (G.N.R.) N° 1470. 


Tons 17-05 20 20 20 (54 IZZ / 4-95 14 7 13-46 



Fig. 11. 

use, in this country. In Table 22 are given equivalent uniformly dis¬ 
tributed loads for present-day British locomotives (11)28), for spans 
ranging from 10 to 200 feet. 

Table 22.—Equivalent Distributed Loads on Railway Bridges. 


Equivalent distributed load in tons per foot run lor siugle line of way. 


Span in feet. 

i For bending. 1 

1 ' 1 

For shear. 

Span in feet. 

For bending. | 

For shear. 

10 

4*40 

580 

90 

2-11 | 

2*38 

15 

3*60 

5*00 

100 

2-08 

1 2-33 

20 

3-25 

4’50 

110 

2 06 ! 

2*29 

25 

304 

4-08 

120 

2 04 ! 

I 2*27 

30 

2*90 I 

3-73 

130 

203 

! 2*24 

35 

2-75 

3-4G 

140 

202 

1 2-21 

40 

2*62 

3-25 

150 

201 

219 

45 

2*54 

309 

100 

200 

216 

50 

2*46 

2-94 

170 

1-99 

2-14 

GO 

2*30 

2-70 

180 

1*97 

212 

70 

2*20 1 

2*54 

190 

1-96 

2*10 

80 

214 

2*45 

200 

1*95 

209 
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In Table 22, the loads in the columns headed “ For bending ” are 
to be used for determining the sectional areas of flanges, and those in 
the columns headed “ For shear ” are to be used for determining sectional 
areas of webs of plate girders or web members of braced girders. 

For larger spans, the live load is generally tafcen as that due to 
the heaviest type of mineral or freight train, preceded by two of the 
heaviest type of locomotives. The weight of a train made up of high 
capacity wagons, or wagons loaded with boilers, girders, machinery, 
etc., falls not far short of the weight of a train of engines. An 
equivalent load of 1*5 tons per foot run fora single line of way probably 
covers the effect of such a train for spans exceeding 200 feet. Spans 
up to about 210 feet would be practically covered by three large 
engines and tenders. 

Live Load on Cross-Girders. —Cross-girders, however closely spaced, 
have each in turn to carry the heaviest axle load, which is usually that on 
the driving axle, or 20 to 21 tons per axle in present English practice. 
As the distance between the two most heavily loaded axles is usually 
from 5 to 8 feet, any closer spacing of the cross-girders is wasteful. 
Cross-girders between lattice main girders are usually at wider spacing 
than 8 feet, and in such cases the maximum loads will be equal to the 
maximum reactions due to the rail-bearers or stringers when these are 
most heavily loaded. 

Live Load on Troughing. —With continuous trough flooring, it is 
impossible for a single trough to carry the full load of the heaviest 
axle, since the continuity of the floor causes the load to be distributed 
over several trough sections to right and left of the load. The extent 
of this distribution depends on the relative rigidity of rails and trough¬ 
ing, but the maximum load coming upon any one trough will not 
exceed one-half the actual axle load and may be as low as one-third. 

Live Load on Rail-Bearers. —On short rail-bearers from 5 to 8 feet 
span, the maximum live load will be the load on the heaviest axle when 
at the centre of span. Longer rail-bearers will accommodate two, 
three, or more axles simultaneously, and the Worst position of such 
axle loads for creating bending moment will determine the maximum 
loading. 

Live Load on Highway Bridges. —This, whilst not so intense as on 
railway bridges, is very variable. Table 23 gives particulars of special 
loads on highway bridges. For ordinary wheeled traffic over bridges 
exempt from the special loads in Table 23, an equivalent distributed 
load of 130 lbs. per square foot of roadway should cover the require¬ 
ments. For pedestrian traffic on footpaths, 120 lbs. per square foot is 
a sufficient allowance. 1 

Wind Load.—The question as to the magnitude of wind pressure 
and its mode of action on structures is one on which great uncertainty 
still exists. The following facts, however, appear to be satisfactorily 
established. 

1. That exceptionally high intensities of pressure only prevail over 
local and relatively small areas, and that the greater the area exposed 
to the wind, the less will be the average pressure on such area. From 

1 For further information on rolling loads, see Mins. Proceedings Inst. C.E., 
vol clv/.ii. p. 328 ; vol. cxli. p. 2; vol. clviii. p. 880 ; vol. clxi. p. 261; vol. eoii. p. 868. 



Table 23.— Traffic Loads on Highway Bridges. 
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extended records of wind pressure obtained at the site of the Forth 
Bridge, the average pressure upon a board 20 feet by 15 feet was gene¬ 
rally only two-thirds of the pressure upon a small wind-gauge of 1^ 
square feet area, both in moderate and high winds. 

2. The total or effective pressure against thin flat plates is consider¬ 
ably greater than the pressure calculated by multiplying the exposed 
windward area by the wind pressure per square foot acting on the 
windward face. This is due to the creation of a partial vacuum or 
negative pressure behind the plate, caused by the suction effect of the 
eddies set up by the resistance of the sharp edges to the free passage of 
the wind current. Thus, taking the effective wind pressure on a thin 
square plate as 100, the total pressure upon a cube presenting the same 
area to the wind is represented by 80, and on p prism having a length 
double that of the cube, by 72. The suction effect, therefore, rapidly 
diminishes as the length of the obstacle in the direction of the wind 
current increases. Roughly speaking, from \ to ^ of the total effective 
pressure on an exposed area of thin plating is due to the negative 
pressure on the leeward side, and ^ to § to the positive pressure on the 
windward side. The exact ratio in any particular case varies, however, 
with the shape of the exposed surface. 1 This has a direct bearing on 
the effective pressure on the windward side of a V roof. The sharper 
the angle at the ridge, the greater will be the negative pressure on the 
leeward side, with consequent greater effective pressure than on roofs of 
flatter slope. 

3. The extent to which one plate surface will shelter another similar 
one placed parallel with, and to leeward of the first, is actually very 
small, unless the two surfaces are relatively close together. Thus the 
windward girder of a bridge or the windward face of a lattice pier 
offers little protection to the leeward girder or face. In the case of a 
bridge with main plate girders and a continuous floor, the pressure 
against the leeward girder will no doubt be less than on the windward 
girder, but such reduction is less than is frequently assumed. Experi¬ 
ments on square and rectangular plates show that the maximum shield¬ 
ing effect occurs when the plates are separated by a distance of about 
li times their least cross dimension, and that the shielding effect of 
long rectangular plates is considerably less than that of circular plates. 

4. Results deduced from the overturning of railway rolling stock 
show the mean side pressure to have varied from 26 to 34 lbs. per 
square foot, and, excepting in the case of structures in abnormally 
exposed situations, it is unlikely that any considerable area is ever 
exposed to a much higher positive mean pressure than 35 lbs. per square 
foot. Much higher pressures have been recorded by wind-gauges in 
which the pressure is registered by the deflection of a spring, but such 
pressures may be, md probably are, due to the dynamic effect of a 
sudden gust of wind blowing for a very short period. At the same time 
it should be remembered that a wind pressure of 30 lbs. per square 
foot applied suddenly will deflect the spring of a wind-gauge to the 
same extent as a steadily applied pressure of 60 lbs. per square foot, 
provided the sudden gust last long enough to produce a complete vibra¬ 
tion of the spring. In a similar manner, a bridge or tall building will 

1 Mins, Proceedings Inst. C.E ., vol. clvi. p. 78. 
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E ossess a time period of vibration depending upon its mass, which will, 
owever, be much longer than that of a light spring. If, then, a 
sudden gust of wiud prevail long enough to deflect a bridge or building 
laterally through the full extent of its vibration, the stress produced 
will be that due to the higher pressure as recorded by the spring- 
loaded indicator of the wind-gauge. 

5. The pressure of wind increases with the height above the ground, 
so that the upper portions of lofty buildings, chimneys, piers, and 
bridge girders are exposed to higher wind pressures than the lower 
portions, which are further often sheltered by neighbouring buildings. 

6. The pressure on convex surfaces is much less, and on concave 
surfaces greater than on flat surfaces presenting the same projected 
area to the direction of the wind current. Thus, on the area of a 
circular chimney as seen in elevation, the effective wind pressure is only 
about half the actual pressure which would act on a thin flat surface of 
similar outline and area. 

Intensity of Wind-Pressure on Structures. —In the case of bridges, it 
is generally assumed that no train will be traversing a bridge when the 
wind pressure exceeds 30 to 35 lbs. per square foot, whilst a maximum 
pressure of 45 to 50 lbs. may act on the structure when unloaded. The 
area of the bridge exposed to the higher pressure will be from once to 
about three times the area as seen in elevation, depending on the type 
of construction. Thus a tubular girder with continuous roof and floor 
will expose the elevational area only, a plate girder bridge from once to 
twice that area, the degree of shelter afforded by the leeward girder 
depending largely on the width of the bridge. A large bridge with 
double lattice girders may expose an effective area equal to three times 
the elevational area, or even more if the main girders be very broad. 
The lower pressure of 30 lbs. per square foot will act on the effective 
area of the windward girder, and on the train considered as a continuous 
screen, the upper edge being 12 feet 6 inches and the lower edge 2 feet 
6 inches above the rails. In the latter case the train will largely shelter 
the leeward girder, and the wind pressure will only act to any consider¬ 
able extent on that portion of it (if any) projecting above the train. 
The wind pressure on a moving train is, of course, to be considered as 
a rolling load, since it travels with the train. 

The suction effect previously referred to is most active in the case 
of lattice-work structures which present a series of thin plate surfaces 
to the wind. On tall buildings which have considerable depth in the 
direction of the wind, the maximum effective pressure will be from - to 
f of that assumed for open-work structures, or about 35 to 38 lbs. per 
square foot, whilst the larger area makes it still less probable that the 
mean pressure will actually reach this figure. The usual allowance for 
tall buildings and roof structures will be stated subsequently. 

Further, it is obvious that judgment must be exercised in adopting 
a suitable maximum wind pressure for a given structure. The lower 
portions of many buildings, low roofs, etc., are often almost completely 
sheltered by neighbouring and higher buildings, whilst for others in 
lofty and more exposed situations the effect of the maximum wind 
pressure must necessarily be considered. 
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Working Stresses and Sectional Area of Members. 

i 

General Considerations.—After making a careful estimate of the 
load to be borne by a structure, the stresses in the various members 
due to such load are next calculated. The methods of deducing the 
stresses in the various members of structures due to specified loads 
are considered in subsequent chapters. The sectional area of each 
member then depends primarily on the magnitude of the stress 
occurring in it, having due regard to a suitable disposition of the 
material in the section according as the member is subject to tension, 
compression, bending, etc., or to more than one of these actions com¬ 
bined. In arranging the disposition of material in the cross-section, 
further regard must be paid to convenience of making joints and con¬ 
nections with neighbouring members and deduction of area occupied by 
rivet-holes in the case of tension members. These features are fully 
considered later, and at present attention is directed to the determi¬ 
nation of the actual sectional area. 

The working stress in any member is understood to be the actual 
maximum stress in tons per square inch created in the member under 
the most unfavourable conditions of loading. The principal difficulty 
lies in determining at all accurately the actual maximum stress which 
takes place in any member. In cases where the stress is entirely due 
to a perfectly dead load, no doubt exists as to the value of the maximum 
stress, and a relatively high working stress may safely be employed in 
proportioning the sectional area. Examples of purely dead load 
stresses in actual practice are, however, rare, and the maximum stresses 
in the members of practical structures are generally due to the com¬ 
bined effect of both dead and live loading. That portion of the stress 
due to the dead load may be very closely estimated, whilst that caused 
by the live load is in many cases a very indefinite quantity, depending 
on the variable character and mode of application of tne live load, 
examples of which have already been mentioned. It is a well- 
established fact that the actual momentary stress due to a suddenly 
applied live load may be double that due to the same amount of static 
or dead load. But between a suddenly applied and a very gradually 
applied live load, there exists a series of infinite gradations, each of 
which must be considered on its own particular merits. The additional 
stress caused in such cases, over and above that due to the nominal 
amount of the live load, is commonly referred to as dynamic stress or 
stress due to impact , and there is little doubt that the time period of 
application of the live load is the principal factor in determining the 
magnitude of the dynamic stress created. 

Further, it appears from the results of numerous experiments that 
a great number of re\ etitions of fluctuating stress in a member exer¬ 
cises a more deteriorating effect on the material than a static stress of 
equal maximum intensity. These facts obviously have a specially 
important bearing on the design of members of bridges which are 
most subject to frequent and rapidly applied fluctuations of load. It 
is evident, therefore, in fixing the working stress, that regard should 
be paid to the range of stress^ or difference between maximum and 
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minimum stress in a member as well as the time period of application 
of the live load. The character of live loads and degree of suddenness 
of their application are so varied that a proper estimate of the pro¬ 
bable dynamic effect, and therefore the actual maximum stress caused, 
becomes a more or less complex matter. Many rules have been pro¬ 
posed for making allowance for the above-mentioned influences in 
designing the sectional area of members, and some of the principal of 
these will now be stated. It may be mentioned, however, that the 
present state of exact knowledge on this question is far from complete, 
whilst useful investigation is much retarded by the difficulty of making 
reliable experiments. 

/ Factor of Safety.—Formerly the working stress was deduced by 
v dividing the ultimate or breaking strength of the material by 4, 5, 6, 
etc., according to the reduction considered suitable for the character 
of the load, and in cases where a fairly reliable estimate of the dynamic 
effect of the live load is possible, this method used by persons pos¬ 
sessing sound judgment and experience may produce satisfactory 
results. Its abuse lies in its indiscriminate application to all or any 
cases of live loading. It is necessary that the working stress be kept 
safely within the minimum elastic limit of the material in order to avoid 
permanent strain or set. For average mild steel, such as employed in 
general structural work, the ultimate strength varies from 27 to 32 
tons per square inch, and the elastic limit from about 14 tons per 
square inch upwards, the latter being a more variable quantity than the 
ultimate strength. The actual working stress should therefore not exceed 
9, or at most 10 tons per square inch, in order to leave a reasonably safe 
margin as regards the elastic limit. These figures correspond to a 
factor of safety of 3 with respect to the ultimate strength. 

For purely dead loads, that is where the actual maximum stress is 
very closely estimable, a working stress of 9 tons per square inch for 
mild steei may be safely adopted for tension members, and 8 tons per 
square inch for compression members, excepting where the length of 
the latter necessitates a reduction in accordance with the liability to 
fail by buckling. 

From the results of experiments on members subjected to fluctu¬ 
ating stresses the following general deductions are made. 

1. That a factor of safety of 4£ should be employed when the 
stress fluctuates between the maximum value and zero. 

2. That a factor of safety of 9 should be employed when the stress 
fluctuates between a certain amount of compression and a similar 
amount of tension. This case would be met by trebling the nominal 
live load stress and using a factor of safety of 3, as for a dead 
load. 

CaBe 2 probably represents the extreme effect of a variable load, 
and between it and the case of a purely dead load there are numberless 
others in which the ratio of dead to live load stress may have any 
value. Taking these deductions as a basis, therefore, the factor of 
safety for members subject to maximum and minimum stresses of the 
same kind will vary between 3 and 4*5, and for members subject to 
maximum and minimum stresses of opposite kinds the factor of safety 
will vary between 4*5 and 9. The value chosen in any particular case 

o 2 
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will depend principally on the extent to which the live or dead load 
stress preponderates. 

Most'of the formulae devised for determining the sectional area or 
working stress of a member, or what is practically the same thing— 
the factor of safety to be employed, provide in effect, a sliding factor 
of safety dependent upon the relative values of the nominal or apparent 
maximum and minimum stresses, whilst some take into account the 
degree of suddenness of application of the live load. 

Wdhler’s Experiments.—The following results were deduced from 
a number of experiments made by Herr Wohler with a view to ascer¬ 
taining the effect on the strength of materials when subjected to 
known alternations of stress repeated until fracture ensued. The 
material was found to break under a stress considerably less than that 
which it would withstand when the load was applied steadily under 
normal conditions of testing. The apparent loss of ultimate strength 
also varied according to the difference between the maximum and 
minimum stresses applied. 1 Broadly stated the actual results were as 
follows :—If t = breaking stress due to a steadily applied load with no 
variation (usually called the static breaking stress), then under a large 
number of applications of load varying between zero and u , the 
material eventually broke under the load u when the apparent stress 

caused was equal to or the strength of the material was apparently 


reduced by one-half. Under the repeated application of a load varying 
between and — r, that is between a certain compression and the 
same amount of tension, the material eventually broke under the 


load v when the apparent stress caused was equal to corresponding 

o 


with an apparent reduction in strength of two-thirds. 

Launhardt-Weyrauch Formula.—This formula was devised to 
express the reduced ultimate strength of a member when subject to 
alternating nominal or apparent maximum and minimum stresses, as 
indicated by the results of Wohler’s experiments. 

Let Max. S and Min. S = the higher and lower apparent stresses to 
which the member is subjected ; t = static breaking stress of the 
material in tons per square inch; P = the reduced breaking stress in 
tons per square inch due to the fluctuating load. Then— 


P = 



Min. S\ 
MaxTS/ 


To apply this to purposes of design, the suitable ivorking stress p 
tons per square inch is obtained by dividing the breaking stress P by 
a factor of safety of 3, whence— 


V = 



Min. 8\ 
Max. 8/ 


Taking t for mild steel = 27 tons, and for wrought iron = 21 tons 
per square inch— 

1 For a detailed discussion of the results of these experiments, see A Practical 
Treatise on Bridge Construction f by T. Claxton Fidler. 
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P = 6 (i + i ‘ ffisrl) for mild Steel 

and p = 4 66^1 -f £ • for wrought iron. 

If Max. S and Min. S be of opposite kinds, Min. S will be denoted 
as a negative stress, and the formula becomes— 

, Min. S\ 

^ ~ 6(_1 “ ^ Mai. s) 

Example 2. — The maximum and minimum stresses in a mild steel 
member are respectively 47 and 22 tons of tension . Determine the net 
sectional area . 

Working stress = 6(1 4- i • ff) = 7*4 tons per square inch, and net 
47 

sectional area = ^ = 6*35 square inches. 

Example 8. —The maximum and minimum stresses being respectively 
47 tons tension and 10 tons compression, to determine the net sectional 
area . 

Here the minimum stress of 10 tons is negative. Working 
stress = 6 (1 ~ i * 4 ?) = 5 35 tons per square inch, and net sectional 
47 

area = = 8*8 square inches. 

i) Oi) 

Relatively few members are actually allowed to suffer reversals of 
stress, a counter-brace being usually provided to take up the reversed 
stress, when the principal member is then subject to a stress fluctuating 
between Max. S and zero. The working stress then equals 6(1 + 0) 
= 6 tons per square inch, and the factor of safety = = 4 , 5. 

Where Max. S = Min. S, but is of opposite kind, the working 
stress = 6(1 — £) = 3 tons per square inch, and the factor of 
safety = = 0, as previously mentioned. 

The apparently reduced breaking strength of the material when 
subjected to alternating stresses is considered by some authorities to be 
due to a deteriorated condition of the material to which the term 
fatigue has been applied, and the results of the Wohler tests are 
generally ascribed to some such condition of the material. It will be 
noticed that the Launhardt-Weyrauch formula, being based on the 
results of Wohler’s tests, makes allowance for the so-called fatigue of 
the material, but does not allow for the dynamic or impact effect of the 
load, since the suddenness of application of the load does not enter into 
the results deduced from the tests. 

Modified Launhardt Formula.—The following modified form of 
this formula is in use in America :— 

p = 3*34^1 + for wrought iron 

the lower resulting value for p being assumed to cover the effects of 
both “ fatigue ” and impact. 

Whether it is necessary to make a separate allowance for the effects 
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of “fatigue” and dynamic stress is a much-debated question. Prof. 
T. Claxton Fidier advances cogent reasons for supposing that the 
effects of “'fatigue” and dynamic action are one and the same. 1 

Fidler’s Dynamic Formula.—The following formula has been 
proposed by Prof. T. Claxton Fidier for determining the sectional area 
of members. It makes allowance for the dynamic effect of the 
fluctuating load in a manner stated briefly as follows. If a member 
be subject to an initial stress of, say, 2 tons per square inch due to the 
dead load, the sudden application of a further load such as would 
create an additional 3 tons of stress if applied very gradually, may 
cause a momentary or dynamic increase of stress of 2 x 8 = 6 tons per 
square inch, thus creating an actual maximum stress of 2 + 6 = 8 tons 
per square inch. Similarly, the sudden application of a stress equal to 
one-half the breaking strength of the material may readily account for 
the failure of a bar by the creation of a dynamic stress equal to the 
breaking stress. This is, broadly speaking, the line of argument by 
which the results of Wohler’s tests may be explained by reference to the 
dynamic theory of stress, and, assuming this action to take place, the 
material does not undergo any actual reduction of breaking strength, 
but fails at its normal static breaking stress, simply because that stress 
is momentarily created by the suddenness of application of the load. 

If Max. 8 and Min. S represent as before, the maximum and 
minimum stresses to which the member is subjected, the dynamic 
increment of stress = w = Max. 8 — Min. 8. 

Hence the actual maximum stress to be provided for in designing 
the sectional area = nominal maximum stress + increment = Max. 8 
+ to ; and for mild steel tension members— 


Net sectional area 


Max. S + w . . 

- — square inches 


For compressive members not liable to buckle— 


Gross sectional area = 


Max. S + tv 
' 7 


square inches. 


For members subject to alternating stresses of opposite kinds, 
Min. S will be negative, and w = Max. 8 — (— Min. 8) = Max. 8 
+ Min. 8. 

For wrought-iron tension members— 


Net sectional area = 


Max. S + w 
6*66 


and for wrought-iron compression members— 


Gross sectional area = 


Max. S + w 
5*33 


Prof. Fidier recommends that in all cases where the increment w is 
applied instantaneously, or practically so, its full value = Max. 8 
— Min. 8, is to be added to the nominal Max. 8. This will be the case in 

1 Bridge Construction,, T. C. Fidier, pp. 248 et seq. 
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web members of girders, cross-girders and longitudinals, whilst in the 
case of the flanges of main girders exceeding 100 feet span, ie. in which 
an appreciable period of time elapses between minimum and maximum 
loading, w is to be taken 

Max. S - Min. S 
2 


This is, of course, a purely arbitrary allowance, but at the Bame time 
reasonable. The formula used in this manner becomes very elastic, 
and may obviously be applied generally, by varying w in accordance 
with the time period of loading, but such modification must depend 
entirely on the judgment of the designer. 

Example 4. —Required the sectional area for a mild steel member in 
which the stress alternates rapidly from 50 tons of tension to 18 tons of 
tension . 

w = 50 — 18 = 32 tons 


and 


sectional area 


50 + 32 
9 


= 9T square inches. 


Example 5.— The maximum stress in a mild steel strut is 57 tons of 
compression and the minimum stress 12 tons of tension . Required the 
sectional area exclusive of consideration of buckling tendency . 

Here, w = 57 4- 12 =? 69 tons, and if the change from minimum to 
maximum loading take place instantaneously, the actual maximum 
stress to be designed for = 57 + 69 = 126 tons, whence- 

sectional area = ^ = 18 square inches. 

^ Stone’s “Range” Formula. 1 —The following formula has been 
proposed by Mr. E. H. Stone, M.Inst.G.E. Briefly, this formula 
takes into account, separately, what is defined as the immediate effect 
and the cumulative effect of the moving load. Quoting from the 
author’s original paper, the immediate effect is “ observable every time 
a train traverses a bridge, due to the sudden and violent manner in 
which the load is applied—irregularities in the track, peculiarities of the 
engine, or other causes.” The cumulative effect is “an effect produced 
in course of time by repeated loading and unloading.” The object of 
the inquiry was to establish a co-efficient to be applied to the nominal 
moving load, which should express its total effect on the members of 
the structure in terms of effective or equivalent fixed load. 

1. The “ immediate ” effect of the moving load, as compared with 
that due to the same amount of static or fixed load, is deduced from 
experiments, information regarding which is given in the paper above 
referred to. 

2. The “ cumulative ” effect of the moving load, as compared with 
that due to the same amount of fixed load, is deduced from Wohler’s 
experiments. The “immediate” and “cumulative” effects are then 
combined in a rational manner to give the total effect of the moving 
load, as compared with that of an equivalent amount of fixed load. 
The results for mild steel are given in Table 24. 

1 Transactions Am. Soc. C.E. , vol. 41, pp. 467 to 653. 
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Table 24.—Working Stresses for Mild Steel by Range 
Formula—S afe Working Stress = D - (5 x R‘ J ). 


Nominal load. 


Effective load. 

Working results. 
Factor of safety=3 




Co-efficient 
to obtain 




— 

— 







Permissible stress 


Composition of 

equivalent 
of moving 
load in 


Composition of 

Tons per sq. in. 

Total 

nominal load. 

Total 

effective load. 









nominal 

load. 

terms of 
fixed load. 

effective 

load. 

-Fixed 

Moving 

Fixed 

Moving 

Due to 
nominal 

Due to 
effective 


load. 

load. 



load. 

load. 

load. 

load. 

tons. 

tons. 

tons. 


tons. 

tons. 

t^ns. 



100 

0 

100 

2-2500 

225 0000 

0 

2250000 

400 

900 

100 

2-5 

97 5 

2-1478 

2II9105 

2-5 

209*4105 

4-25 

9-00 

100 

5 

95 

20585 

2005575 

5 

195*5575 

4*49 

900 

100 

10 

90 

1-9091 

181819O 

10 

171*8190 

4*95 

9*00 

100 

15 

85 

1-7889 

1670565 

15 

152*0565 

539 

900 

100 

20 

80 

1-6897 

1551760 

20 

135*1760 

580 

900 

100 

25 

75 

1-6061 

1454575 

25 

120*4575 

619 

900 

100 

80 

70 

1-5344 

137 4080 

30 

107*4080 

655 

9-00 

100 

33-5 

66't> 

1-4918 

132 7866 

33-3 

99-4533 

678 

900 

100 

35 

65 

1-4719 

1306735 

35 

95-6735 

689 

900 

100 

40 

60 

1-4167 

1250020 

40 

85-0020 

720 

900 

100 

45 

55 

1-3673 

120 2015 

45 

75-2015 

749 

900 

100 

50 

50 

1-3226 

H613OO 

50 

66*1300 

775 

900 

100 

55 

45 

1-2817 

112 6765 

55 

57*6765 

799 

900 

100 

60 

40 

1-2439 

IO97560 

60 

49-7560 

820 

900 

100 

65 

35 

1-2086 

107 3010 

65 

42-3010 

839 

900 

100 

66-6 I 

33-3 

1-1974 

106 5800 

66(5 

39-9133 

844 

900 

100 

70 

30 

11754 

IO5262O 

70 

35-2620 

855 

900 

100 

75 

25 

11439 

1035975 

75 

28-5975 

869 

900 

100 

80 

20 

11136 

102 2720 

80 

22-3720 

880 

900 

100 

85 i 

15 

10844 

1012660 

85 

16-2660 

889 

900 

100 

90 

10 

1-0559 

100 5590 

90 
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“ It is found by experiment, as might have been expected, that the 
co-efficient representing the extra effect of the moving load on a girder 
(or on a member of a bridge truss) is a variable quantity depending on 
the relative amount of fixed load and moving load in the total load, 
being greatest where the proportion of moving load in the total load is 
comparatively high.” 

The first column of Table 24 represents the total nominal load or 
stress in the member, due to both fixed and moving load, expressed as 
100 per cent. The second and third columns give the percentage of 
nominal stress due to fixed and moving load respectively. The fourth 
column contains the deduced co-efficients by which the nominal stress 
due to moving load is to be multiplied in order to give effective or 
equivalent fixed load stress. The values in the fifth column are obtained 
by multiplying the percentages in column 3 by the co-efficients in 
column 4, and adding the percentages in column 2, and express the 
equivalent stress due to the total nominal load in terms of fixed or 
dead load stress. Columns 6 and 7 show the composition of this 
equivalent stress, that is, the proportion of it due to the effect of the 
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fixed load, and that due to the effect of the moving load. Since the 
values in column 5 represent equivalent fixed load stress, a uniform 
working stress of 9 tons per square inch may be adopted in every 
instance, and the sectional area may be computed on the total effective 
load at 9 tons per square inch, or on the total nominal load at some 
reduced number of tons per square inch. The reduced working stress 
to be adopted in any particular case 

— q f ^ total nominal load 
~ X totaTeffective load 

Thus, for a member having a total nominal stress of 100 tons, 30 tons 
being due to dead load, and 70 tons to moving load, the equivalent 
dead load stress from column 5 = 137*408, and sectional area 

~ = 15*27 square inches. If, however, it is desired to calculate 

the sectional area with respect to the total nominal stress of 100 tons, 

the reduced working stress to be employed = ^ of 9 = 6*55 tons 

per square inch, which is found in column 8, and sectional area 

= = 15*27 square inches as before. It may be noted that for 

the same example, the sectional area by the Launhardt formula would 
be 14*5 square inches, and by Claxton Fidler’s formula, 18*9 square 
inches. 

The other values in column 8 are deduced similarly, and the table 
exhibits at a glance the unit working stress to be adopted for a given 
nominal total stress, of which the percentage composition is known. 
A formula giving the working stress is readily obtained by plotting 
the curve showing the relation between the working stresses of column 8 
and the corresponding varying percentages of fixed and moving load 
constituting the total nominal load. This curve being slightly modified 
to allow for a reasonable amount of shock and jarring on lighter 
members subject to considerable variation of stress, the formula 
eventually deduced is as follows— 

Let R = proportionate range of stress 

_ Stress d ue to moving load __ Range of stress 

Fixed load stress + moving load stress “ Total stress 

Then safe working stress per square inch 

= 9 - 5R 2 for mild steel 

and = 7 — 4 R 2 for wrought iron. 

Example 6. — A mild steel member is subject to a tensile stress of 
57 tons , due to moving and fixed load combinedy and 18 tons of tension , 
due to fixed had alone . Required the sectional area by the Range formula . 

Stress due to moving load = 57 — 18 = 39 tons. Hence, ratio 

R = P = 0*684. 

Working stress = 9 - 5 x (0*684) 2 = G66 tons per square inch, 
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, , .. « total nominal load 57 

and net sectional area =-n-r-= = 8*55 square 

, working stress G*(>(> ^ 

inches. 

The working stress may also be taken from Table 24, thus— 
Percentage of fixed load stress = x 100 = 81‘6 

From Table 24- 

Working stress for 30 per cent, fixed load = 6*55 
91 91 d3:j ,, ,, = (>‘78 

•\ „ „ 31'6 „ „ is practically the mean of 

these two values, or 
6‘66 tons per square 
inch. 

^ Example 7 .—A mild steel member is subject to a fired load stress of 
40 tons of tension , and alternations of 30 tons of tension and 30 tons of 
compression caused by a moving load. To deduce the sectional area . 

Here maximum tensile stress = 40 + 30 = 70 tons. When the 
moving load stress of 30 tons compression comes into operation, 30 of 
the 40 tons tension due to the fixed load is neutralized, leaving a 
“residual fixed load stress” of 10 tons of tension. The range of 
stress is therefore 00 tons, whilst the “ total stress ” = stress due to 
moving load + residual fixed load stress at the instant the maximum 
tensile stress of 70 tons is in operation, = GO -f 10 = 70 tons. It is 
to be noticed that 60 of the 70 tons of maximum stress is really due to 
the action of the moving load, and that for the moment , only 10 of the 
40 tons tension originally due to the fixed load is in operation as fixed 
load stress. 


Hence, R = fg = 0*8(4 

and working stress = 9 — 5 x (0‘8G) 2 = 5*3 tons per square inch 
whence sectional area = ^ = 13*2 square inches. 


y The above treatment of cases of fluctuating stresses is recommended 
by Mr. Stone as being the most reasonable, and employed in this 
manner, the “range” formula becomes applicable to all cases of 
loading. 

Example 8. —A mild steel member is subject to a fixed toad stress of 
20 tons compression , and a moving load stress which alternates between 
80 tons of compression and 40 tons of tension. 

In this case the maximum compression = 20 + 80 = 100 tons. 
At the'instant the *0 tons of tension is created by the action of the 
moving load, the whole 20 tons compression originally due to the 
fixed load, is more than neutralized, and the effect due to the weight 
of the structure itself here constitutes moving load effect, since it is 
applied and removed each time the moving load comes into action. 
The “residual fixed load stress” is therefore zero, and “total stress” 
= range of stress + residual fixed load stress = 120 + 0 = 120 tons. 
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Hence tbe ratio R = 8tieSS becomes = 1, for all cases 

total stress 

where actual reversal of stress takes place. 

.\ Working stress = 9 - 5 x l 2 = 4 tons per square inch, and 
sectional area = ^ = 80 square inches. 

The three formulae cited are representative of those in general use, 
which in one form or another may be relegated to one of the above 
types. It should be noticed that in every case a factor of safety of 3 
is uniformly employed on the “equivalent dead load” stress, whilst on 
the “ nominal maximum stress ” a variable factor of safety results from 
using one or other of the formulas. 

Impact Formulae.—In the case of members of railway bridge 
girders, the probable additional stresses caused by the rolling load 
over and above those arrived at by calculating the stresses due to the 
various static positions of the load, are usually computed by the aid f of 
one of the many suggested Impact formulae. The principal causes of 
impact stress are unbalanced driving wheels of locomotives, uneven 
track, wheel tyres worn out of truth, pitching and rolling of engines, 
rapidity of application of load and deflection of cross beams and 
longitudinals. The term “ impact ” is understood to include all effects of 
the rolling load which create stresses in excess of the computed static 
stresses. 

It is manifestly impossible to express by a formula the combined 
effect of so many complex factors, and the present state of exact know : 
ledge of this question is far from complete. With track and rolling 
stock in good condition, the chief causes of impact are unbalanced 
rotating parts and speed of load. At best, since an accurate estimate 
is impossible, it is desirable to make an allowance known to be on the 
safe side, and most of the impact formulae in general use probably 
accomplish this end. 

Pencoyd Formula, proposed by Mr. C. C. Schneider, Past President 
of the Am. Soc. C. E. 


300 

L + 300 


x S 


where S = stress due to rolling load considered at rest in the position 
which causes the maximum stress in the member under consideration ; 
L = length in feet of that portion of the span which the load has 
traversed to reach that position from the point where it first began to 
produce stress in the member ; I = the stress to be added to S to 

allow for impact. The fraction is known as the “ impact 

L + 300 

coefficient.” This formula, although widely used, probably gives results 
slightly too low for short spans up to about 70 feet on which impact 
is most severe, and too great for large spans exceeding about 200 feet. 

American Railway Engineering Association Formula.—This 
formula has been suggested following the results of observations on 
forty-six Bpans up to 500 feet at speeds varying from 10 to 70 mile* 
per hour. 
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TT xS 

' 1 J-"- 

T 20000 

Prof. Turneaure suggests a modification of this formula by employing 
the constant 30,000 instead of 20,000. 

Waddell’s Formula.—Mr. J. A. L. Waddell, the eminent American 
bridge engineer, has proposed the following formula— 


165 

?ih + 150 


xS 


where I, L, and S have the same significance as above and n = the 
number of tracks carried by the bridge. For highway bridges, this 
formula is modified as follows— 


100 

nL + 200 


x S 


in which n = total width of roadway and sidewalks divided by 20. 

The following are the conclusions arrived at and published by the 
Committee of the American Railway Engineering Association in con¬ 
nection with the observations above referred to. 1 

“(1) With track in good condition the chief cause of impact was 
found to be the unbalanced drivers of the locomotive. Such inequalities 
of track as existed on the structures tested were of little influence on 
impact on girder flanges and main truss members of spans exceeding 
60 to 75 feet in length. 

“ (2) When the rate of rotation of the locomotive drivers corresponds 
to the rate of vibration of the loaded structure, cumulative vibration is 
caused, which is the principal factor in producing impact in long spans. 
The speed of the train which produces this cumulative vibration is called 
the 4 critical speed.’ A speea in excess of the critical speed, as well as 
a speed below the critical speed, will cause vibrations of less amplitude 
than those caused at or near the critical speed. 

“ (3) The longer the span length the slower is the critical speed ; 
and therefore the maximum impact on long spans will occur at slower 
speeds than on short spans. 

“ (4) For short spans, such that the critical speed is not reached 
by the moving train, the impact percentage tends to be constant so far 
as the effect of the counter-balance is concerned, but the effect of rough 
track and wheels becomes of greater importance for such spans. 

“ (5) The impact as determined by extensometer measurements on 
flanges and chord members of trusses is somewhat greater than the 
percentages determined from measurements of deflection, but both values 
follow the same general law. 

“ (6) The maximum impact on web members (excepting hip verticals) 
occurs under the same conditions which cause maximum impact on chord 
members, and the percentages of impact for the two classes of members 
are practically the same. 

“ (7) The impact on stringers is about the same as on plate-girder 


1 American Railway Engineering Association, Bulletin No. 125,1910. 
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spans of the same length, and the impact on floor oeams and hip 
verticals is about the same as on plate girders of a span length equal 
to two panels. 

“(8) The maximum impact percentage as determined by these tests 
is closely given by the formula 



in which I = impact percentage, and L = span length in feet. 

“ (9) The effect of differences of design was most noticeable with 
respect to differences in the bridge floors. An elastic floor, such as 
furnished by long ties (sleepers) supported on widely spaced stringers, 
or a ballasted floor, gave smoother curves than were obtained with more 
rigid floors. The results clearly indicated a cushioning effect with 
respect to impact due to open joints, rough wheels, and similar causes. 
This cushioning effect was noticed oil stringers, floor beams, hip verticals, 
and short span girders. 

“ (10) The effect of design upon impact percentage for main truss 
members was not sufficiently marked to enable conclusions to be drawn. 
The impact percentage here considered refers to variations in the axial 
stresses in the members, and does not relate to vibrations of members 
themselves. 

“ (11) The impact due to the rapid application of a load, assuming 
smooth track and balanced loads, is found to be, from both theoretical 
and experimental grounds, of no practical importance. 

“ (12) The impact caused by balanced compound and electric loco¬ 
motives was very small, and the vibrations caused under the loads were 
not cumulative. 

“ (13) The effect of rough and flat wheels was distinctly noticeable 
on floor beams, but not on truss members. Large impact was, however, 
caused in several cases by heavily loaded freight cars moving at high 
speeds.” 

For further useful information on this subject, reference may be 
made to a paper “ On Impact Coefficients for Railway Girders ” and 
the accompanying discussion thereon, by C. W. Anderson, M.Inst.C.E., 
published in volume cc. of the Minutes of Proceedings of the Inst C.E. 



CHAPTER III 


BENDING MOMENT AND SHEARING FORCE. 
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Bending Moment. —Suppose the beam in Fig. 12 to be fixed at A and 
loaded with 2 tons at the free end E, then the load multiplied by its 

distance from A is called the moment 
of the load about A. Since the effect of 
this moment is to cause bending of the 
beam, the moment is further called the 
bending moment at A. Its value = 2 
tons x 12 feet = 24 foot-tons. 

Since the bending moment equals 
load x distance, the bending moment 
at B distant 9 feet from E = 2 x 9 = 18 
foot-tons. Similarly at C, the bending 
moment = 2 x 6 = 12 foot-tons, at 
D = 2 x 3 = 6 foot-tons, and at E 
= 2x0 = 0. Plotting these values 
below a horizontal line, ae , the points 
so obtained lie on the straight line ef\ 
which is such that the vertical depths 
between it and ae represent the bending moments at corresponding 
points along the beam. The figure aef is called the bending moment 
diagram for the beam. In this case, having obtained point /, the 
diagram might have been completed by joining / to 0 , without calcu¬ 
lating the tending moment for any intermediate points. It will be 
seen that ae represents the length of the beam to any convenient scale, 
which however has no connection with the scale to which the tending 
moments are plotted. For instance, if ae be made 8 inches and af 
2 inches, the scale for distance along the team would be 4 feet to 
1 inch, and for the tending moments, 12 foot-tons to 1 inch. The 
practical value of a tending-moment diagram is to enable the tending 
moment to be scaled off for any point along the beam, the diagram 
being usually readily drawn after calculating the moment at a few 
points only. 

Shearing Force. —Apart from the tending action, the load has 
another effect on the team as indicated at A, Fig. 18. This is the 
tendency to shear the beam vertically at any section such as A or B. 
Such an effect is due to vertical shearing force . In this case it is equal 
in amount to 2 tons at every vertical section along the team. The 
shearing force is represented diagrammatically below the tending 
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moment diagram in Fig. 12, where GH again represents the span and 
GK is made equal to 2 tons to scale. The depth of the rectangle 
GHLK is a measure of the shearing force at any 
section of the beam. 
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Fig. 13. 


Relation between Bending Moment and Shear¬ 
ing Force.— The following relation always exists 
between the bending moment and shearing force 
at any section of a beam. The area of the 
shearing-force diagram, between the free end of 
the beam and any vertical section, equals the 
bending moment at that section. Thus in Fig. 12 the area of the 
rectangle GHLK, between the free end H and the vertical section 
GK = GH x GK =12 feet x 2 tons = 24 foot-tons, which was the 
value obtained for the bending moment af Again, considering 
section C, the area of the shearing-force diagram between H and M is 
the rectangle MHLN, which = 6 feet x 2 tons = 12 foot-tons, the 
bending moment previously obtained for section C. 

A beam such as the above, having one end fixed and the other free, 
is called a cantilever. The bending moment in this case, if expressed 
in general terms = W l foot-tons, where W = the load and l = span. 

Cantilever carrying any number of Concentrated Loads— Suppose 
the cantilever in Fig. 14 to be 30 feet long and to carry loads as indi¬ 
cated. The bending moment at D 
is nothing. At C the bending 
moment = 5 tons x 10 feet = 50 
foot-tons, which is plotted on the 
bending-moment diagram at cc\ At 
B there is the combined bending 
moment, due to 5 tons acting at a 
leverage of 22 feet, and 6 tons at a 
leverage of 12 feet. Hence— 

Bending moment at B = 5 
X 22 + 6 X 12 = 182 foot-tons, 
which is plotted at bb'. 

The bending moment at A 
= 5x 30 4-6x20 4-8x8 = 334 foot- 
tons, which is plotted at aa’. The 
diagram is completed by joining 
points at y b\ c\ d by straight lines. 

Note that the inclination of the 
boundary line db'c'd changes under each point of application of the 
loads. If the loads were very numerous and close together, the broken 
line a'b'c'd would approximate to a curve. 

The shearing force between I) and C is 5 tons. Between C and B 
it is augmented by the additional load of 6 tons, giving 5 4-6 = 11 tons, 
and between B and A this 11 tons is further augmented by the load 
of 8 tons, giving 54-64-8 = 19 tons. The construction of the 
shearing-force diagram is indicated in the lower figure. 

Cantilever oarrying a Uniformly Distributed Load.—A distributed 
load is any load which is applied continuously along the whole length of 
a beam- In practice the majority of distributed loads to be considered 
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are uniformly distributed loads; that is, each foot length of the beam 
carries an equal amount of load, such, for example, as a beam supporting 
a wall of uniform height. The dead weight of the beam itself, if of 
uniform section, is also a uniform load. 

Suppose the cantilever in Fig. 15 to be 16 feet long, and to carry 
a load of 2 tons per foot run. The bending moment at A will be the 

same as if the whole load were con- 


d " ■/** -» l centrated at its centre of gravity. The 

total load = 16 x 2 = 32 tons, and its 
v Wk 1 c o !e centre of gravity is situated at the 

t-|£ -A- ^middle of its length; that is, 8 feet 

j g d i from A. The bending moment at A 
> \ therefore = 32 x 8 = 256 foot-tons. 

^ / j At the section B, the portion of the 

« /. ; load creating bending moment is that 

* /* | distributed over the 12 feet length BE, 

L / | having its centre of gravity distant 

/. 1 6 feet from B. 

° ! 

; .*. bending moment at B 

N 8 *J = (12 x 2) tons x 6 feet 

? ? ! = 144 foot-tons. 

11 l_i_ 

Fig. 15. Similarly, at section C, the bending 

moment = (8x2) tons x 4 feet = 64 
foot-tons, and at section D the bending moment = (4 x 2) tons x 2 feet 
= 16 foot-tons. At E the moment is 0. These values are plotted as 
before at aa\ bb\ etc. 

If, instead of considering only four sections of the beam, a very 
great number were taken and the resulting bending moments plotted, 
the points so obtained would be found to lie on an even curve passing 
through a'b’c'd'e , which in this case is a semi-parabola tangent to the 
horizontal line ae at e. Knowing this to be so, it is only necessary to 
calculate the bending moment at A and to fit in the curve by the 
- . geometrical contraction shown in Fig. 16. Set 

-- ou ^ ~ ft.-tons to scale and ae = 16 ft. 

3 _—-—to scale. Divide ae into any number of equal 
parts and aa! into the same number of equal 
2 parts. Draw verticals through a, 5, c , and d , 

• and join e to points 1 , 2, 3 on aa! . The inter- 

w/L 1111 sections of el with bb\ e2 with cc\ and e3 with 

Fig. 16. dd\ give points V , c\ d\ through which a free 

curve is drawn. More frequent points on the 
curve may be obtained by dividing ae and ad into a greater number of 
parts. 

The shearing fo-xe is nothing at the free end E, and increases by 2 
tons for each foot length of the cantilever from E to A, so that at D it 
is 4 x 2 = 8 tons, at C, 8 X 2 = 16 tons, at B, 24 tons, and at A, 32 
tons. The S.F. diagram is therefore the triangle in the lower figure. 
Note the relation between the two diagrams. The area of the S.F. 

16x8 

diagram between the free end Gk and centre of beam = —— = 64 
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ft.-tons, or the value of the B.M. obtained for section C. Expressed in 

wP 

general terms, the B.M. at the fixed end = —, where w = load per 
foot run and l = span in feet. 

Beam supported at both Ends and carrying a Concentrated Load 
at the Centre. —Suppose the beam in Fig. 17 to be 50 feet span, and 
loaded at the centre with 8 tons. 

Obviously half the load will be carried 
by each support, giving rise to equal 
upward reactions of 4 tons. If the 
beam were inverted it would be similar 
to a balanced cantilever supported at 
the centre and having each end loaded 
with 4 tons. The B.M. at the centre 
therefore = 4 tons x 25 ft. = 100 ft.- 
tons, or i load x £ span. In this case 
the beam bends with its concave side 
uppermost, whereas in the cantilevers 
previously considered the bending took 

{ lace with the concave side downwards, 
t is customary to distinguish between Fig. 17. 

these two kinds of bending action by 

designating the bending in Fig. 18, A as positive, and Fig. 18, B as 
negative. Diagrams of positive bending moments are plotted above the 
horizontal line representing the span, and negative 
moments below. 

The shearing force from the left-hand abut¬ 
ment to the centre of the beam is 4 tons acting 
upwards on the left of any section such as A, 

Fig. 17, and downwards on the right of such 
section. At the centre of the beam the upward 
shear of 4 tons is more than neutralized by the downward acting load 
of 8 tons, so that the shear now acts downwards on the left of any 
section B, to the right of the centre and upwards on the right of such 
section. As the relative direction of the shear reverses at the centre, it 
is customary to designate the shearing force from the left abutment 
to the centre of the beam as positive , and from the centre to the right 
abutment as negative . From the centre to the right abutment the 
vertical shear of 4 tons acts downwards on the left of every section, 
until at the abutment it is neutralized by the upward reaction of 4 
tons and becomes reduced to zero. This is shown on the S.F. diagram 
by plotting CD = 4 tons above the horizontal line CE, and EF = 4 
tons below CE, and completing the diagram as shown. It should 
be noted that, immediately under the load (in this case at the centre 
of the beam), the diagram exhibits a positive shear of 4 tons and 
a negative shear of 4 tons, so the actual resultant shear is + 4 - 4 
= 0. This zero shear only exists at the central vertical section of the 
beam, and, according to the diagram, it suddenly increases to the full 
value of 4 tons on sections immediately to the right or left of the centre. 
This state of shear only exists on the assumption that the load is applied 
at a single point on the beam, a condition impossible of realization in 
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actual practice, since all loads must have an appreciable area of bearing 
on thelieams supporting them. As this point frequently gives rise to 
some difficulty m correctly interpreting the meaning of shear force 
diagrams, a reference to the following practical example will render it 
more clear. Suppose the load of 8 tons in Fig. 19 to be applied by a 
rolled joist having flanges 8 inches wide. The bearing area on the 
beam AB is now 8 inches wide instead of being a single point, and the 
u concentrated ” load of 8 tons is actually a distributed load of 1 ton 
per inch run over the central 8 inches of the length of AB. From 
abutment A to the left-hand edge of the lower flange of the joist, 
the shear is + 4 tons as before. At 1 inch in from the edge of the 
flange, a downward load of 1 ton has been applied, reducing the shear 
to 4- 3 tons. At 2 inches in, the shear is further reduced by another 
ton, and equals 4- 2 tons; at 3 inches it is reduced to -I- 1 ton, and 
at the centre to zero. At 5 inches from the left-hand edge of 
flange, 5 tons of downward acting load having been applied, the 
shear is 4- 4 — 5 = — 1 ton ; at 6 inches it is 4-4 — 6 = — 2 tons, etc. 
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Fig. 19. 



Fig. 20. 


Thus the shear is really gradually decreased from 4- 4 tons at the 
left-hand edge of bearing to — 4 at the right-hand edge, and cannot 
change abruptly as implied by the vertical steps on S.F. diagrams for 
concentrated loads as usually drawn. The same is true for the bearing 
surfaces on the supports, the shear increasing gradually from C to D 
over the horizontal bearing of 8". 

Beam supported at both Ends and carrying a Concentrated Load 
at any Point.—Suppose the beam AB in Fig. 20 to be 40 ft. span, and 
to carry a concentrated load of 10 tons at 24 feet from A. The reaction 
at B (usually denoted R B ) is found by taking moments about the 
opposite end A of the beam. Thus— 

R, x 40' = 10 tons X 24' 

R. = 10 x = 6 tons. 

The reaction R A at A must be the difference between the total load and 
R b , or 10 — 6 = 4 tons. The B.M. at C = 6 tons x 16 ft. = 96 ft.- 
tons, which enables the B.M. diagram to be plotted. The B.M. at C 
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may also be obtained by working from the reaction at A. Thus 4 tons 
X 24 ft. = 96 ft.-tons as before. The S.F. is + 4 tons from A to C, 
and — 6 tons from C to B, and the diagram is plotted as shown. The 
reactions at A and B are always inversely proportional to the segments 
into which the span is divided by the load point C. Thus if of 10 tons 
gives R a , the reaction at the opposite end to the 16 ft. segment, and ff 
of 10 tons gives R B . By remembering this rule, the reactions may 
readily be written down from a simple inspection of the position of the 
load. Note.—The areas of the positive and negative portions of the 
S.F. diagram for any beam are always equal, since each is a measure of 
the B.M. at the same point. 

Beam supported at both Ends and carrying any number of Con¬ 
centrated Loads.—Suppose the beam in Fig. 21 to be 80 ft. span and 
to carry loads as indicated. 

Reaction R A = if of 10 tons 
+ ff of 16 tons + ff of 6 tons 
= 2 + 10 + 4£ = 164 tons. 

R B ® 6 + 16 + 10-164 = 154 
tons. 

B.M. at E = R b x 16 ft. 

= 15£ X 16 = 248 ft.-tons. 

Considering section D, the 
reaction R B tends to bend the 
length DB upwards, whilst the 
intermediate load of 10 tons 
acting at a leverage of 50 ft. 

— 16 ft. = 34 ft., tends to 
hold down the length DB, and 
the B.M. at D will = R B x 50 
ft. - 10 tons x 34 ft. = 15£ 

X 50 — 340 = 435 ft.-tons. 

The Bending Moment at C 
is most readily obtained from 
R a x 20 ft, = 16£ x 20 = 330 
ft.-tons. The same result will be obtained if calculated from the oppo¬ 
site end B of the beam. Thus B.M. at C = R B x 60 — 10 x 44 — 16 
X 10 = 330 ft.-tons as before. Plotting 330, 435 and 248 ft.-tons 
beneath C, D and E respectively, the B.M. diagram is obtained. 

t For the S.F. diagram, the shear from A to C = + 16£ tons. At C 
it is reduced by 6 tons, giving + 16£ — 6 = + 10£ tons, the shear from 
C to D. From D to E, the S.F. = + 10£ — 16 = — 5£ tons, and 
from E to B, — 5£ — 10 = —15£ tons, which checks with the reaction 
of 15£ tons at B. 

Beam supported at both Ends and carrying a uniformly distri¬ 
buted Load over the Whole Span.—Suppose the beam AB in Fig. 22 
to be 60 ft. span, and to carry a load of l£ tons per foot run. R A and 
R„ each equal half the total load = £ x 60 x l£ = 45 tons. The 
upward B.M. at C = 45 tons x 30 ft. = 1350 ft.-tons. The downward 
B.M. at C is due to the load of 45 tons, extending over CB, which may 
be supposed concentrated at its centre of gravity distant 15 ft. from C. 

A B.M. at C = 45 X 80 — 45 X 15 = 676 ft.-tons. 



Fig. 21. 
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If the B.M. be calculated for several intermediate points between 
B and .C in a similar manner to that adopted for the cantilever in 

_ . Fig. 15, the plotted values will be 

I found to range themselves on a 

skrj- ^parabola passing through abc. 

- 60 *-A -«|f Hence make cm = 075 ft.-tons, and 

; ! draw in each half of the curve by 

! i the geometrical method previously 

| / I j given. (It may be mentioned here 

| / *5 \ j that all B.M. diagrams for uniformly 

\ / ? \ ! distributed loads are bounded by 

a _ j _ ^ s parabolic curves, and that diagrams 

\ m ; for concentrated loads are bounded 

+ 4 S j j by straight lines.) The shearing 

l_l__ force at each abutment is equal to 

. 45 the reaction of 45 tons, and de- 
creases uniformly to zero at the 
Fig. 22. middle of the span. Expressed in 

general terms the B.M. at the centre 
U'P 

“ g* 5 iv and l having the same significance as before. 

Beam supported at both Ends, and carrying a uniformly distributed 
Load over a Portion of the Span.— Suppose the beam in Fig. 28 to 



Fig. 23. 


be 100 ft. span, and to carry a load of 2 tons per foot run over a 
length of 40 ft. as indicated:. The reactions at A and B are the 
same as if the Mai load were concentrated at the centre of gravity 
of the distributed load on CD. Total load = 40 x 2 = 80 tons. 

= 1^7 of 80 = 48 tons, and R B = 32 tons. The B.M. at M, 
supposing the load to be concentrated at M, would be 32 tons 
X 60 ft. = 1920 ft.-tons, and triangle aeb , obtained by making 
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m = 1920 ft.-tons, would be the B.M. diagram. Project C and D to 
c and d respectively. Join c to d , cutting me in h. Bisect eh in k. cf 
and dg are the bending moments at C and D, whether the load be all 
concentrated at M, or distributed between C and D. Since the load is 
actually distributed over CD and not concentrated at M, as above 
supposed, the boundary of the required diagram from c to d will be 
a parabolic curve passing through ckd. The curve is drawn by the 
same method as in Fig. 16, but is oblique, instead of rectangular, as 
shown in the inset. The boundary of the diagram for the whole span 
is then ackdb. This may be verified by calculating the moments at C, 
M, and D. Thus— 

B.M. at C = 48 x 20 = 960 ft.-tons. 

„ D = 32 x 40 = 1280 „ 

„ M = 32 x 60 - (20 ft. x 2 tons) x 10 = 1520 ft.-tons. 

These values will be found to agree with the scaled moments (/, dg , and 
km . The shearing force from A to C equals the reaction at A, 48 tons. 
From C towards D it diminishes at the rate of 2 tons per foot, so that 
at 24 ft. from C the S.F. is zero. It further diminishes to —32 tons at 
D, and remains constant from D to B. The maximum B.M. occurs at 
P, 44 ft. from A, and vertically above p , where the S.F. diagram cuts 
the horizontal base line, and is given by the area of the shear force 
diagram between either end of the beam and point p. 

Max. B.M. = area rect. qrst -f area triangle pqt 

= 48 X 20 + £ x 48 X 24 = 1536 ft-tons, 

which should correspond with the maximum scaled moment xy . 

Note.—The following is a 
special case of the above when 
the load extends from one abut¬ 
ment partly over the span, 

Fig, 24. 

Taking the same span with 
a load of 2 tons per ft. run, ex¬ 
tending 70 ft. from A, the 
same construction applies. 

R a = of (70 x 2) = 91 tons, $ 
and R„ = 140 - 91 = 49 tons. * 

B.M. at M, supposing the I 
load concentrated = 49 x 65 
= 3185 ft.-tons. Make me 
= 3185 to scale. Join ae and ' 
be . Project D to d. Join ad , 
bisect eh in k and draw the 
parabola akd. 

The shearing force is + 91 
tons at A, diminishing to zero Fig. 24. 

at P, distant 45*5 ft. from A, 

and further diminishing to — 49 tons at D, then remaining constant 
from D to B. The maximum B.M. occurs at P, and is given by area 
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of triangle prs as 1 x 91 x 45*5 = 2070^ ft.-tons, which should corre¬ 
spond with the scaled moment xy. 

The bending moment on girders carrying concentrated loads consists 


6 12 tons. 



of two portions—that due to 
the dead weight of the girder, 
usually considered as a distri¬ 
buted load, and that due to the 
concentrated loads. In drawing 
the diagram of moments, it is 
convenient first to construct 
separate diagrams for the dis¬ 
tributed and concentrated 
loads, *uid then to combine 
them in order to obtain the 
total B.M. diagram. The 
following example illustrates 
this method. Suppose the 
girder in Fig. 25 weighs 0*25 
ton per foot-run, and carries 
concentrated loads as indi¬ 
cated. 

The B.M. at the middle of 
the span due to the weight 
of the girder 


wV _ 0*25 x 60 x 60 
~ * 8 


112-5 ft.-tons. 


Make me = 112*5 ft.-tons to scale, and draw the parabola acb . The 
reaction at A due to the concentrated loads at D and E = x 6 
-f x 12 = 5-7 tons. R b = 18 - 5*7 = 12*3 tons. B.M. at D due 
to the concentrated loads alone = 5 *7 X 33 = 188*1 ft.-tons. B.M. at 
E = 12*3 x 15 = 184*5 ft-tons. Make df = 188*1,andey = 184*5 ft.- 
tons to the same scale as used for me. Join afgb. 


The total B.M. at E = ek + eg = ep. 

„ „ D = dh + df = dg. 

„ „ M = me + mn = mr. 


Other points between a and r and b and p may be found similarly, and 
will lie on the curved boundary lines aq , qp, and pb> which complete the 
total B.M. diagram. 

For the S.F. diagram, the total reaction at A = 5*7 tons + 
|(60 X j) = 13*2 tons, which equals the S.F. at A. From A to D the 
S.F. diminishes at :he rate of 0*25 ton per foot, and therefore 
immediately to the left of D equals + 13*2 - (33 x 0*25) = + 4*95 
tons. The load at D further reduces it by 6 tons, so that immediately 
to the right of D the S.F. = + 4*95 - 6*0 = -1*05 tons. From D 
to E it is reduced by a 12-ft. length of the distributed load of J ton per 
ft., and immediately to left or E the S.F. = -1*05 - (12 x 0*25) 
= -4*05 tons. Immediately to right of E the S.F. = -4*05 — 12*0 
— -16*05 tons, which is still further reduced between E and B by 
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(15 X 0*25) = 3*75 tons, giving -16*05 -3*75 = —19*8 tons, which 
checks with the reaction at B. 

Bending Moment and Shear Force Diagrams for Balanced Canti¬ 
levers.—In applying the cantilever principle to bridges, one or other 
of the two arrangements in Fig. 26 is adopted. 

Fig. 26, A, shows the elevation of a cantilever bridge in which a 
single cantilever gilder, GH, rests on two piers at P and Q, whilst the 
outer ends GP and HQ of the girder project beyond the piers. The 
two remaining openings KG and HL are each bridged by an indepen¬ 
dent girder, one end of which rests on an abutment and the other on one 
of the projecting arms of the cantilever. The condition of loading in 
this case is as shown in the lower diagram, where the ends g and h 
of the projecting arms each carry a concentrated load equal to one-half 




that on the independent girders, whilst the cantilever girder GH further 
supports its own weight together with the live load placed upon it. 

In Fig. 26, B, two cantilever girders CD and EF are employed, 
each supported at the centre by piers P and Q. The central opening 
DE is bridged over by an independent girder resting on the cantilever 
arms at D and E. The tendency of the weight of this central girder to 
overbalance the cantilevers is counteracted by suitable balance weights 
or “ kentledge ” applied at the ends C and F. The condition of loading 
of the cantilevers CD and EF is then as shown in the lower diagram, 
where the arms d and e each carry one-half of the weight W of the 
central girder DE, and the opposite arms c and / each carry a similar 
amount of balance weight. 

The method of drawing the B.M. and S.F. diagrams for the 
cantilever in case A is as follows. In this example the dead load 
alone will be considered. Suppose the bridge to have the dimensions 
indicated in Fig. 26, A, and the dead load to be 2 tons per foot run. 
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The weight of one of the detached spans KG or HL is 300 x 2 = 600 
tons. One half this weight is concentrated on each end G and H of 
the cantilever, whilst the whole length of 820 ft. is further loaded with 
2 tons per foot run. 

In Fig. 27 the B.M. at P and Q due to the concentrated loads 
alone = 300 X 160 = 48,000 ft.-tons. Set off pr and qs each = 48,000 
ft.-tons to scale. The B.M. at P and Q due to the distributed load on 
the overhanging arms GP and QH = (160 X 2) X 80 ft. = 25,600 ft.¬ 
tons. Set off pa and qb each = 25,600 ft.-tons to the same scale as pr 
and qs. Since both these moments are acting simultaneously, the two 
diagrams gpa and gpr require combining in the same manner as in Fig. 
25, by adding together their vertical depths at several points. The 



curve gt is the result, and the curve hv will be similar. The total 
moment at P or Q = —48,000 -25,600 = —73,600 ft.-tons = p/. 
The total load on the girder GH = 300 4* 300 + (820 x 2) = 2240 
tons. Since this load is symmetrically disposed, one-half or 1120 tons 
will be borne by each of the piers P ana Q. Considering the right- 
hand half MH, the upward reaction at Q = 1120 tons. To obtain the 
B.M. at M the middle of the span, take moments about M. The 
downward acting moments = 300 tons x 410 ft. = 123,000 ft.-tons due 
to the concentrated load at H + (410 x 2) tons x 205 ft. (the distance 
of the c.g. of the distributed load on MH, from M) = 291,100 ft.-tons. 
The upward acting moment = 1120 tons X 250 ft. = 280,000 ft.-tons. 
The downward acting moment being the greater, the resultant moment 
at M = - 291,100 + 280,000 = - 11,100 ft.-tons. Set off * 
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11,100 ft.-tons, below the horizontal (since negative), and draw a parabola 
through points /, and v . The complete B.M. diagram for the 
cantilever is then the figure gtnvh, the moments being measured 
vertically below gh . 

The S.F. immediately to the right of G is — 300 tons. From G to 
P a further downward load of (160 x 2) tons is to be subtracted, 
giving —300 — 320 = — 620 tons immediately to the left of pier P. 
At P an upward force of + 1120 tons is applied, giving — 620 4* 1120 
= + 500 tons immediately to the right of P. Between P and M this 
is gradually diminished by the downward acting load of (250 x 2) tons, 
giving + 500 — 500 = 0 at M. Similarly the shearing force falls to 
— 500 tons immediately to the left of Q, becomes — 500 + 1120 



= + 620 tons to the right of Q, and falls to + 620 — 320 = + 300 
tons immediately to the left of H, finally becoming = + 300 — 300 = 0, 
at H, the point of application of the concentrated load of 300 tons. 
Note that the area cdkf of the shear-force diagram between the free end 
of the girder and the section over the pier P, equals the B.M. at P. 

Thus area cdef = 300 x 160 = 48,000 ft.-tons, 

area efk = 320 X ^ = 25,600 „ 

A 

giving area cdkf — 73,600 ft.-tons, the value previously deduced for the 
B.M. at P. 

Considering next the cantilevers in Fig. 26, B, their outline is 
reproduced in Fig. 28. Suppose the bridge to carry a dead load of 
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4 tons per foot run. The weight of the detached central girder = 200 X 4 
= 800 tons. One-half this weight, or 400 tons, is applied as a con¬ 
centrated load at D and E, and will require a balancing weight or 
downward pull applied by means of anchor ties at each of the points 
CandF. 

The B.M. at P due to this concentrated load of 400 tons = 400 X 
400' = 160,000 ft.-tons. Set off pr = 160,000 ft.-tons and join cr and 
dr . The distributed load between C and P = 400 X 4 = 1600 tons, 
and its moment about P considering it concentrated at its c.g ., 200 ft. 
from P = 1600 x 200 =320,000 ft.-tons. Setoff^s = 320,000 ft.-tons, 
and draw the semi-parabolas cs and ds. Combining the two diagrams 
as before, the resulting curves are cm and dm. The maximum B.M. at 
P z=pr +ps = 160,000 + 320,000 = 480,000 ft.-tons of negative moment. 
A similar diagram efn will, of course, obtain for the cantilever EF. For 
the shearing force, the total load on one pier = 400 (balance weight) 
+ (800 X 4) distributed weight + 400 (half-weight of detached span) 
= 4000 tons = the upward reaction at P. Below C, set off — 400 
tons. Between C and P a further downward acting load of (400 x 4) 
tons gives a total negative shear of —400 — 1600 = — 2000 tons. The 
upward reaction of + 4000 tons converts this to + 2000 tons, which 
again diminishes to + 400 tons at D. 

Cantilever Girder with Unsymmetrical Load.—Taking the dimen¬ 
sions of the cantilever bridge in Fig. 26, A, suppose the right-hand 
half of the bridge to carry an additional uniformly distributed load of 
2 tons per foot run. This would correspond fairly closely with the case 
of two trains extending from the middle point M to the right-hand 
abutment. The left-hand detached span KG weighs 600 tons as before, 
so that the end G of the arm PG carries a concentrated load of 300 
tons. The right-hand detached span HL, together with its additional 
load of 2 tons per ft. run, now weighs 1200 tons, so that the end H of 
the arm QH carries a concentrated load of 600 tons. The cantilever 
girder GH also carries a load of 2 tons per foot run from G to M, and a 
load of 4 tons per foot run from M to H. These loads are indicated in 
Fig. 29. The loading being unsymmetrical, the reactions at P and Q 
will no longer be equal. To obtain the reaction at Q, take moments 
about the point P. 

R q X 500' + 300X160' + 320 X 80' = 500x125' + 600 X 660' +1640 X 455', 

from which R Q = 2262-2 tons. The total load on the cantilever = 300 
+ 600 + (410 X 2) + (410 x 4) = 3360 tons. 

/. Reaction R P = 3360 - 2262 2 = 1097 8 tons. 

The B.M. at P due to the concentrated load of 300 tons at G 
= 300 x 160' = *a8,000 ft.-tons. Set off pr = 48,000 ft.-tons and 
join gr . The B.M. at P due to the distributed load of 2 tons per foot 
extending over the arm GP = 320 x 80' = 25,600 ft.-tons. Set off 
pa = 25,600 ft.-tons and draw the semi-parabola ga. Combining ga 
and gr the resultant curve gt is obtained, the negative moment at the 
pier P being = pa+pr = pt, or 25,600 + 48,000 = 78,600 ft.-tons. 
This poition of the diagram is identical with that in Fig. 27, since 
the loading on the arm PG has not been altered. 
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Proceeding similarly for the arm QH, the B.M. at Q due to the 
concentrated load of 600 tons at H =600 x 160'=96,000 ft.-tons. 
This is set off to scale at qa and hs joined. The B.M. at Q due 
to the distributed load of 4 tons per foot run extending from Q to 
H =640 x 80'=51,200 ft.-tons. This is set off to scale at qb> and 
the semi-parabola drawn from b to h. Combining hb and hs , the 
curve hv is obtained, the negative moment at the pier Q being 
^qb+qs^qv, or 96,000 + 51,200 = 147,200 ft.-tons. The moments 
between P and Q will be represented by parabolic curves in and nv. 



If the position of point n on these curves, midway between P and 
Q, be determined, the parabolas may be drawn geometrically through 
points t , n, and v. The B.M. at M, calculating from the left-hand side, 
= - (300 X 410' + 820 X 205') acting downwards + 1097*8 x 250' 
(the moment of R P acting upwards) = -16,650 ft.-tons negative 
moment. Set of mn = 16,650 ft.-tons and draw the parabolas tnv . 
The complete diagram of moments is then bounded by gtnvh . Note 
that if the moment at M had been positive, mn would have been set 
off above the horizontal gh y and the parabolas tnv would cut gh and 
project above it. 

D 
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The shearing force at G = — 300 tons 
immediately to left of P = — 300 — (160 x 2) = — 620 
„ right of P = - 620 + 1007*8 = + 477*8 

at M = + 477*8 - (250 X 2) = - 22*2 
„ left of Q = - 22*2 - (250 x 4) = - 1022*2 

„ right of Q = - 1022*2 + 2262*2 = + 1240 

and at H = + 1240 - (160 x 4) = + 600 


tons 


which agrees with the concentrated load at the end of the arm QH. 
The maximum negative moments occur at the piers where the shear 
force diagram crosses the horizontal line. The minimum negative 
moment between P and Q occurs at X, vertically over the point where 
the shear force diagram crosses the horizontal a little to the left of M, 
and equals xy to scale. Its value may also be obtained from the area 
of the shear force diagram between G and X. Thus PX scaled or 
calculated from the S.F. diagram = 238*9 feet. Then— 


Negative area from G to P (dotted shading) = 


300 + 620 , ^ 

—X 160 


= — 73,600 ft.-tons. 

Positive area from P to X (full shading) = 4- i X 477*8 x 238*9 

= + 57,073*2 ft.-tons. 

.*. Minimum negative moment at X = - 73,600 + 57,073*2 


= - 16,526*8 ft.-tons. 


Bending Moment and Shearing Force Diagrams for Rolling Loads. 

—The following simple cases of rolling loads will illustrate the methods 
of drawing the B.M. and S.F. diagrams for concentrated loads which, 
rolling over a span, successively occupy a number of different positions 
upon it. Such cases occur when a locomotive crosses a bridge, or a 
crane traveller moves from one position to another on the crane girders. 
The concentrated loads are the weights supported by the various axles 
and wheels. The intervals between the loads remain constant, dependent 
upon the design of the locomotive or crane, etc. The treatment of 
rolling loads will be best understood by considering first the case of a 
single concentrated load rolling over a span. 

Beam supported at both Ends and carrying a Single Concentrated 
Rolling Load. —Suppose the beam in Fig. 30 to be 60 feet span, and 
the load 6 tons. Divide the span into, say, six equal intervals of 
10 feet, by lines I, II, III, Iv, V. These indicate five successive 
positions of the load, and hy calculating the B.M. for each position, 
five values will be obtained, which being plotted and connected by a 
curve, will give a diagram showing the B.M. for all intermediate 
positions of the load. Thus 


Load at I, R A = 5 tons, and B.M. at I = 5 x 10 = 50 ft.-tons. 


This is plotted to scale at 1 — 1' on the B.M. diagram, and al'b is the 
B.M. diagram for the load standing at position I on the beam. Load 
at II, R a = 4 to ns, and B.M. at II = 4 x 20 = 80 ft.-tons. Plot 
2 — 2' == 80 ft.-tons. Load at III, R A = 8 tons, and B.M. at III 
= 3 x 30 = 90 ft.-tons, plotted at 3 — 3'. Load at IV, R A = 2 tons. 
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B.M. at IV = 2 x 40 = 80 ft.-tons, plotted at 4 — 4'. Load at V, 
R A = 1 ton. B.M. at V = 1 x 50 = 50 ft.-tons, plotted at 5 — 5'. 

The curve connecting these five points and the ends of the span 
includes all the possible B.M. diagrams for the load occupying any 
position on the span, and its height above the base line ab at any point 
therefore gives the B.M. at the instant the rolling load passes that 
particular point. The curve is a parabola, so that it is only necessary 
to calculate the B.M. 3 — 3' when the load is at the centre, and then 
draw in a parabola through the points a$b. The triangular diagram 


I II III iv v 



a$b is obviously the same as that for a load at rest on the centre of a 
beam, as in Fig. 17, and the height 3 — 3' of the parabola in this case 
Wl 

is therefore equal to ---. The parabola here is not to be confused with 

the parabola showing the B.M. for a distributed load at rest . Here, the 
parabola is the enclosing curve of a large number of individual triangular 
diagrams, and has no connexion whatever with the diagram for a 
distributed load. 

The shearing force diagram is shown in the lower figure. With 
the load immediately to the right of point A, the whole 6 tons is 
carried by the abutment A, giving a shear of + 6 tons at A, and nothing 
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at B. With the load at I, the shear at A equals the reaction of 5 tons, 
and at B it equals — 1 ton, the diagram for this position being indicated 
by the thin full line. With the load at II, the shear at A = 4- 4 tons, 
and at B = — 2 tons, indicated by the long-dotted line. At position III, 
the shear at A = 4- 8 tons, and at B, — 8 tons, the diagram being 
shown by the heavy full line. With the load at IV the shear diagram 
is as shown by the chain-dotted line, and at V by the short-dotted 
line. The lines CD and EF, enclosing all the possible shear diagrams 
as the load changes its position, give the maximum positive and 
negative shearing forces for every position of the load. The shearing 
forces are scaled off above or below the horizontal base line ED according 
as the shear to left or right of the load is required, and not by scaling 
the distance between CD and EF, which is ot course everywhere equal 
to 6 tons. 

The following distinction between B.M. and S.F. diagrams for 
stationary and rolling loads should be carefully noted. For a stationary 
load the diagrams indicate the B.M. and S.F. existing simultaneously 
at everv point along the beam due to the particular position of the 
load, wnich position is permanent. The rolling load diagrams are in 
every case enveloping diagrams, such that the particular B.M. or S.F. 
diagram consequent upon any specified position of the rolling load may 
be readily obtained from them by projection. Thus in Fig. 80, the 
parabola fll'2'3'4'5'6 does not mean that moments = 1 — 1', 2 — 2', 
3 — 8', etc., exist simultaneously, but that when the load is in position 
I, the bending moment at section I = 1 — 1', at section II = r2, at 
section III = s3, and at section IV = m4. Similarly when the load is 
in position IV, the B.M. at section IV = 4 — 4', but at section II the 
B.M. = r2, not 2 — 2'. With load at V, the B.M. at section V = 5 — 5', 
and at section III = *3. With regard to the shearing force, when the 
load is in position IV, the shearing force diagram is as shown by the 
chain-dotted line, obtained by projecting point IV on to the lines CD 
and EF, and ruling in the horizontals through 4- 2 and — 4. Thus 
for this position of the load the shear from A to IV is constant and 
= +2 tons, whilst from IV to B it is constant and = — 4 tons. 

In order to ascertain the B.M. at any point on a beam due to a 
concentrated rolling load at any other point, the following simple 
method obtains. Suppose, in Fig. 30, the load to be at position IV, 
and the B.M. is required at II and III. Project point IV on to the 
enveloping parabola, and join 4' to a, cutting verticals through II and 
and III in r and c. The vertical heights 2r and 3 c give the required 
moments at sections II and III respectively. The application of this 
method will be necessary in constructing the diagrams for two or more 
rolling loads. 

Beam supported at both Ends and carrying Two Unequal Con¬ 
centrated Bolling Loads at a Constant Distance apart—Suppose the 
beam in Fig. 81 to be 50 feet span, the loads 5 tons and 10 tons 
separated by a distance of 10 feet, and that they roll over the span 
from left to right with the 5 ton load leading. Such a case represents, 
for instance, the passage of a 15-ton traction engine over a 50-foot span. 
Consider the loads as occupying a number of successive positions. In 
the figure, ten positions distant 5 feet apart have been taken. 
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The corresponding positions of the two loads for each 10 ft. of the 
span are indicated by circles of distinctive lining. When two concen¬ 
trated loads roll over a span, the maximum B.M. is found to occur 
ander the heavier load for certain positions of the loads, but under the 
lighter load for certain other positions. It is consequently necessary 



to trace out the bending moments which occur beneath each load, two 
distinct curves being obtained, an inspection of which at once indicates 
the positions of the loads which give rise to the maximum moments, 
as also the value of the moments. First draw the two parabolas acb 
and abb , representing the moments due to each load rolling over the 

10 x f >0 

span separately. For the 10 tons load, me = -—= l25ft.-tons, 


and for the 5 tons load mb = 


5 x 50 


= 62i ft.-tons. Next consider the 
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loads approaching the span from the left hand. The 5 tons load rolls 
over the first interval of 10 ft. before the 10 tons load reaches the 
span. The arc a2 therefore constitutes the curve of moments under 
the smaller axle for the interval A II. As the smaller load passes 
beyond section I the larger load also rolls on to the span and causes 
additional B.M. at the section occupied by the smaller load. When 
the smaller load is at section III, the B.M. at III due to its own 
weight = s3. The larger load is then at section 1,10 ft. behind. Here, 
it alone creates a moment = fg . Joining g to b, the height eh cut off 
on the vertical through III (the position of the leading load) gives the 
additional moment at section III due to the 10 tons load at section I. 
The total moment at section III due to both loads then = eS + eh . 
Making 3 k = eh, ek represents this total moment, and the curve is 
sketched from 2 to k . When the smaller load arrives at section IV, 
the moment due to its own weight alone = 04. The moment at 
section II, ten feet behind, due to the larger load = In. Joining n to 
b , the height 04 cut off on the vertical through IV gives the additional 
moment at IV due to the 10 tons load at II. Making 4 p = 04, p gives 
another point on the curve. Repeating the construction for the 
remaining sections, m5 = moment due to smaller load at V, and mq the 
additional moment at V due to larger load at III. Adding mo and mq, 
point r is obtained, and so on. The curve a2kprb shown by the heavy 
dotted line indicates the bending moments which occur under the 
smaller load during the complete transit of both the loads across the span. 

A similar construction is now made for ascertaining the moments 
which occur under the larger load. If the loads be assumed to run 
back over the span from right to left, the larger one leading, the 
construction is identical, but is worked in the reverse direction. Thus 
for the first. 10 ft. from B to VIII, only the 10 tons load is on the 
span, and the curve from b to s gives its moments. When the larger 
load arrives at VII, its own moment = tu and the moment of the 
smaller load at IX = vd. Joining 9 to a, tw is the additional moment 
at VII due to the smaller load at IX, which being added to tu at ux 
gives another point along the curve from s. Repeating the construc¬ 
tion, the curve bsxyza , shown by the heavy full line, indicates the 
bending moments under the heavier load during the transit of the two 
loads. The two curves intersect at E, and it is at once seen that the 
maximum moment occurs under the 10 tons load from a to E ; but from 
E to b , the greater moments occur under the 5 tons load as shown by 
the dotted curve from E to b falling outside the full curve Es5. The 
complete curve of maximum moments is therefore azEb. If the loads 
are free to pass over the span in the reverse direction, that is from left 
to right with the h rger load leading, the curve azEb would be reversed 
left for right, when the branch to the right of the centre line mM 
would be similar to the left-hand branch azM. This will generally 
be the case in practice. 

If the two loads be added together and considered as a single 
concentrated load of 15 tons, the outermost curve aLb would represent 
the bending moments due to such a load rolling over the span. Its 

15 X 50 

central height mL = —— = 187 ^ ft.-tons. The height of this 
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curve will not greatly exceed the height P z of the actual curve of 
moments, provided the distance between the two loads is small compared 
with the span. In that case the curve dLb is sometimes substituted 
for the real curve of moments having two halves each similar 
to azM. 

The S.F. diagrams are drawn in the lower figure corresponding to 
the positions II, IV, VI, VIII and B of the smaller load, the same 
type of line being employed as used for the circles denoting the 
positions of the loads in the upper figure. With the larger load at A 
and the smaller at II, the reaction and therefore the shear at A = 10 
tons X f§ of 5 tons = + 14 tons. The S.F. diagram for this position 
is indicated by the chain-dotted lines. HF = + 14 tons, which 
immediately to the right of A is reduced by 10 tons, giving + 4 tons, 
which remains constant between A and II. At II the shear is further 
reduced by 5 tons, giving + 4 — 5 = — 1 ton, which remains constant 
from II to B. The other diagrams will be readily traced, remembering 
that the shear at A is, in every case, equal to the reaction at the 
support due to any position of the loads. Thus taking smaller load at 
VIII and larger at VI, indicated by the heavy line, the shear at A 
= of 10 tons + of 5 tons = + 5 tons, which is constant from A to 
VI, then reduced by 10 tons, giving — 5 tons up to VIII, where it is 
again reduced by 5 tons, giving — 10 tons from VIII to B. The lines 
FRG and HSK enclosing all the possible shear diagrams complete the 
figure. It should be noticed that the boundary lines are broken at R 
and S distant 10 ft. or the load interval from the ends of the span.* 
Also that if KS and FR be produced to meet the horizontal base line 
HG in points C and D respectively, the points C and D fall at distances 
of 6§ and 3£ ft. respectively from H and G. These distances are the 
segments into which the load interval of 10 ft. is divided by the centre 
of gravity of the two loads, and the loads are indicated by circles in 
the lower figure, in positions for projecting the points C and D on to 
the base line. It will be seen the loads are in the reverse position to 
that in which they were supposed to cross the span. The shear force 
diagram may be expeditiously drawn by setting off the reactions HF 
and GK, placing the loads in the positions indicated and projecting the 
centres of gravity X and Y to C and D respectively. By joining FD 
and RG, KC and SH, the complete diagram is obtained without 
drawing the individual shear diagrams. The end shears are unequal, 
being + 14 and—13 tons, since the loads are unequal. If, however, 
the loads may cross the span in the reverse order, the shear force 
diagram would be inverted. In such a case, which commonly occurs in 
practice, the larger portion of the shear diagram—here, the upper 
portion—would be employed on each side of the horizontal base line HG. 

If X and Y be projected to T and W on the base line ab of the 
B.M. diagram, these points coincide with the ends of the parabolas 
«EW and TE6. The vertical centre lines of these parabolas, on which 
the maximum moments under each load are measured, are therefoie 
displaced If ft. and 3^ ft. respectively to left and right of the centre 
line mU of the span. The maximum moment under the 10 tons load 
= Pz=r 168-3 ft.-tons and under the f> tons load = QJ = 140*8 
ft.-tons. 
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Bean* supported at Both Ends and carrying Two Equal Con¬ 
centrated Rolling Loads at a Constant Distance Apart. —This is a 
special case of the last example. In Fig. 32 a span of 50 feet is taken 
with two equal loads of 10 tons each, separated by a distance of 20 feet. 
The construction is similar to that in Fig. 31. The parabola acb is 

first drawn having me = — * - - = 125 ft.-tons. This serves for both 



Fig. 32. 


loads, since they are equal, and takes the place of curves abb and acb 
in Fig. 31. Assuming the loads to roll over from left to right, the 
curve ai gives the moments under the leading load before the following 
load comes on to the span. With leading load at m and follow¬ 
ing load at the additional moment = me = cf\ giving the total 
moment = mf. Other points g y A, and k are obtained similarly, and 
the curve aighb gives tne maximum moments under the leading load. 
The curve alnq , giving the moments under the following load, will be 
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similar and equal since the loads are eqnal. The total moments for 
either direction of transit are given by the curve alnfgkb. The outer- 

20 X 50 

most curve «L&, having mL = —— = 250 ft.-tons, indicates the 

moments which would result from adding the two loads, and treating 
them as a single concentrated load of 20 tons, which in this case 
would be inadmissible, since mL greatly exceeds the actual maximum 
bending moment, rn or sg = 160 ft.-tons. This is due to the load 
interval of 20 feet being so large relatively to the span. For the 
shearing force diagram, the maximum end shears will occur when one 
load is just over the abutment, and the other slightly more than 20 feet 
along the span, so that FH and GK each =10 tons +of 10 tons 
= 16 tons. Placing the loads in the extreme positions, with centres of 
gravity at X and Y, points C and D are obtained by projection and the 
boundaries FRG ana HSK of the shear force diagram determined. 
Note that if GR and HS be produced to the opposite abutments, they 
cut off heights representing +10 and —10 tons respectively. 

The preceding method becomes very tedious if the number of axle 
loads exceeds four or five, and the following construction is applicable 
to any number of concentrated loads, or to a system of concentrated 
and distributed loads combined. Fig. 33 shows the application of the 
method to the case of the Atlantic engine and tender, indicated by the 
axle loads in Fig. 33, rolling over a span of 60 feet. AB represents 
the span of 60 feet, and w x , w 2y w 3 . . . tv 8 the positions of the axle 
loads when the engine is standing with the leading bogie axle over ther 
right-hand abutment B. Multiplying each load by its distance from A, 
the following moments are obtained :— 

it\ x 60 feet 0 inches = 8*5 x 60 = 510 ft.-tons = A a 


tv 2 X 53 „ 9 „ = 8*5 x 53*75 = 156*8 „ = ab 

tv 8 X 48 „ 6 „ = 18 X 48*5 = 873 „ = be 

tv 4 x 41 „ 8 „ = 18 X 41*66 = 750 „ = cd 

w 8 x 33 „ 8 „ = 13 X 33*66 = 437*6 „ = de 

tv 6 X 24 „ 7 „ = 11*5 x 24*58 = 282*7 „ = ef 

tv 1 x 18 „ 1 „ = 14*5 x 18*08 = 262*2 „ =fg 

tv 8 x 11 „ 7 „ = 15 X 11*58 = 173*7 „ = gh 


These values are set off to any convenient scale on the vertical line 
AA and AB joined. The total length Ah represents the upward 
moment about A, of the reaction at B, due to all the loads in the 
position indicated. Consequently, any intermediate ordinate as kl 
represents the moment of tne reaction at B about the point A. Next, 
join aB, project w 2 to m on aB and join bm . Project tv s to n on bm 
and join cn, and w i to o on cn and join do. Repeating this construction 
until the last load w 8 has been utilized, the broken line B mnopqrsh is 
obtained, which is such that the vertical ordinates intercepted between 
it and the base line AB give the bending moments at any point of the 
span for the axle loads in the given position. This may be proved 
as follows :— 

Ah = total reaction at B x AB, .*. ct = R B X Ba\ since triangles 
BAA and Bxt are similar. 
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A a = w x x AB, xm = u\ x Bx, since triangles BAa and Barm 
are similar. 

But mt = xt — xm = R B x Bar (upward moment) — w l x Bar (down¬ 
ward moment) = bending moment at section ar. 

Similarly at any section k , kl = upward moment R B X B#, and 
kq = sum of downward moments of w ly w 2 , . . . w 6 about yfc, whence 

kl — kq = ql = bending moment at k . 

The moments under each axle for this position of the loads are 
transferred to the horizontal base line XY in Fig. 34, being indicated 
by the full line. (The vertical scale of moments for Fig. 34 is twice 
that of Fig. 33.) If now the loads be supposed to roll backward from 
B towards A, or what amounts to the same thing, the span AB be 
supposed to move forward towards the right, the loads meantime 
remaining stationary, a new position A,Bj of the span may be assumed 
10 feet (or other convenient distance) in advance of AB. The vertical 
ordinates between k^rqpoyim^^ and the new base line A,Bi now give 
the bending moments under the various axles for this new position of 
the loads. These are also transferred to the common base line XY, 
being indicated by the single chain-dotted line corresponding with 
A 1 B l . Other positions of the span, A 2 B 2 , A 3 B 3 . . . A 6 B.^ each 10 feet 
in advance of the preceding one, are taken, and the bending moments 
transferred to XY, Fig. 34, the resulting moment diagrams being 
indicated by similar lining to that adopted for the corresponding base 
lines in Fig. 33. By moving the span to the left of the loads it may 
readily be ascertained if any greater moments are created than those 
already plotted in Fig. 34. In this case no greater moments occur 
than those plotted, and the maximum moments are those indicated by 
the outer limits of the overlapping diagrams of Fig. 34. If an envelop¬ 
ing parabola XLY be drawn just including these diagrams, such a 
parabola will constitute the B.M. diagram due to a certain distributed 
load of w tons per foot run which may be substituted for the actual axle 
loads considered. The central height LM of this parabola scales 900 
ft.-tons. 

Hence — = w x6 ° X f, ° = 900, w = 2 tons. 

8 8 

That is, the equivalent distributed load for this type of locomotive for 
a span of GO feet is 2 tons per foot run. 

The equivalent distributed load which will create at least the same 
shearing force as the concentrated axle loads when placed in any position 
on the span will be somewhat higher than that deduced from the 
bending moments. Since, however, the shear force diagram for any 
position of the axles is simply constructed, the maximum shear at any 
point of the span is easily obtained after one or two trials. 

When the load consists of a number of concentrated axle loads 
followed by a distributed load of given intensity, the following 
modification of the construction in Fig. 33 is to be observed. 

In Fig. 35 four axle loads of 16 tons each are followed, after a 
10 feet interval, by a distributed load of l’G tons per foot run, the span 
being 50 feet. Placing the leading axle over B, the preceding con¬ 
struction is repeated, but the distributed load is first treated as a load 
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of 25 x «1*6 = 40 tons, concentrated at its centre of gravity, 12*5 feet 
from A. The resulting B.M. diagram is then abed . . . B. Project 
C to c on bd, and join ac. Since the load between A and C is actually 
distributed, bisect be in m, and draw in a parabolic arc through amc. 
The required B.M. diagram is then amed . . . B, which is utilized 
after the manner of Fig. 33, for determining the varying moments 
as the loads roll back from B towards A. The remainder of the 
construction being similar to that of the last example is here omitted. 



a 


Fig. 35. 

Beam supported at both Ends, and carrying a uniformly dis¬ 
tributed Rolling Load.—This case is one which occurs very frequently 
in practice, corresponding closely with that of the passage of a train 
over a bridge span. A widely followed mode of procedure in such 
cases is to substitute for the actual loads on the different axles of the 
train, a uniform load per foot run sufficiently large to cause at least the 
same bending moments at every point of the span as would be caused 
by the concentrated axle loads. This materially reduces the labour 
involved in drawing out the curves of moments by the method just 
described, by substituting one parabola enveloping the several curves 
obtained by the for ner construction. 

In Fig. 36, a span of 50 feet is taken with a load of one ton per 
foot run advancing over the span from left to right. When the 
load covers the length A-I, the B.M. diagram is alb. As the load 
successively covers the lengths A-II, A-III, and A-IV, the corre¬ 
sponding moment diagrams are a2b , a3b, and alb. These diagrams 
are obtained by the method shown in Fig. 24. When the load 
covers the whole span from A to B, the B.M. diagram becomes 
the parabola acb, having a central height me = J x 1 X 50 x 50 
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= 812*5 ft.-ton8. The bending moment therefore gradually increases 
as the load advances and the maximum moments occur when the span 
is fully loaded, their value then being the same as for a stationary load 
of the same intensity covering the whole span. The B.M. remains 
constant so long as the moving load covers the whole span, but 
gradually diminishes as the tail end of the load rolls off towards B. 

With AI only covered by the load (10 tons), the reactions at A 



Fig. 36. 

and B are respectively 9 tons and 1 ton, and the shear force diagram 
is obtained by drawing a horizontal through —1 as far as vertical 
section I, and then an inclined line upwards to + 9. (See Fig. 24.) 
In the upper figure the sectional shading showing the positions to 
which the head of the load has advanced is drawn in distinctive lines 
corresponding with those representing the B.M. and S.F. for those 
positions. With load from A to II (20 tons), the reactions at A and B 
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are respectively 16 and 4 tons, and the corresponding S.F. diagram is 
shown by the horizontal through — 4, and inclined line to +16. 
The three remaining diagrams from — 9 to + 21, — 16 to + 24, and 
- 25 to + 25 will readily be traced from the reactions in a similar 
manner. The curve PS enveloping these five diagrams will include all 
other possible shear diagrams for any intermediate positions of the load. 
Its outline is a semi-parabola touching the base line PR at P, since the 
depths 1, 4, 9, 10, and 25 at equal horizontal intervals equal the 
squares of the numbers 1 , 2, 8, 4, 5. A similar curve* QR, indicates 
the shearing force as the tail end of the load rolls off the span from A 
to B, or as the load rolls on to the span from B towards A. The four 
intermediate diagrams in this case are omitted. It will be seen that 
the shearing force diagram may be rapidly drawn by setting off PQ 
and RS, each equal to half the total load required to cover the whole 
span, and inserting the semi-parabolas PS and QR by the geometrical 
method. 

Continuous Beams. — A beam or girder is said to be continuous 
when it bridges over more than one span, and rests on one or more 
intermediate supports in addition to the two end supports. A con¬ 
tinuous beam bends in the manner shown in Fig. 37. From A to a 



Fig. 37. 


certain point P, the upper surface is concave and in compression whilst 
the lower surface is convex and in tension. From P to Q the cur¬ 
vature and bending are reversed, the upper portion being in tension 
and the lower in compression. At Q another reversal of bending takes 
place, with a corresponding change in the character of the stresses. 
The points P and Q are known as points of contra-flexure, and at these 
points the lending moment is nothing. The position of these points 
depends on the character of the loading and section of beam. The 
continuous beam ACB is equivalent to a system of two simple beams 
ap and qb , and a cantilever pq, as indicated in the lower figure, the 
points P and Q being projected to p and q, fixing the lengths of the 
equivalent beams and cantilever. The stresses in the lower combi¬ 
nation of simple beams are then identical with those in the continuous 
girder alone. It is apparent from the lower figure that the pressures 
on the various supports differ considerably from those which would 
obtain if the two openings were spanned by separate beams with an 
interval at C. Thus, if the load be supposed uniformly distributed 
from A to B, the support at A will carry half the load on the length 
AP, and the support at B will carry half the load on the length 
QB. The central support will carry the whole of the load on PQ, 
together with the remaining halves of the loads on AP and QB. In 
the case of two independent spans AC and BC, the central support 
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would carry just half the total load from A to B, and each end support 
one quarter of the total load. The central support beneath the con¬ 
tinuous beam thus carries a greater proportion of the total load than 
if supporting two simple beams only. When the positions of the 
points of contra-flexure are determined, the B.M. at any section of the 
beam, and the pressures on the supports, may readily be deduced by 
reference to the equivalent system of simple beams and canti¬ 
levers. 

The following solutions, which illustrate typical cases, are based 
on the assumptions that the supports are all at the same level and 
the beam of uniform cross*section. They are therefore strictly appli¬ 
cable to rectangular timber beams, rolled sections used as beams, and 
plate girders of uniform section, whilst the results will be approxi¬ 
mately correct for the generality of plate girders. The exact solution 
for beams of very variable section is considerably involved, and beyond 
the scope of this work. It should he distinctly remembered that a slight 
subsidence in one or another of the supports of a continuous girder may 
considerably modify the bending moment , and consequently the stress , at 
any section. Thus in Fig. 87, lowering of the central support C 
would throw more of the load on the end supports A and B and 
shorten the length of the convex portion PQ. The lengths ap and bq 
of the equivalent simple beams would be thereby increased with a 
corresponding increase in the bending moment upon them. Conversely, 
subsidence of A or B or both, would increase the pressure on C and^ 
cause the points P and Q to move outwards from the centre, with a* 
corresponding increase in the bending moment at the centre of the 
cantilever pq . Variation in the loading further causes alteration in the 
positions of the points P and Q, and therefore in the bending moment 
also. 

In Fig. 38, if the span BC carry a much heavier load than the span 
AC, the effect is to cause relatively large deflection of BC and to spring 



Fig. 38. 


up the length AC. The points of contraflexure P and Q would then 
move towards the left and the equivalent system of simple beams and 
cantilever be as shown at apqb , with correspondingly modified bending 
moments. Such action takes place in the case of a continuous girder 
bridge with the live or rolling load advancing from one end support. 
If P' denote the previous position of P when the girder was symmetri- 
callv loaded, it will be seen that the upper and lower flanges of the 
girder between P and P' undergo reversal of stress. In Fig. 87 the 
upper flange from A to P is in compression under symmetrical loading, 
whilst in Fig. 38, a portion of this flange, PP, is now in tension under 
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the unsymmetrical load. The stress ia the lower flange between P and 
P' is also reversed from tension to compression. 

For the above reasons, continuous girders are not very frequently 
adopted, especially for moving loads. The reversal of stress over a 
certain length of the girder may be suitably provided for, but a 
relatively slight alteration in the level of the supports, after erection, 
gives rise to unknown and possibly dangerous stresses. Several bridges, 
in fact, originally erected as continuous girders have, on account of 
unequal subsidence in the piers, been cut through in the neighbourhood 
of tne points of contra-flexure and so converted into actual simple 
beams and cantilevers, the stresses in which are independent of slight 
differences in level of the supports. 1 As will be seen, however, a 
continuous girder is more economical of material than several indepen¬ 
dent spans together aggregating the same length, since the continuous 
girder under similar loading is subject to less bending moment and may 
therefore be designed of lighter section. It further possesses certain 
advantages relative to ease of erection in lofty situations, which, however, 
cannot be here considered in detail. 

Characteristic Points of Bending Moment Diagrams.—-The bending 
moments on continuous beams of uniform section may be readily 

determined after finding what are 
called the characteristic points of 
the simple bending moment dia¬ 
grams for each span considered in¬ 
dependently. These characteristic 
points are obtained as follows. In 
Fig. 89 let AB represent the span, 
and the parabola ACB the B.M. 
diagram due to a uniformly dis¬ 
tributed load. Divide the span AB 
into three equal parts in points E and F, and at these points erect 
perpendiculars EP and FQ. The height of points P and Q above the 
base line AB is fixed by the condition that the moment of the area 
ACB about one end of the span shall equal the moment of the rectangle 

AB AB 

AKHB about the same point, or area ACB x = area AKHB x —• 


c 
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- being a common factor, may, in this case, be eliminated, leaving 

area ACB = area AKHB, and this condition is sufficient for fixing the 
heights of P and Q in all cases where the B.M, diagram is symmetrical 
about the vertical centre line, since G and G', the centres of gravity of 
areas ACB and AKHB will both fall on CD, and the moment arm for 
yb 

each area will equal -y, or the half span. In the case of the parabola— 


Area ACB = % CD x AB, and area AKHB = EP x AB 
.\ EP x AB = i CD x AB, or EP = FQ = § CD 

The characteristic points for a parabolic diagram are therefore 

1 Mint. Proceedings Inst. C. E. t vol. clxii. p. 245. 
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obtained by erecting perpendiculars at each £ of the span, and cutting 
off a height equal to $ the central height of the parabola. 

In Fig. 40, ACB is the B.M. diagram for a concentrated load at the 
centre of span AB. The triangular area ACB, and the rectangle AKHB, 
will obviously be equalized by drawing KH at half the height CD. 
The characteristic points P and Q are therefore here situated at one- 
half the central height CD above the base. Fig. 41 illustrates another 



K H 



Fig. 41. 


symmetrical case. The span AB is 20 feet, and equal loads of 6 tons 
are carried at 4-feet distances from each end. Reactions at A and B 
each equal 6 tons, and moments CK and DH = 0 x 4 = 24 ft.-tons, 
AKHB being the B.M. diagram. Its area, measured by the scales used 
for distance and bending moments, = AD x DH = 1G x 24 = 384. 
The height of the rectangle of equal area on base AB = ^ = 19*2 
units on the B.M. scale. Marking E and F at the one-third points of 
the span, the characteristic points are located at P and Q. 

Characteristic Points for Unsymmetrical Bending Moment 
Diagrams.—In Fig. 42, AB = 30 feet, and a concentrated load of 
15 tons is applied at D, distant 6 
feet from B. 

R A = ^ of 15 = 3 tons, the 
bending moment at D = 3 x 24 
= 72 ft.-tons, and the B.M. dia¬ 
gram is the triangle ACB, having 
its centre of gravity at G, such that 
MG = 1 MC. The moment of 
area ABC will now be greater 
about the end A of the span than 
about B, and the characteristic 
points will no longer be at the 
same height above AB. Taking moments about A, and calling H 
the height of the rectangle, having the same moment about A as the 

triangle ACB— Area AB q x i 8 ' = H x 30' x 15' 

or — x 18 = H X 450 
whence H = 48*2 


c 



which fixes the height of the characteristic point Q. Taking moments 
about B, and calling h the height of the rectangle of equal moment— 


X 12 = * X 450 


whence h = 28*8 
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which fixes the height of the characteristic point P. Any unsymmetrical 
B.M. diagram may be treated in a similar manner. 

Method of using the Characteristic Points for determining the 
Bending Moment on Continuous Girders .—General Example .—A girder 
is continuous over three spans of 80, 40, and 80 feet, and carries a load 
of 2 tons per foot run over the first span, and 1*5 tons per foot run 
over the second and third spans. To draw the B.M. and S.F. diagrams 
and determine the points of contra-flexure and pressures on the 
supports. 

In Fig. 48 set out the spans AB, BC, and CD to scale, and upon 
them draw the B.M. diagrams for the stated loads, assuming the spans 


d 



to be bridged by three independent girders instead of one continuous 
girder. The central bending moments for the three spans are 
respectively— 


2 x 80 x 30 
8 


= 225 ft.-tons, 


1*5 x 40 X 40 
8 


800 ft.-tons 


1*5 x 30 x 30 

and---= 16875 ft.-tons. These values are set off to a 

convenient scale at ab, cd , and ef\ and the parabolas A5B, BdC, C/D, 
drawn through them. Next mark the characteristic points of each 
parabola by dividing each span into three equal parts, and making the 
heights of 1 and 2 = § ab, 3 and 4 — $ cd, and 5 and 6 = £ ef. If the 
outer ends of the girder rest freely on the supports at A and B, no 
further use is made of the extreme characteristic points 1 and 6, which 
may be disregarded. Commencing at A, a series of straight lines, AB', 
B'C', CT), require to be drawn, such that any two lines as AB', B'C', 
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meeting over the intermediate support B, will pass at vertical distances 
above or below the characteristic point 2 and below or above the charac¬ 
teristic point 3, which are in inverse ratio to the adjacent spans AB and 
BC. Similarly the lines B'C' and C'D must pass at vertical distances 
above or below the characteristic point 4 and below or above the charac¬ 
teristic point 5, which are in inverse ratio to the adjacent spans BC and 
CD, and the closing line C'D must terminate at D. Obviously only one 
possible system of lines will fulfil these conditions, and their directions 
are easily located after one or two trials. A trial system of lines is 
indicated at A ghk y which does not fulfil the above conditions, since hk 
fails to close on D. The initial line Ay evidently passes at too great a 
vertical distance above 2, so that by tentatively lowering A g the correct 
directions AB'C'D are ultimately obtained. If the spans adjacent to an 
intermediate support be equal, the vertical distances between the trial 
lines and the characteristic points on opposite sides of that support 
must also be equal. It should be noted that any two lines meeting 
over an intermediate support mvst pass on opposite sides of the two 
characteristic points adjacent to that support, but that it is immaterial 
whether they pass above or below either the right- or left-hand point. 
A line is occasionally found to pass through one of the characteristic 
points, in which case, the vertical interval being nothing, the succeeding 
line beyond the next support must pass through the corresponding 
adjacent characteristic point. 

The broken line AB'C'D so found, constitutes a new base line from 
which to measure the bending moments which actually obtain for the 
continuous girder. The points p lt p 2 , p 3 , p iy where this new base line 
intersects the parabolic diagrams, determine the positions of the points 
of contra-flexure, and projecting them to Pj, P 2 , P 3 and P 4 on AD, their 
horizontal distances apart may be scaled off. These are indicated in 
the lower figure, which also shows the manner in which the continuous 
girder may be divided into an equivalent system of simple beams and 
cantilevers. The vertically shaded portions of the upper figure indicate 
the bending moments on the continuous girder, the full lines denoting 
positive moments, and the dotted, negative moments. At the points of 
contra-flexure, the B.M. is of course zero, which necessitates these points 
being made the points of junction between the simple beams and canti¬ 
levers in the lower figure. The pressures on the supports A, B, C, and D 
are readily deduced Irom the lengths of the cantilever and simple girder 
spans. Thus— 

Pressure on A = i load on APj = | X 22*7 x 2 = 22*7 tons. 

„ B = | load on APj + load on P,P 2 + £ load on P 2 P S 

= 22*7 + (7*3 X 2) + (9 X 1*5) + (£ X 23 X 1*5) 

= 68*05 tons. 

„ C = | load on P 2 P 3 + load on P 3 P 4 + £ load on P 4 D 

= (|X 23 X 1*5) + (1G X P5) + (f X 22 X 1*5) 

= 57*75 tons. 

„ D = £ load on P 4 D = ] x 2*2 x 1*5 = 16*5 tons. 

The sum of these pressures, 165 tons, of course equals the total load 
on the beam. The continuous girder deflects in the manner shown by 
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the curved line VW. The shearing force diagram readily follows from 
a consideration of the loads and pressures on supports. Note that the 
inclined lines indicating the shear force cut the base line XY beneath 
the central points of the equivalent girders AP^ P 2 P 3 , and P 4 D, where 
the shear is zero, and the positive B.M. a maximum. 

A few special cases may be noticed. In Fig. 44 a beam is con¬ 
tinuous over two equal spans, AB and BC, and carries a uniform load 



of iv tons per foot run throughout. The parabolas AbB and BdC 

having ab = cd = ^ , represent the moments for the spans considered 

independently. The characteristic points adjacent to the support B are 
2 and 3. AB' and B'C are the only possible lines fulfilling the conditions 
above mentioned, and they must obviously pass through the points 2 
and 3. But since 22' = § ab , and A2' = f AB, 22' also = | BB', whence 
BB' = ab, or the negative B.M. over the pier B is equal in amount to 
wl? 

the positive moment of at the centre of either span considered 

independently. The points of contra-flexure, evidently occur at 
* l from A and C, since p? will then = f BB', and ep = | BB', which 



Fig. 45. 


in a parabola is the condition for e to be situated halfwav between 
b ana B\ Hence the pressure on each end support A ana 0 = £ of 
\wl = f and on B = \ u l + \ wl + f = wl y or the central 
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support carries 8* times the load on each end support. The equivalent 
system of two simple beams and a cantilever is shown below. 

Fig. 45 shows the moment diagram for three equal spans of l feet, 
bridged by a continuous girder carrying a uniform load of w tons per 
foot, from which the indicated pressures on the supports may be 
deduced as shown. 

A useful practical application occurs in the case of an open trough¬ 
shaped conduit for carrying a canal, or a continuous pipe line conveying 
water supply over several spans. Fig. 46 shows the character of the 
moment diagram where six equal spans are involved. 



Example 9 .—A girder is 42 feel long and is supported on walls at 
either end and by a column at the centre . At 6 ft. intervals it carries 
rolled joists, each of which imposes a floor load of 7 tons on the girder. 
Required the B.M. diagram for the girder and the pressures on the 
supports . Fig. 47. 



Regarding the span AB as independent, 

R A = 7 (4f + in' 4- 2 3 y) = 9 tons. 

B.M. at X) =s 9 x 6 = 54 ft.-tons. 

B.M. at E = 9 x 12 — 7 x 6 =? 66 ft.-tons. 

B.M. at F = 9 x 18 - 7 x 12 - 7 X 6 = 36 ft.-tons. 

These are plotted at Dd, Ee, and I 'f giving AdefB as the moment 
diagram for an independent girder between A and B. Since the ends 
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A and C hre free, only the characteristic points adjacent to B are 
required, and the loading being symmetrical, these will be situated at 
the same height above AC. Set off BP = ± AB. The diagram AdefB 
is divided up into constituent rectangles and triangles by the full lines, 
and the sum of the moments of these areas about A will equal the 
moment of the whole diagram about A. The individual centres of 


gravity are located and marked by the small circles. 

Moment of A ADJ about A = X 4 = 648 

n 

A deg 

„ = 1! * 12 X10= 360 

ii 

A ehf 

„ = X 14 = 1260 

ii 

a/fb 

„ = 3 * 36 x 19 = 1026 

ii 

rect. I) Egd 

„ = 6 X 54 X 9 = 2916 

ii 

„ ef/a 

„ = 6 x 36 X 15 = 3240 


.*. Mt. of AdefB about A = 9450 units. 

For the height H of the rectangle on AB having the same moment 
about A, 21 X HXj = 9450, whence H = 4285. Cut off P p = 42*85 
units on the B.M. scale employed when p is the characteristic point 
required. Since the diagram is symmetrical, the new base line will be 
obtained by joining A to p and producing to B\ The maximum B.M. 
is obviously BB' = x Bp = X 42*85 = 64*3 ft.-tons, and is nega¬ 
tive, that is, the upper flange will be in tension and the lower in com¬ 
pression over the support B. The points of contra-flexure are at S, S, 
distant 15 ft. 8 in. from A or C. The lower figure shows the equivalent 
system of simple beams and cantilever, and from the positions of the 

8 ” 9 ' 8 " 

two 7 ton loads which rest on sc, the reaction at C = y-y ^ of 7 + 

of 7 = 5*95 tons. A similar reaction exists at A, whence pressure on 
central column = total load — pressures on A and C = 42 — 11*9 = 30*1 
tons. 

The S.F. diagram readily follows from the pressures, each step 
scaling 7 tons. 

Fixed Beams.—A beam or girder is said to be fixed at the ends 
when it is so firmly built in or anchored down that a tangent, AB, 
Fig. 48, to the curve of the bent beam at A is horizontal. In order to 
realize this condition it is evident there must be a sufficiently large 
downward pressure or pull P applied to the portion AC of the beam, 
as will create a reversed bending moment capable of balancing that 
caused at A by the loads on the beam. The holding down force P maj 
be applied by the weight of masonry in the wall above AC, or by 
anchor rods taken down to a suitable depth. If, in the lower figure, 
F be not sufficient to create the same amount of moment as would 
exist at A' if the beam were actually fixed , the end of the beam will tilt 
up to some extent and bend as shown at A'C', when the tangent A'B' to 
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.- i B 

B. 

1 ■ -±-* — 

- 11 -1 


- ^ 


—— jb 

-- 

Fig. 48. 

-- 


the curve at A! will no longer be horizontal, and the beam will not 
fulfil the condition of fixity of ends. In this case the point of contra- 
flexure, which previously was p 
located at p , will move to some 
point p' nearer to A', and the 
B.M. at A' will be reduced to 
that which P' is capable of pro¬ 
ducing when acting at the 
leverage P'A'. This will be 
accompanied by a correspond¬ 
ingly increased B.M. at the centre of the beam. A little consideration 
will show the fallacy of assuming a beam to be fixed at the ends, simply 
because it is apparently firmly built into a wall at either end. 

In Fig. 48 suppose the beam to carry a central load of 2 tons over a 
span of 20 feet. The B.M. at A, if the beam be actually fixed\ will be 
Wl 2 x 20 

~ =--—= 5 ft.-tons or 60 inch-tons. If the beam project, say, 

18 inches into the wall and be fixed by the weight of brickwork rest'ng 
18 " 

on AC, then P x ^ must == 60 inch-tons, or P = 6| tons. Assuming 


a breadth of flange of 12 inches, the bearing area from A to C = l£ 
square feet, and the height h of the column of brickwork resting on 
this area and weighing 6| tons, will be given by h x 1*5 x = 6§ 
tons, whence h = 81) feet. This is supposing the column of brickwork 
to actually rest on the end of the beam, whereas a portion of it would 
probably be supported by the bond in the wall. Assuming a reasonable 
height of wall above AC, say 30 feet, the beam would require to be 
firmly built in for a minimum distance of 2 feet 7 inches at each end, 
in order to realize fixed conditions, still supposing the weight of the 
30 feet of brickwork to be wholly resting on AC. Probably the 
majority of so-called fixed beams fall far short cf the required degree of 
fixation, with the result that if calculated as fixed beams they may be 
stressed to nearly double the intensity intended in their design. The 
moment of the holding-down force P about A, or P X l CA, in Fig. 48, 
is called the moment of fixation, and the B.M. on the beam section at 
A cannot exceed this moment of fixation. Consequently no beam or 
girder should be assumed as having fixed ends, unless the actual 
pressure upon the built-in or anchored-down ends is definitely known 
to be equal to that required to produce the necessary moment of fixation 
for balancing the B.M. due to the loading under consideration. Rela¬ 
tively few girders in practice are intentionally designed as fixed beams. 
Where it is necessary to fix the end of a girder, the necessary fixing 
moment is provided by properly loading the end of the girder with a 
definite balance weight, or by attaching to it anchor ties capable of 
exerting a predetermined downward pull. 

The bending moments on fixed beams of uniform section are readily 
determined after locating the positions of the characteristic points of 
the B.M. diagram for the beam considered as simply supported. The 
straight line drawn through the two characteristic points constitutes the 
new base line above and below which to measure the positive and 
negative moments on the fixed beam. 
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Fig. 49 illustrates the case of a fixed beam of span / feet with a central 

yfl 

concentrated load W. The triangle ACB of height = -j- is the moment 

diagram for the simply supported beam. The height of the character¬ 
istic points = I CD, and joining these by EF the moment at the 
W7 w / 

centre is £CD= + - , whilst EA = FB =-— is the moment at the 

8 8 

fixed ends. The points of contra-flexure are S, S, distant - from each 

end of the span. The fixed beam AB is equivalent to two fixed 
cantilevers as and sb with a simply supported span ss carried between 
them, as shown in the lower figure. 




Fig. 50 gives the diagram, of moments for a fixed beam of span / 
feet carrying a uniform load of w tons per foot run. The parabola ACB 

having CD = — ft.-tons, has the characteristic points at a height 

8 

above AB = § CD. The central B.M. on the fixed beam = ^ CD 
tul* (0|p 

= 3 * IT = + and the end moments AE and BF are each 


ft.-tons. The length as may be found as 
follows :— 

The bending moment at 
the centre of the independent 



span ss = ■ 

/ 


w x ss 


wX l 


no ivi . 

g— = 24 »whence 


0*578/. 


as and 


as 


sb together = 0*422/ and 
= sb = 0 * 211 /. 

For any case of unsym- 
Fig 61 metrical loading the same con¬ 

struction holds. Thus in Fig. 
51, the fixed beam AB of 20 feet span carries a concentrated load 
of 5 tons at C, distant 8 ft. from B. R A = ^ of 5 = 2 tons, and the 
moment CD for the beam simply supported = 2 x 12 =24 ft.-tons. 
For the characteristic points— 
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12 X 24 

Moment of A ADC about A =--— X 8 =1152 

„ A BDC „ = X 142 = H08 

„ A ADB „ = 2560 

For the height H of rectangle on AB having the same moment 
about A, H X 20 x ™ = 2560, H = 12*8. Mark P and Q at one- 
third the span and make P p = 12*8 units on the B.M. scale. 

12 x 24 

Similarly, moment of A ADC about B = —^ x 12 = 1728 
A BDC „ = X5-1= 512 

A ADB „ = 2240 

For the height h of rectangle on AB having the same moment about 
B, A X 20 X f = 2240. /. h = 11*2 units. Make Qq = 11*2 and 

join the characteristic points p and q. Egjt?F is the new base line for 
moments giving a maximum positive moment DM beneath the load and 
negative moments EA and FB at A and B respectively. The equi¬ 
valent system of two cantilevers and a simple beam is shown at 
assb. 

Beams fixed at One End and supported at the Other.— -These are 
not of much practical interest. Fig. 52 shows the B.M. diagram for a 
beam fixed at A and supported at B carrying a distributed load of w - 
tons per foot run, and Fig. 53, the same beam with a concentrated load 




of W tons at the centre. In these cases, the characteristic point 
adjacent to the freely supported end B is neglected, since the B.M. at 
this end is zero. The new base line BC is therefore drawn from B 
through the characteristic pointy adjacent to the fixed end. The beam 
AB is, in each case, equivalent to a cantilever as and supported beam sb 
with one point of contra-flexure at S. 

Beam fixed at Both Ends and continuous over Intermediate 
Supports. —Fig. 54 represents a beam 50 ft. long fixed at each end and 
supported at 20 feet from one end, carrying a load of 2 tons per 
foot run. 
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The central heights of the parabolas ADB and BEC are given by 

2 x 80 3 2 X 20 s 

—g—='225 ft.-tons and —g— = 100 ft.-tons respectively. 

The position of the new base line FGH is obtained by drawing two 
lines through the characteristic points p and q adjacent to the fixed ends 


o 



A and C, meeting at G vertically over B and passing below jf and above 
q\ so that 

pm _ 20 

(fu “ S6 

Projecting down the four points of contra-flexure, the equivalent 
system consists of three cantilevers s 2 s 3 and s A c and two supported 
beams and s 3 s 4 . The negative moment AF is the maximum, scaling 
166 ft.-tons. 1 

1 For a demonstration of the proof of the method of characteristic points, see 
A Practical Treatise on Bridge Construction , by T. Claxton Fidler, M.Inst.C.E. 












CHAPTER IV. 


BEAMS . 


Moment of Resistance. —Vertical forces acting on a horizontal beam 
produce a bending action in the beam. At any cross-section the bend¬ 
ing action is proportional to the bending moment. 

Suppose a loaded beam, Fig. 55, to be hinged at the centre. The 
tending action would tend to close the portion between P and C and 



open the lower portion P to T. If a block of material be placed at X 
and a tie at Y to prevent movement about the hinge, it is evident that 
the block at X would be compressed and the tie at Y stretched. Equi¬ 
librium having been established, the bending moment at the section 
must be equal to the moment of the forces in the block and tie about 
the hinge at P. 

Let C = compression in the block, 

T = tension in the tie. 

Then the moment of these forces about P 

=Txy+Cx® 

= the bending moment on the section. 

If the team be made continuous, the material at the vertical section 
through P would be subject to stresses similar to those in the block and 
tie. All the material above some horizontal 
plane, such as that passing through P, would 
be in compression and all below that plane 
in tension. Let the small arrows in Fig. 56 
represent the stresses in the material at the 
vertical section OPT, and R c and R t the 
resultants of the compressive and tensile 
stresses. Since all the forces causing bending 
must act normally to the horizontal plane Fio. 56. 

through P, the only forces acting parallel 

to that plane are the forces R c and R T , which must therefore be equal 

9J 
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to produce equilibrium. The bending moment at the section CPT will 
therefore,be equal to the moment of the couple R c x y or R T x y. 
The moment of this couple is a measure of the strength of the beam 
at the section and is known as the moment of resistance . 

Suppose the block abdc> Pig. 57, be compressed to efhg . The upper 
edge ef\$ decreased in length to a greater extent than the lower edge 
gh, and as the stress must be proportional to the decrease of length, the 
stress at ef is greater than the stress at gh. The decrease in length is 
proportional to the distances of the edges ab and cd from the point P. 
Therefore the stresses must also be proportional to the distances from 
P. If the block had extended from P to C no alteration of length 




would have occurred at P, demonstrating that the material at P is not 
subject to any bending stress, whilst the maximum change in length 
and therefore the greatest stress occurs at C. In a similar manner it 
may be shown that the tensile stress below P varies from nothing at P 
to a maximum at T, and at any point in the section is proportional to 
the distance of that point from P. 

At every vertical section of the beam there is some point P where 
there is no direct stress. The plane containing all such points is known 
as the neutral plane. 

Position of the Neutral Axis .—The intersection of the neutral plane 
with any cross-section of a beam is termed the neutral axis of the cross- 
section. Let Fig. 58 represent the cross-section of a rectangular beam 
divided into horizontal layers. If the intensity of compressive stress at 
the upper surface (usually called the skin stress) = / c , and the intensity 
of tensile stress at the lower surface = /„ then the average intensities 
of stress in the layers above the neutral axis NA will be 


. ft/8 flh 

C Vc V 


Uc 


Let a = sectional area of each layer. 

Then the total stresses in the separate layers above NA 



«/c 


2/7 


afc- 

y. 


and the total compression above the neutral axis 


f 

- + ay 7 + ... + ay,) 

Uo 
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Similarly, the total tension below the neutral axis 
= -Wa + ay\ + . . • + ay\) 

Vt 

Since total tension must equal total compression 

f f 

-(^/s + ay, . . . + ay,) = ^(ay\ + ay' 7 . . . + ai/,) 

!/o Vt 

But Is. = h 

V* Vt 

ay 8 + ay 7 . . . + ay, = ay' 8 + ay\ . . . + ay\ 

or the sum of the moments of the areas in tension is equal to the sum 
of the moments of the areas in compression. This is the condition for 
the neutral axis passing through the centre of gravity of the cross- 
section. So long as the moduli of elasticity of the material in tension 
and compression be tbe same, the neutral axis must always pass through 
the centre of gravity of the cross section whatever be its shape 

Moment of Resistance .—The stress in the top layer, Fig. 58, was 

shown to be = 

Vc 

Its moment about the neutral axis 


= x y t 

Vc 

The total moment of the stresses above the neutral axis will therefore 

= + a u? + . . • + ay?) .(i) 

Moment of the stresses below the neutral axis 

= y.iay'i + ay'? + . . + ay'?) .(2) 

The moment of resistance of the section is equal to the sum of the 
expressions ( 1 ) and ( 2 ) when the layers are taken infinitely thin. It 
will be seen that the portions of the expressions in the brackets are the 
sums of all the small areas multiplied by the square of their distances 
from the neutral axis. The moment of resistance may therefore be 
written— 

Sum of all the small 
areas multiplied by 
the square of their 
distances from the 
neutral axis 

In sections symmetrical about the neutral axis the skin stress in 
tension will be equal to the skin stress in compression, but for 



skin stress 


distance of skin from N.A. 


<») 
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unsymmetrical sections these stresses will not be equal. In unsym- 
metrical pections, the skin stress, in the above expression, is that of 
tension or compression, according as the denominator is the distance 
from the neutral axis, of the skin subject to the stress adopted. 

Moment of Inertia .—For any section, the sum of all the small areas 
into which the section may be divided, multiplied by the square of 
their distances from the neutral axis, is termed the moment of inertia 
of the section, and is usually denoted by the letter I. The expression 
(3) may then be written— 

MR— mQmen t °f Inertia x skin stress 
’ distance of skin from N.A. 

= i^=i- 

Vc y, 

The bending moment being equal to the moment of resistance, 

B.M. = its = l£ 

Vo y< 


The value of I is dependent on the distribution of the material 
about the axis considered. The calculation of the moment of inertia 
involves the use of the calculus, and it is not pro- 
0 posed to give here the mathematical proof. The 
formulae for a number of simple cases will be found 
e in Table 25, and from them I, for most ordinary 
sections, may be calculated. 

The following graphical method of obtaining 
I will prove the accuracy of the formulae given for 
rectangles. 

To find the moment of inertia of the rectangle 
B ABCD, Fig. 59, about the side AB. Consider a 
very thin horizontal strip ae of the rectangle at a 
distance y from AB and of area l. 

I of the strip = ly*. 

I for a similar strip at CD = Id\ 

If the area l be reduced to so that 


c 

*■ —6 -* 

r - 

i 

X 


7 c ! 

-yy-T y 

! h 

1 

1 

_ 

{k-jr ? ! 

f % \ i 

_i_i_i_ 

A 


Fig. 59. 


then I'tf = If 

If each horizontal strip of the rectangle be reduced in the same 

. the square of its distance from AB Al - „ , j , 

ratio, i,e . - - -, the sum of all such reduced 

areas multiplied by d? will be the moment of inertia about AB. 

Since tne strips i re very thin the length may be taken to represent 
the area. The reduced length of ae will 

f 

— /ID 
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The reduced lengths 


f» = b« % 

hk = b x V? 

d? 


Taking a large number of strips and joining the extremities k>g>c, 
etc., the points &,//, c, will be found to lie on a parabola passing through 
A and D. The moment of inertia will then be equal to the area 
QDcgkA multiplied by (P. The area of the parabolic segment ItyAB 

= l bd 

The “ inertia area” GDcgkA will therefore 

= }f<l 

and I = \b<i x d 2 

= I bd- 

Let the dimensions of the rectangle be— 

b = G", d = 12" 

Then I about the side AB 

= *£ 

3 

_ G X 12 3 
3 


= 3456 in . 4 


To obtain the moment of inertia about the neutral axis N.A. 
Treating each half of the rectangle by the above graphic method, 
two inertia areas, shown shaded, Fig. 60, are 

d 

obtained, the area of each being 

I for each half = ^ x 


For the whole rectangle 


= &d> 


I = 2 x 

_ bd* 

12 


bd* 

24 



-1 A 


Fig. 60. 


Again, let b = 6 " and d = 12 ". 

Then the moment of inertia of the rectangle about N.A. 


bd? 

12 

6 X 12 3 
12 


864 in . 4 


Example 10. —To find the moment of inertia of a rolled beam 
section. 

Let the section be 12" x 6" x metal with parallel sides, Fig. Gl. 
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Since the section is symmetrical the neutral axis will be situated 6 in. 
from the top and bottom. 

The moment of inertia may be obtained by either of the following 
methods :— 

(1) Calculate the moment of inertia for the rectangle 12" x 6" and 
subtract the moments of inertia of the two rectangles b x x 

(2) Calculate separately and add together the moments of inertia of 
the two flanges and the web. 

By the first method— 

M.I. = I of 12" x 6" rectangle — 2 (I of 11" x 2§" rectangle) 

- fc * 3 _ 2 Mi 8 
12 12 

_ 6 x 12 3 2 X 2f X 11 s 

12 12 

= 253*96 in. 4 

To find the moment of inertia by the second method it will be 
necessary to consider the moment of inertia of a section about an axis 
other than that passing through its centre of gravity. 



Fig. Cl. Fig. 62. 


Moment of inertia of a section about any axis XX parallel to the axis 
throuyh its centre of gravity 0 , Fig. G2. 

It has already been proved that for a rectangle :— 


I about axis through the centre of gravity = 


T . 

I about one side = . 


bdf 
12 ' 


In Fig. 62 let the axis XX be parallel to and distant R from the 
neutral axis. 

Treating the rectangle as composed of two rectangles, one above 
and one below the axis XX, the sum of the moments of inertia of such 
rectangles about XX will be the moment of inertia of the whole 
rectangle about XX. 



9? 


BEAMS 

For the rectangle above the axis XX— 



For the lower rectangle 



and 


For the whole rectangle 

=sKf +R )' + (l- E )'} 

= ^ + :WR.) 

= ¥1 4- MR2 
12 

But b x d = area of whole rectangle 

bd? 

™ = I of rectangle about the axis through its 
centre of gravity. 


12 


Therefore the moment of inertia of the rectangle about the axis 
XX is equal to its moment of inertia about the axis through its centre 
of gravity plus the area of the rectangle multiplied by the distance 
between the axes squared— 


Ixx — lea + AR 2 

This is true for all sections whatever may be the shape. 

Returning to Example 10 , second method. I of section = I of 
web + I of two flanges. As the neutral axis passes through the centre 
of gravity of the web, the moment of inertia of the web 

_ W_J x n 3 
12 - 12 
= 55*46 in . 4 


From the above proof the moment of inertia of each flange 
6 " x dV 

= ~ + 6" X f X (5f ) 2 

= 99*25 in. 4 


The total moment of inertia for the section 


= 55*4G + (2 x 99*25) 
= 258*96 in. 4 


E 
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This result agrees with that of the preceding method. 

The above method demonstrates the small resistance which the web 
offers to the bending action. It was shown on p. 1)2 that the 
moment of resistance was proportional to the moment of inertia, 
therefore the proportion of the resistance to bending exerted by the 


web will be 


55*46 

258-96 


or with an area 


5*5 

~6 


0*91 of that of the flanges, 


its resistance as compared with that of the flanges is only 


55*46 


198*5 


r = 0*28. 


Hence it is desirable that the material which has to resist the bending 
action be placed, within practical limits, as far from the neutral axis as 
possible. 

Modulus of Section .—It has already been proved that 


M.R. 


= /I 


y 


/, the skin stress, is dependent only on the material of which the beam is 
composed, but 1 and y are wholly dependent on the shape of the cross- 

section of the beam. The quantity - is known as the modulus of the 

section, and is a relative measure of the strength of a section. The 
moment of resistance may then be written— 


M.R. = skin stress x modulus of section 
= /xZ 

For sections symmetrical about the neutral axis the modulus of 
section is equal to the moment of inertia divided by half the depth of 
the section. Thus for a rectangular section 




bdf 

6 


bd* 

12 

d 

2 


The modulus of section may be found graphically by the following 
method. 

Graphical Method of obtaining the Modulus of Section .—Consider 
a very thin layer, AB, in the flange of the beam section, Fig. 63, at a 
distance y l from the neutral axis. If the intensity of skin stress be 

equal to y, the intensity of stress on the layer AB = / x '~ 


If the area of the strip = l 
total stress on the layer = lf '~ 
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If the area l be reduced in the ratio of ~ to and the total stress 

on the layer be considered to be distributed over the area l', the 
intensity of stress on l' will 


= /-x- 
J y x t 

lHi 

=JflL=f 


c 

F f\ 


L M 

XII 


J =FS" 




•\ 


X/ 

/! 


/9 g : 


y 


Reducing the area of all horizontal layers of the section in the ratio 
of their distances from the neutral axis divided by y , an area for the 
whole section will be obtained on which the 
intensity of stress is equal to /. The modulus 
of section will then be equal to the moment 
of that area about the neutral axis. 

Draw a base line parallel to the neutral axis 
and at a distance y from it. Project the ex¬ 
tremities of each layer on to the base line and 
join the points thus obtained to any point (say 
the centre of gravity of the section) on the 
neutral axis. Then the area of the layer 
between such lines will be the reduced area 
required. The projections of the ends of the 
layer AB on the base line are the points C 
and D. Join C and D to E. The area ab 
between the lines CE and DE is the area required 

In the triangles CDE and abE 


Fig. 03. 


ab : CD :: y l : y 
ab = CD x tb 

But CD = AB U 

ab = AB x 

y 

The area of equal stress intensity, called the modulus figure , for the 
upper half will be QfcEdgE). 

Let its area = A! and its centre of gravity be distant d x from the 
neutral axis. Then the total stress on the portion above the neutral 
axis— 

= A J 

Moment about the neutral axis— 


= d x kj 

Since the section is symmetrical the moment of the stress in the 
lower portion is equal to the moment of the stress in the upper 
portion. 
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Therefore the total moment of resistance of the whole section 
= -HA,/ 

But M.R. = /Z 

A Z = 2 *A, 

If D be the distance between the centres of gravity of the upper and 
lower modulus figures 

Z = DA! 

For sections symmetrical about the neutral 
axis 

D = 2 ^ 

Since the total stresses above and below 
the neutral axis are equal, the area of the 
modulus figure below the neutral axis must 
be equal to the area of the modulus figure 
above the neutral axis 

Modulus Figure for Sections imsym - 
metricalabout the Neutral Axis .—Insections 
, | j || v i; such as the tee, Fig. 64, the centre of 
I 1/ l J \j j gravity falls nearer to the lower surface 

-1-1-V 1 - than the upper, and consequently the in- 

l*-4 # --*| tensity of skin stress at the lower surface 

Fig. 64. will be less than at the upper. 

Let f t = intensity of skin stress at the lower surface. 
y =s distance of lower surface from the neutral axis. 
fc = intensity of skin stress at the upper surface. 
y x = distance of upper surface from neutral axis. 

Then/, =/ c — 

!/i 

Two modulus figures may be drawn for the section, one having an 
intensity equal to/* and the other an intensity equal to/. 

The construction of the modulus figure for the upper skin stress, i.e . 
/ c , is shown in Fig. 64. 

The base line for the upper portion is in the plane of the upper skin 
where the stress = /, but for the lower portion tne base line being set 
out at a distance y l below the neutral axis (i.e. where the stress would 
equal /), falls below the section. All layers below the neutral axis 
must be projected on to the lower base line and joined to the point 
selected on the neutra 1 axis. The shaded area is the modulus figure for 
the seotion. 

Let the shaded area above the neutral axis = A. 

Then total stress above neutral axis = /A 

Let d x = distance of centre of gravity of upper shaded area from NA 
^ 2 = >* *> )> lower ,, ,, 

U = -f dg 
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c a b d 



length cd will be 
between the base 


Then the moment of resistance of the section 

~fcA(d i + d 2 ) 

=/ c AD 

Construction for Modulus Figure having an Intensity of Stress equal 
to /„ Fig. 65. —The intensity of stress f t occurs at a distance y below 
the neutral axis, therefore at a distance 
y above the neutral axis the intensity 
will also be /,. The base line for the 
upper portion is therefore drawn through 
the plane ef. As the intensity of stress 
in the material above this base line is 
greater than f, the area aefb must be 
increased. For any layer above the base 
line, say ab, project on to the base line 
in e and /; join e and / to a point on the 
neutral axis and produce these lines to cut 
the horizontal through ab in c and d . Then the 
the increased length of ab required. For all layers 
lines proceed as in the former construction. 

Let A x = area of each portion of the modulus figure 

Dj = distance between centres of gravity of shaded areas 
— = d x -f- d 2 

Then M.R. = A^/, 

Knowing the bending moment at a vertical section of a beam, the 
suitability of the cross-section for resisting it may be determined. 

Bending moment = moment of resistance 

= /cAD 

or =/A 1 D, 

If either quantity/ c AD or f t A x \) x be less than the bending moment 
(after inserting a suitable value for f t or f c ) the cross-section is not 
strong enough to safely support the load on the beam and must be 
increased. For beams composed of mild steel which has an equal 
strength in tension and compression, it is only necessary to construct 
the modulus figure for the larger intensity f c , as failure must occur 
where the material is the more highly stressed. For cast iron and 
other materials where the strength in tension does not equal the 
strength in compression, both the maximum intensities f c and f t 
produced by the bending moment, must be calculated and compared 
with the allowable safe intensities for the material employed. 

Example 11 .—To find the moment of resistame of a 4" x 6 " x 5 " T 
with parallel sides , Fig. 64. 

The distance of the centre of gravity of the section from the lower 
e< ^£ e moment of all layers about lower edge 

total area of section 

_ 4" x i" X f + 5£" x £" X H" 

4 " x i" + r>i" x 
* = 1-987" 

Therefore y (Mg. 64) = 1*987" 

y x 1 = 6 - 1*987 = 4*018" 
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Construct the modulus figure as in Fig. 64. Then the area of the 
figure aboye the neutral axis 

= area of shaded triangle. 

= 1*003 sq. in. 

Distance d x of centre of gravity above the neutral axis NA 

= | X 4*013 
= 2*675" 

Moment of triangle about neutral axis 

= 1*003 x 2*675 
= 2*68 in. 3 


The modulus area below the neutral axis must equal the area above 
= 1*003 sq. in. 

The centre of gravity of the lower area may be found by calculation 
or by cutting out the figure in cardboard and suspending from two 


points. 



Fig. 66. 


In the enlarged Fig. 66, 

AB = 4 x T- 7 rrI = 1*08 in. 

4*Ulo 

Length CD = l X = 1-48 in. 
Area AH DC = L: U L+ A.'. 4 * x A 
= 0*865 sq. in. 

Length BP = £" x = 0-185 in. 
Area of triangle 

OEF = 0*185 x 1 187 X £ 


Total area below the neutral axis 


= 0*138 sq. in. 


= 0*865 + 0*138 = 1*003 sq. in. 

which corresponds with the area obtained for the upper portion. 
Distance of centre of gravity of triangle OEF below neutral axis 

= f X 1*487 = 0*991 in. 

Moment of triamgle OEF about neutral axis 
= 0*138 X 0*991 = 0*137 in. 3 
Distance of centre of gravity of ABDC below CI) 


£(1*48 + 2 x T98) 
3(1*48 + 1 98) 


= 0*27 in. 


Distance of centre of gravity of ABDC from neutral axis 


=: 0*27 + 1*487 = 1*757 in. 
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Moment of ABDC about neutral axis 

= 1*757 x 0*865 = 1*52 in. 3 


and distance d 2 of centre of gravity of the lower modulus figure from 
the neutral axis 


1*52 + 0*137 
1*003 


= 1*65 in. 


Moment of lower modulus figure about neutral axis 
= 1*52 -f 0*137 = 1-657 in. 3 
Then moment of resistance of the section 


= / c (l*657 + 2*68) 

= 4*337 f c 

or = 4(1*003 x (1*65 + 2*675)} 

= 4*337 f c 

Example 12. — What distributed load will a T 4" x 6" x support 
over a span of 6 feet , the working stress (maximum skin stress) not to 
exceed 7 tons per square inch / 

(1) When the 4 in. leg is horizontal. 

From the previous example 

M.R. = 4*337 L 
= 4*337 X 7 
= 30*359 inch-tons. 


Let w = tons per foot run supported by the beam. 
Maximum bending moment 


ft.-tons 


8 

w x 6 2 

8 

: ,f x = 54//* inch-tons. 

8 


Note. —The moment of resistance being expressed in inches and 
tons, the bending moment must also be expressed in those terms. 

Then B.M. = M.R. 

54 tv = 30*359 

w = 0*551 ton per foot run. 

(2) When the 4 in. leg is vertical. 

The modulus of section may be readily calculated since the neutral 
axis passes through the centres of gravity of both rectangles forming 
the T. 

T - H X qy 

12 ' + ‘ 12 
= 2-72 
2*72 

Modulus of section = Z = ~^r ~ 1*^6 

M.R. = 1*36 X 7 = 9*52 inch-tons. 
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The bending moment will be the same as above 

B.M. = M.R. 

54 w = 9*52 

w = 0*176 ton per foot run. 

Massing up of Sections .—The resistance to bending of a section 
depends only on the disposition of the material normally to the neutral 
axis and not to its relative position along the 
axis. Sections of inconvenient shape, such as the 
A channel of Fig. 67, are massed together along 
the neutral axis before constructing the modulus 
figure. 

Construction of Modulus Figure for a Rail 
Section .—The centre of gravity of the section, 
a Fig. 68, is most readily found by cutting out the 
section in good quality cardboard, suspending it 
from two points and finding where the verticals 
through those points intersect. The centres of 
gravity for the modulus figures may also be found in this way. 

For any horizontal layer, say 4 1 ~4 1 , proiect the extremities on to the 
base line in IV, IV. Join IV, IV to a point in the neutral axis, such 
lines cutting the layer 4 1 -4 1 in 4, 4. Then the points 4, 4 will be on 
the boundary of the modulus figure. The areas of the modulus figures 
are obtained by the aid of a planimeter or calculated by the aid of 
squared tracing paper. The rail section in the figure is a 100-lbs. rail 
drawn full size, and the modulus works out 11*46 inch units. 

Table 25.— Moments of Inertia and Moduli of Sections. 
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Fig. 68. 
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Shear. —When any system of forces acts on a beam it produces a 
vertical shearing action which tends to shear the beam in vertical 
planes, as in Fig. 69, A. The bending 
action creates differences of stress in the 
horizontal layers of the beam and 
thereby produces a horizontal shearing 
action between the layers. If the 
beam were composed of a number of 
separate plates, they would slide upon 
each other as in Fig. 69, B. In solid 
beams the tendency for the layers to 
slide upon each other is resisted by the shear stress in the material. 

The method of calculating the vertical shearing force at any vertical 
section of a beam has been explained in Chapter III. 

In Fig. 70 consider the equilibrium of a portion of a beam acdb 
lying between two vertical sections very close together. The horizontal 
forces acting on it are, the horizontal stress on ac caused by the bend¬ 
ing, the horizontal stress on bd acting in the opposite direction, and the 



Fig. 69. 



Fig. 70. 


shear stress on cd, which is equal to the difference of the horizontal 
stresses on ac and bd. The horizontal stress above e'c' at the section aa! is 
equal to the area of the modulus figure above c'c' multiplied by the skin 
stress / at that section. 

But B.M.„ = -/ 

y 

/ - B.M.„ x | 

Similarly at the section bl> the skin stress/, will be 
/, = B.M. t x f 

Let Aj be the area of the modulus figure above cV. Then the 
difference of stress at the sections ad and bb' 


= A,(/-/,) 

= A,|(B.M.„ - B.M..).(1) 

Let a,, = area of a thin horizontal strip distant jj 2 from the neutral 
axis. 

The area of the modulus figure for this strip 









108 


STRUCTURAL ENGINEERING 


Let Aj be the sum of all such areas between a and c ; 


then 



The moment of the area a x about the neutral axis = (hy a 
The total area of the section between a and c = A = 
and its moment about the neutral axis = '$a l y 2 

Let Y be the distance of the centre of gravity of this area from the 
neutral axis. 

Then Ax Y = 


Also 

from which 


A, 

Ax Y~ 



y<z 


A x Y 

y 


The total shear along cd will therefore 

= ^^(B.M. 0 - B.M.j) from (1) 


Let the width of section c'c' = w ; 

Then the intensity of shear on the plane cd 

= f - A x Y B.M. a - 
Iw ’ dx 

In the limit B.M. a — BM. b = d (B.M.). 

But the total vertical shear S on any section 

„^(B.M.) 

dx 

Therefore /, = . . . ..(2) 


Consider a small rectangular prism of material in a loaded beam 
(Fig. 71). The load and reaction produce shear stresses, acting in 
w opposite directions on two vertical sides of 
w the prism. 

To establish equilibrium there must be 
another couple acting on the horizontal faces. 
Let the total vertical stress = S 
„ ,, horizontal „ =8, 

Let the intensity of vertical stress = s 
,, ,, horizontal 


* 


-JC- 

•o» 




Fig. 71. 


Then 


S* = S,rf 
swdb = SiWbd 


.. s = s , 


That is, the intensity of horizontal shear on the material must be 
equal to the intensity of vertical shear. 
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Therefore the intensity of vertical shear at any point in the section 
of a beam must 


=y> 


AYS 


Intensity of Vertical Shear Stress on a Rectangular Beam Section .—To 
find the intensity at the neutral axis. 

A = area of section above NA = 

Y = distance of centre of gravity of area above NA 

from the NA = 7 
4 

w = b 
I = 

12 


. f _bd d 1 12 

2 X 4 X b X hP 
3 S 
'l' bd 
S 

M mean intensity of shear on the section ; therefore the 


intensity at the neutral axis is one and a half times the mean intensity. 
Let the section of the beam be 10" x 6" and the vertical shear be 10 
tons. 

Then the mean shear intensity 


10 _ 
10 X 0 


= 0*1 G6 ton per sq. in. 


Intensity at the neutral axis 

= 3 X 0*166 ton per sq. in. 

= 0*25 ton per sq. in. x 

By calculating the values of /, for N_ 
a number of other planes and plotting 
them to a vertical line as in Fig. 72, 
a diagram of shear intensity for the 
section is obtained. The bounding Fig. 72 . 

curve will be a parabola. 

Distribution of Shear Stress in a Beam Section (Fig. 73).—The 
stresses at a number of horizontal planes may be calculated by the 
above formula and the values plotted to a vertical line, or the values 
may be found from the modulus of section. 

It has already been proved that 

Aj = whence A = A^ 

Substituting this in the expression 

, _ AYS 
wl 

.A, yS 

/# w ' I 
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The quantity * /j j is constant for any particular vertical section. 

Therefore the intensity of shear stress on any horizontal plane is pro¬ 
portional to the area A x of the portion of the modulus figure above 
that plane divided by the width of the section at the plane. At any 

plane cd, Fig. 78, the intensity will be equal to the shaded modulus 

,,.<a 

area divided by the width cd and multiplied by the constant y. The 



Fig. 73 . 


intensity diagram may be constructed by calculating a series of values 
of/, by the above method and plotting them to the line xx. 

The diagram demonstrates (1) the small intensity of shear stress in 
the flanges (section lined on the diagram), and (2) the almost even 
distribution of stress over the web area. The maximum intensity = GK; 
the mean intensity over the whole section = GH. When designing 
beams with deep webs, the resistance to shear offered by the flanges is 
usually neglected, and the web designed to resist the whole shearing 
action. 
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Example 13. —To find the pitch of rivets in the flanyes of a plated 
girder (Fig. 74). 

Let the section of the girder be, one 18" X 7" rolled beam with one 
12" X f" plate riveted to each 
flange. Span of girder = 24 feet. 

Load = 48 tons distributed. 

The maximum vertical shear 
will occur at the supports, and 
be equal to 24 tons. 

Shear intensity at the hori¬ 
zontal plane between the plates 
and rolled beam 




AYS 

w\ 



where A = sectional area of plate. 

Y = distance of centre of gravity of plate from N.A. 
S = total vertical shear on section. 

I = moment of inertia of section. 


w has two values 

= width of plate when calculating the intensity in the plate. 

= „ flange of beam „ „ „ joist. 

Suppose the shear intensity along the plane under consideration to 
remain constant for a horizontal length of 12 inches. The total shear 
for this length would then be equal to the shear intensity multiplied by 
the area of the plane. 

Area for 12 inches length = w x 12. 

Total shear stress for 12 inches length 

= /’ x 12/c = X 1 '2w 

w L 

12 AYS 

r 

= 12 X 12 X § X l>Tfe X 2 4 
2225 

= 0*04 tons. 


Let the rivets be £ inch diameter. 

Resistance to single shear of one rivet = ;> tons. 
Number of rivets required per foot length 


Four rivets would therefore be used, and being in pairs the pitch 
would be 6 inches. 

The shear decreases to nothing at the centre of span, and therefore 
the pitch required would increase to a maximum at the centre of the 
span. It is not advisable, however, to make the pitch of rivets in 
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such girders more than 6 inches, to avoid local buckling of plate, so a 
uniform pitch would be kept throughout the full length of the girder. 

Note. —If the bearing resistance of the rivets be less than the 
shearing resistance, the bearing resistance must be used in the above 
calculation in place of the shearing resistance. 

Types of Beams. —Where long spans have to be bridged beams of 
correspondingly deep sections are necessary. Such beams will take the 
form of lattice or plate girders and the methods of design of these will 
be treated in subsequent chapters. The present chapter will be restricted 
to comparatively short span beams of practically constant section 
throughout their length. 

Timber Beams are necessarily restricted to rectangular cross 
sections, as the material does not lend itself to the shaping of other 
forms as does steel or cast iron. Knowing the bending moments and 
shearing forces to be resisted a suitable rectangular section can be 
directly determined by equating the moment of resistance to the 
bending moment. 

Bending moment = moment of resistance 

= modulus of section x skin stress 


breadth x (depth) 2 
6 


skin stress 


The depth will usually be made some suitable fraction of the span (see 
subsequent discussion in this chapter on ratio of depth to span), the 
skin stress will be a known quantity depending on the kind of timber 
used, leaving the breadth the only unknown factor in the foregoing 
equation. In the following table the ultimate skin stresses for the 
more commonly used timbers are given. A factor of safety suitable to 
the conditions under which the beam is employed must be used in con¬ 
junction with these values to determine the safe skin stress for insertion 
in the above equation. 


Timber. 

Ultimate akin streps. 

Timber. 

Ultimate akin atreaa. 


cwta. per aq. in. 


evsta. pei aq. in. 

Ash, English . 

114 

Spruce . . . 

78 

Ash, American . 

96 

Oak, English. . 

100 

Birch .... 

102 

Pine, yellow . . 

70 

Beech . . . . i 

90 

„ red . . . 

72 

Deal . . . . 

84 

„ Mernel . 

72 

Elm . . . . 

60 

„ pitch . . 

96 

Green heart . . 

| 174 

Teak .... 

132 


Steel Beams , with their advantages of additional strength and 
equal resistance in both tension and compression, are now adopted 
throughout structural work in preference to the cast and wrought iron 
beams formerly in use. The great variety of forms into which steel is 
rolled and the ease of riveting together combinations of these forms, 
presents the designer with a wide range from which to select the com- 

E tion of his beam. Single joists or channels, where suitable to the 
ing conditions, make economical beams and lend themselves to 
simple and efficient connections. In cases where a wide bearing is 
required to support the loading, as in the case of lintels carrying 
thick walls over door or window openings, two or more joists can be 
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placed side by side as at («), Fig. 74a, and connected together at 
intervals by distance pieces or separators. 




(c) (d) (e) 

Fig. 74a. 


The strength of such a beam is equal to the strength of one joist 
multiplied by the number of joists in the section. The cast-iron distance 
pieces in no way affect the strength and are provided only to prevent 
relative motion of the joists. 

Where a single section is inadequate to resist the bending moment a 
combination of sections, examples of which are shown in Fig. 74a, ( b ) 
to (e), can often be advantageously employed. ( b ) is formed by riveting 
together a joist and two or more plates. Care must be taken when 
designing such sections to provide a suitable depth for the span of the 
beam and also adequate shearing resistance in the web. ( c ) having a 
double web is suitable for comparatively short spans with heavy loading 
where a high shearing resistance is required. It has the disadvantage 
that the surfaces between the webs are inaccessible for painting after 
erection. In beams of this type only three rows 
of rivets can be driven in each flange, leaving an 
undesirable width between plate and joist loose. 

This objection is overcome in types ( d ) and ( e ), 
where one or two channels are substituted for one 
or both joists. 

Variations of strength can be obtained by 
adding to the number of plates, joists or channels. 

The flange plates need only extend along part of 
the length of the beam as required by the vary¬ 
ing bending moment. The method of determin¬ 
ing the required lengths of flange plates is ex¬ 
plained in Chapter VI. when considering the 
similar case of flange plates for the plate girders. 

The riveting of these compound girders mmt 
conform to the shear requirements as already explained, and to prevent' 
buckling of the plates and liability of corrosion between adjacent 
surfaces the pitch of the rivets should in no case exceed six inches. 

In calculating the moment of resistance of compound beam 
sections labour is saved by using the tables of properties of the 
standard rolled sections issued by the Engineering Standards Committee 
and generally to be found in the handbooks published by the leading 
structural contractors. The following table together with Fig. 75 
shows the usual method of tabulation. 



Y 

Fig. 75. 
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1 


3 

4 

5 

6 

7 | 

8 | 

9 

10 

Reference No. 

Size. 

Standard thickness. 

Radii. i 

! 

Weight | 
per foot, 
w 

1 

Sectional 

Jcentre of gravity. 

and code word. 

A X B 

b 

1 

h 

1 r l 

1 

r 2 

area, a. 

Cx 

C y 

li.B. S.B. 1. 
Abscession 

in. 1 

3x1* 

1 

in. 

0160 

in. 

0 1 248 

© 

8 

in. 

0130 

i lb.. 
4-00 

in.* 

1*176 

In. 

0 

in. 

0 


11 

12 

13 

14 

.5 

16 

17 

Moments of inertia. 

Radii of gyration. 

Moments of resistance. 

B.S.B. 

1X l 

h 1 

<x 

** 

Rx 

1 lly 

No. 

in.* 

1*657 

i in.* 

! 0*124 

in 

1*187 

in. 

, 0*325 

in. 3 

1105 

iu. J 

0*165 

1 


la column 1 the code word and reference number for use when 
ordering the section are given. Columns 2 to 10 contain the physical 
properties of the section. In columns 11 and 12 are given the moments 
of inertia about the axes X-X and Y-Y. In ascertaining the strength 
of a beam section to resist certain forces, the moment of inertia used 
will be that about the axis normal to the forces. The least moment of 
inertia of a section is also required in column calculations. Columns 
15 and 16 are here called moments of resistance. This term must not 
be confused with the moment of resistance defined in this chapter as 
being the modulus of section multiplied by the skin stress. The 
tabular value headed Moment of Resistance is actually the modulus of 

the section, or -. The values are again given about both axes. 

To use the above table to find what uniformly distributed load the 
3" x 1£" beam would support over a span of L feet, the web of the 
section to be vertical. 

B.M. = M.R. x / 

Let/= 7 tons per square inch, 


Then 


Note.- 


— = 1-105 X 7 
8 

w = #) tons per foot run. 
wL 2 


-When using the formula -g- care must be taken to 

express L in the correct units. If w be given, as is usual, in tons per 
foot run, the total load on the beam will be equal to wh tons where L 

is in feet. The bending moment in inch-tons will be X where L 


8 
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is the span in inches. Or taking L throughout in feet the formula 
must be written ~ J * * ~- 

o 

Columns 13 and 14 contain the radii of gyration. This property 
and its use will be explained in Chapter V. ^ 

Example 14. —To find the modulus of section ] 
for a compound beam . • 

Let the beam be composed of one 20" X 7£" 
rolled beam and two 12" x f" plates riveted to j Btam 
the rolled beam by £ in. diameter rivets (Fig. x _i-._x 

76). plates. 

Neglecting for the present the effect of the 
rivets. 

The moment of inertia of the rolled beam 3 
about the horizontal axis, from the tables ■WM* 


I x = 1671*21)1 

Moment of inertia for the plates— 

I x = 2(1, + AR 2 ) 

= 2 ( 1 ~i^ )+12 " x » x 
= 1595-7 in. 4 

Total I x for the section 

= 1071-291 + 1595-7 
= 3200-991 in. 4 


Fro. 76. 


( 10 &) 2 ) 


The rivets in the flanges are staggered, so that not more than two 
rivets appear at any cross-section. If the rivet in the compression 
flange completely tills up the hole, the tota 1 area of the compression 
flange is not affected, but the liability of having rivet3 imperfectly 
fitted makes it advisable, to ensure safety, to deduct the area of the 
holes from the flange area when calculating the strength of the section. 
It is apparent that the holes through the tension flange will reduce the 
strength of that flange and must be taken into consideration. The 
moment of inertia for the section will therefore be 3266*991 -I x of 
two rivet holes. 

For l in. rivets the holes are drilled {£ in. diameter. 

The mean thickness of the flanges, from the tables, = 1*01 in., and 
may be taken to represent the mean length of the rivet in the beam. 
The total length of the rivet will be 1*01 4- 0 625 = 1*635 in. 

Area of cross-section of hole = 1*635 x = 1*53 sq. in. 

I x of 2 rivet holes = 2 { ( ^ X 0- G3 -^ 3 + 1-53 x (9'8) 3 } 

= 294-567 in. 4 

I x of section = 3266-991 - 294-567 
= 2972-424 


Modulus of section = - = 


2972-424 
lOg ' 
279-75 in. 
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Note. —Rivet holes, if not symmetrically placed, will change the 
position of the centre of gravity of the section, and therefore the posi¬ 
tion of the neutral axis. In such cases the tables are of little benefit. 

Ratio of Depth to Span of Beams.— When selecting the form of a 
beam section due consideration must be paid to the depth, as it is upon 
this property of the section that the deflection of the beam depends. 
The allowable deflection varies with the class of work and is measured 
in terms of the span. The ratio of deflection to span for first-class 
bridge work is as low as 1 to 2,000, whilst for small girders and rolled 
steel joists in ordinary buildings the ratio may be as high as 1 in 400. 

From Table 27, page 803, it will be seen that the maximum deflec¬ 
tion of a beam of constant cross section 


=c 


WL 3 

El 


0 ) 


where c is a factor varying with the methods of loading and end 
conditions of the beam. Since the bending moment = moment of 
resistance 


or 


W l_fl 

c' y 

w/ 

!/ 


Substituting for W l in equation (1) : 

L V 

maximum deflection = cc ' — 

by 

= “y a |jr • • • (2) 

For beams symmetrical about the neutral axis y = where D is the 

depth of the section. 

For such beams the maximum deflection 


A = 


* 2 # 

ED 


( 3 ) 


The values of c are given in Table 27 and those of c f in Chapter III. 
As an example take the case of a cantilever with a concentrated load at 
its outward end. 


Then c = l and c’= 1 

therefore « = cxc' = Jx 1 = i 

Other values of a : 

cantilever with uniformly distributed load . . , . a = J 

beam simply supported at ends, and central load . . . a » A 

„ „ „ „ distributed load. . a = f? 


To find the depth of a mild steel beam centrally loaded, if the ratio 
of deflection to span must not exceed 1 to 1000, the working stress to 
be 7 tons per square inch, and E to be 13,000 tons. 
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2/L* 
'ED 
2/L 
• ED 


j__jL 2X7 L 
000 131 13500'D 


“ L“ 11-57 


i.e. the depth must be equal to die 8 P an > or ^ B P an ^ 100 

feet the depth must be— 


100 

11-57 


= 8-65 feet. 


The following table gives the ratios of D to L for mild Steel beams 
for various ratios of deflection to span— 

/ has been assumed = 7 tons per square inch 
E „ = 13,500 tons. 

Table 26. —Ratios of Depth to Span of Mild Steel Beams. 



Deflection 

formula. 

Ratios of deflection to span. 

1 to 400 

1 to 600 

1 to 1000 

1 to 1600 

D 

Ratios of £ 


r .. i 


i | 

f 1 

1 

4*8 

1 

2*9 

1 

1*2 

1 

- L -^ 

. ... —i 


1 

9-6 

1 

6A 

1 

3-9 

1 

2*6 

4- . 


1 

29 

1 

19 

1 

116 

1 

7-7 

c~ :. 

ii 

< 

1 

23 

1 

154 

1 

'9-2 

1 

6*2 


The values of ^ for beams irregularly loaded will lie between those 

given for a single concentrated load at the centre, and a uniformly dis¬ 
tributed load. 

The values of j^for other values of /and E, say / and E,, may be 


obtained by multiplying the ratios by 

Flange Width.—Long beams unsupported laterally may deflect hori¬ 
zontally an undesirable amount due to the action of lateral wind or 
centrifugal loading if sufficient lateral stiffness is not provided. Such 
stiffness depends chiefly on the flange width, and since, in the majority 
of cases, the necessary stiffness cannot be theoretically determined* a 
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generally adopted practical rule is to make the flange width at least i of 
the spacing ‘between lateral supports. Usually secondary members, 
flooring joists, etc., will act as lateral supports at short intervals along 
the beam, in which case the necessary flange width to resist the primary 
bending moment will be in excess of the above practical requirements. 

Connections .—In all framed structures the different members are 
fastened together by means of angles, plates, etc., and connecting 
rivets or bolts. The available methods of connection will in some 
cases determine the best cross-section of members to be employed. 
The duty of a connection is to transmit forces from one member of a 
structure to another, and all connections must receive the same care in 
design as the members themselves. 

The simplest method of connecting beams is to allow one beam to 
rest on the flange of another and bolt them securely through the 
flanges. Such a connection is shown in Fig. 77, A. If there are two 
beams in line resting on the main girder, it is usual to fasten them 
together by means of fish plates in the webs. This increases the lateral 
stiffness of the beams and reduces the tendency to twist. Tapered washers 
should be placed under the heads and nuts of all bolts having a bearing 



B 


( 

p^rl 

> e© | 

—©-i 

( 

t 


Fig. 77. 



on the inside faces of beam flanges, otherwise only a very small part of 
the head or nut will be bearing on the flange. It is not always con¬ 
venient to allow the secondary beams to rest on the top flange of the 
main beam, and in such cases web connections have to be employed. 
Fig 77, B, shows the connection of a comparatively small beam to a 
larger beam. An angle or tee riveted to the web of the main beam 
forms a bracket on which the small beam rests, and to increase the 
stiffness of the connection cleats are bolted to the webs. Figs. 77, 
C, I), show other connections where the beams are equal or nearly 
so in depth. Although unusual, the lower flange of a beam is some¬ 
times joggled, so as to rest upon the tapered portion of the main beam 
flmgefFig. 77, D). Th.s method is costly, and does not greatly increase 
the efficiency of the connection. The angle connections between the 
webs of rolled beams, and the number and spacing of rivets in them 
have been standardized, and may be found in any maker’s section book. 
When using such standard connections, the strength of the rivets 
or bolts should be checked to ensure that the strength is at least equal 
to the shearing force at the connection. Bolts or rivets in such con¬ 
nections may fail either by shearing or crushing. The shearing 
strength of a rivet is equal to the area of its cross-section multiplied 
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by the shearing strength of the material. For rivet steel the shearing 
strength is 21 to 22 tons per square inch, and factors of safety of from 
4 to 6 are usually adopted, giving a working stress of 4 to 5 tons per 
square inch. A rivet is said to be in single shear when for failure of 
the connection to occur, it is only necessary to shear the rivet at one 
section, as at a (Fig. 78). For the joint to fail in Fig. 

78, b , the rivet must be sheared along two planes, or is 
said to be in double shear. Although the area of material 
sheared at b is twice that sheared at <z, the strength of 
a rivet in double shear is found, in practice, to t e less 
than twice the strength of a rivet in single shear. The 
strength of a rivet in double shear is from l£ to If times 
the strength of the rivet in single shear, and in the 
following calculations will be assumed as 1^ times the 
strength in single shear. 

Let d = diameter of rivet in inches. 

f t = safe shearing stress of material in tons per square inch. 

S = vertical shear at connection in tons. 



Then the strength of a rivet in single shear = j df. 


double 




Let n = number of rivets in single shear required to transmit the 
shearing force S. 


Then 


or 




If ri — number of rivets required in double shear 



The resistance to crushing offered by a rivet is equal to the 
crushing (or bearing) resistance of the material multiplied by the area 
of the rivet normal to the force. The safe bearing resistance of rivet 
steel is from 7 to 10 tons, say 8 tons per square inch. 

Let t = thickness of plate bearing on rivet, 
f h = bearing stress of material. 

Then the bearing resistance of one rivet = dtf h 

The number of rivets required to transmit the shearing force S 


= = 


S 

dtfh 


The number of rivets required at a connection will be the larger 
value of n in the expressions— 
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4S 

n = if the rivets are in single shear 


or 


and 


ri = z 


TCP/, 


double 


n = 


dtf b 


4( 

)4 

4( 


4( 

■54 

4( 

54 


■54 

4(- 

-54 





Fig. 79. 


In practice rivet holes are punched or drilled ^ in. larger in diameter 
than the rivets, and on closing the rivets should till up the holes, thus 

increasing the sectional area of 
the rivets, but calculations for 
shear should be based on the 
original diameter of the rivets. 
Bolt holes are drilled similarly, 
unless specified to be a driving 
fit, and there is always a little 
uncertainty as to the number 
really in action. For this reason 
more than are theoretically 
necessary are usually employed 
at connections. 

Example 15. —To find the 
number of ~ in. bolts and rivets 
required at the connection of a 
24" X 7£" rolled steel beam sup¬ 
porting a uniformly distributed load of 50 tons , to another beam of 
simitar dimensions . 

The connecting angles to be riveted to the beam a, Fig. 79, and 
bolted to the beam b. 

The vertical shear at the connection is equal to the reaction, i.e. 
25 tons. 

The rivets being in double shear, the shearing resistance of one rivet 
= 5 TT<Pf. 

Let /, = 5 tons per square inch, 

Then n = = (say) 6 

The bearing resistance of one rivet = dtf b 

where t = thickness of web = 0-G inch. 

Let f b = 8 tons per square inch, 

The. » = r^- s -8 = (“r>« 

The bolts through the web of beam b being in single shear, the 
shearing resistance of one bolt 


= py. 


n =• 


25 


x ®* x 5 


• = (say) 9 


Therefore 
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The bearing resistance of one bolt = dif b 
where t = thickness of angle = i inch, 

25 

Therefore n = = (say) 8 

The theoretical number of bolts required is therefore 9, but as 12 
may be conveniently employed this number will be adopted to allow for 
a number being out of action. 

The shearing resistance of the angles may be taken to be equal to 
the minimum area, i.e. along a vertical section through the rivets or 
bolts, multiplied by the resistance to shear of the material, although 
this value will be somewhat small on account of the resistance offered 
by the rivets or bolts to fracture at such a section. 

In the above example the sectional area of the angles along the 
vertical section through the rivets or bolts 

= 2 (19£ - 6 x }f) X £ = 13-875 sq. in. 

The shearing resistance will therefore = 13*875 x 5 = 69*375 tons. 


This is greatly in excess of the vertical shear, but the thickness of 
angle cannot be much reduced, as such reduction would mean an in¬ 
creased number of rivets required in bearing. 

Joints in Tension Members .—Structural members subject to a purely 
tensile stress are usually butt-jointed, with single or double covers at 


the joints, as B and C, Fig. 80. 
When only one cover is employed, 
there is a tendency for the member 
to bend near the joint, as at E. The 
better construction is to employ two 
covers at all such joints. 

Failure of the joint may occur— 
(1) By shearing all the rivets to 
either side of the joint. 

(21 By crushing the rivets. 

(3) By pulling apart the cover 
plate or plates along the weakest 



B E C A 


section. 


Fig. 80. 


(4) By tearing of the main plate. 


Consider the joint Fig. 80, A. 

Let t = thickness of member. 

/, = „ cover plate or plates. 

d = diameter of rivets. 

d x = „ „ holes. 

f t = safe shearing intensity on rivet. 

f b = „ bearing „ „ 

w = width of member. 

f t = safe tensile intensity on plates. 

T = tension in member. 


Then the shearing resistance of the rivets to either side of the 

joint 
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1 = 2(rf 3 -/ 1 ) for single cover 

4 

= 2(§d 2 nf,) for double covers. 

The bearing resistance of the rivets to either side of the joint 

= 2 (dtfj) in member. 

= 2{dtjj) in single cover. 

= 2(2dt^f b ) in double covers. 

The resistance of the cover plate or plates to tension along the 
section a-a 

= {w — 2 dj)tj t for single cover. 

= 2(w — 2d 1 )t 1 f t for double covers. 

The resistance of the member to tension along the section a-a 

= (w - 2d l )tf 

The resistance in each of the above cases must be at least equal to 
the tension in the member. 

Example 16.— A mild steel tension member is subject to a pull of 70 
tons. Desijn a suitable section for the member and also a butt joint with 
double cover plates. 

The intensity of tensile stress not to exceed 7 tons per sq. in. 

„ „ bearing „ „ 8 

,, ,, shear ,, ,, ;> „ „ 

Double shear to be taken equal to 1§ times single shear. 

Adopting a rivet diameter of | inch. 

The shearing resistance of one rivet = 5 tons. 

The number of rivets required to either side of the joint 

= ¥ = H 

Let t = thickness of member. 

Then the bearing resistance of one rivet = J x / X H 

and for the bearing resistance of the rivets to be equal to the pull in 
the member 

(J x t X 8)14 = 70 tons 

from which t = j inch, say % inch. * 

Arranging the rivets as in Fig. 81, the weakest section at which 
the member might fail would occur at either a-a or b-b. If the section 
at ar-a be assumed for the present as the weakest, let w = width of the 
member, 

Then (w - x 7 = 70 tons, 

from which w = 14’27 inches, say 14^ inches. 

For failure to occur along the section b-b , the plate must be torn 
along that section and the leading rivet sheared. The strength along 
b-b will therefore 

= (14*5 - 2xttHx7 + 5 
= 71*3 tons. 
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The member is therefore strong enough along this section to resist 
the pull. 

The strength along the section c-c is greater than along the section 
b-b y since the reduction of plate area for the extra rivet in the section 



c-c does not weaken that section to the same exteut as the shearing 
of the two extra rivets along b-b increases the resistance to failure 
along c-c. For the same reasons failure would not take place by tearing 
of the member along the sections d-d or e-e. 

The joint may fail by tearing the cover plates along e-e, or by the 
crushing of the rivets in the covers. 

Let t\ = thickness of each cover. 

The resistance to tearing of the covers along e-e must be equal to 
the pull on the member, or 

(14^ — 4 x X 7 = 70 tons 

from which t l = 0’4G, say 0*5 inch. 

Since the combined thickness of the covers is greater than the 
thickness of the member, the bearing resistance of the rivets in the 
covers will be greater than the bearing resistance in the member, and 
failure would not occur by crushing of the rivets in the covers. 

Examples of such joints applied to the ties of lattice girders will be 
found in Fig. 210. 

Riveted Connections subject to Bending Stresses. —Suppose, in Fig. 82, 



a cantilever L inches long to be loaded at its outward end with W tons ; 
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Then the bending moment at the connection of the cantilever with its 
support = WL inch-tons. 

This bending moment tends to produce a rotation about a hori¬ 
zontal axis perpendicular to X-X, and subjects the rivets along the 
section Y-Y to a horizontal shearing stress, in addition to the vertical 
stress due to the vertical shear at the section. The moment of the 
horizontal shearing stresses in the rivets along Y-Y about the hori¬ 
zontal axis through X-X, must equal the bending moment at the 
section. The moment of inertia of rivet c about the axis through 
X-X = I 0 + ay 2 , 

where I b = moment of inertia of the rivet section about its longi¬ 
tudinal axis. 

a — area of cross-section of rivet in shear. 
y = distance of centre of cross-section of rivet from the axis. 

Since I 0 is very small compared with aif , the moment of inertia 
may be considered equal to ay 2 . 

The sum of the moments of inertia of the system of rivets will 
then— 

= 2 a\f = a (if + y? + y.f etc.; 

Let f t = maximum horizontal shear stress in outermost rivet 
y = distance of centre of that rivet from the axis. 

Then the moment of resistance of the system of rivets 

= j + y? + y-f etc.). 

Therefore the bending moment at the section must 

= B.M. J^(f + y? + yf etc.), 

y 

from which the maximum horizontal shearing stress in the rivets is 
obtainable. The vertical shear will be equally distributed amongst the 
rivets. 

Let f h = the maximum intensity of horizontal stress. 

/. = the intensity of vertical stress. 

Then the maximum stress on the rivets will be the resultant of /*, 
and/. = 

The bending moment also produces tension in the rivets above 
X-X, in the other plane of the connection. 

Then B.II. = M.R. = f ^(f + y? + yf etc.). 

Example 17. —Let the span of the cantilever he 5 feet, and the load 
2 tons. 

The bending moment at the connection 

= 5 x 12x2 = 1 20 inch-tons. 

Assume a depth of 21 inches for the beam, and let it be connected 
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by two angle irons to the support. The moment of resistance of the 
seven rivets of ~ in. diameter along the section X-X, Fig. 83. 

Since the rivets are in double shear, the area a will be equal to 
twice the area of the cross-section of a £-in. rivet = 2 x 0*6 = 1*2 
sq. in. 

Then B.M. = M.R. to shearing. 

f, = 3*57 tons per sq. in. 

Let f h = maximum intensity of bearing stress on the rivets. 

(h = the bearing area of one rivet. 

/ = thickness of web plate. 

Then a x = t x \ in. 

The moment of resistance to bearing of the line of rivets will 

-/. x», x •»(»;+«!«:) 


Let the thickness of the web plate = £ in. 

Then a x = jj x | = 0*33 sq. in. 
Again B.M. = M.R. to bearing 


120 =/» X 0-33 X 2 ( 


3 - + 6 2 + 9 2 ^ 


:.f b = 12*9 tons per sq. in. 

This is in excess of the safe bearing stress, and either more rivets 
must be used or the web plate thickened to give a greater bearing area. 
Suppose a second line of rivets be used, Fig. 83, 


then M.R. = f b x 0*33 x 2^ : 


3 2 + 6 2 4 - 9 a + (£) 2 + ( f ) 2 + 
9 


)■) 


/. 120 =/ 6 X 14*48 

and fb = j jTj- = 8'28 tons per sq. in. 

This stress would only occur on the two 
extreme rivets, and may be safely adopted. 

The addition of the second row of rivets 
will decrease the horizontal shear stress in the 
outermost rivets to 2-36 tons per square inch. 
The total maximum shear in the rivets 



- +/•■ = sj\*vst + (~ Fi )' 

= 2*862 tons per sq. in. 
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The uwment of resistance of the rivets along the lines Y-Y 

S a + 6 2 + \)-\ 




=/, X a X 41 

B.M. = M.R. + 

120 =/,x 0-6 x 4U- - b + -j 


ft = 3*57 tons per sq. in. 

t.e. the maximum tension on the rivets is much below the safe working 
stress, and a reduced number might be safely adopted. Only the 
rivets in the upper half of the connection are stressed under the bend¬ 
ing action, the bearing of the back of the bracket against the column 
relieving the rivets in the lower half of the longitudinal stress. All 
the fourteen rivets are subject to a slight vertical shear stress of mean 

intensity = ^ = 0*24 ton per square inch, so that the actual 

maximum intensity of stress will be slightly in excess of 3*57 tons per 
square inch. 

Example 18.— Design of Floor for Warehouse.— Suppose the out¬ 
line in Fig. 84 be the plan of a floor of a warehouse for which a design 

is required. 

The first consideration is the 
kind of floor to be adopted ; 
whether fireproof or not. It will 
be supposed that a fireproof floor 
is not required, and an ordinary 
timber floor supported on steel 
beams is decided upon. 

Let the estimated live load on 
the floor be equivalent to a dead 
load of cwts. per square foot 
of floor area. The dead load may be 
determined as the design proceeds. 

A suitable covering for the floor 
would be in. flooring secured to 
11" X 3" timber joists spaced at 
1' 0" centres. The span of the floor 
joists will be determined by their 
depth. For stiffness the span should 
not exceed 10 times the depth ; 
therefore the maximum span will be 
10 x 11" = 9' 2". The arrangement shown in the figure makes the 
maximum span 8' 0", or 8-6 times the depth of the joists. 

Stress in Timber Floor Joists. —Each floor joist supports an area of 
floor = 1J' x 8' = 12 sq. feet. Load on each joist— 

1 *5 

Weight of flooring = 12 x ]2 x 35 = 52*5 lbs. 



Fig. 84. 


... 11 x o 

one joist = X 8 


Live load = 12 x l£ X 


112 


X 35 = G2'5 
= 2016 


Total distributed load = 2131 „ 
say = 19 cwts. 
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Weight of timber has been taken as 35 lbs. per cubic foot. 

nip 

Max. B.M.= u - 

o 

_ 19 X 112 X 8 X 12 
8 

= 25,536 in.-lbs. 

3 X 11 X 11 

Modulus of section of joist =- - - 

= GO* 5 

2 j 536 

Maximum stress in the timber = —— = 422 lbs. per sq. in., 

which gives a factor of safety of about 10. The timber joists in the 
offset bay having less span would be stressed to a less extent, but for 
uniformity 11" x 3" joists would be adopted throughout. 

Let the working stresses for the steel beams be— 

f t (tension or compression) = 7 tons per sq. in. 
f t (shear intensity) not to exceed 3 tons per sq. in. 

Primary Beams, a , 13' G" long .—The maximum loading for these 
beams would be as shown in Fig. 85. 

Reaction from each timber joist = 0*5 cwts. 

Load at each bearing =10 „ 

Reactions = 85*5 „ 

Maximum B.M. (at centre) 

= 85*5 X 6*75 - 10(1-5 + 3 + 4*5 + 6) 

= 292*125 ft.-cwts. 

= 175-275 in.-tons. 

175*275 

Modulus of section required = —^—- 

= 25*04 


The depth of the section is controlled by the allowable deflection, 
which may be taken in this case ******** 
as :^ fT of the span. The depth *1/vl ,v\ m*I,vI,vI 
from Table 26 would require to f * "" j 

be about ^ of the span, since the (,_ /5 v_J 

loading approximates very nearly „ QPt 

to a distributed load. I0, 

Min. depth = l!^- 12 = 7 in. 
v 23 


Referring to a list of properties of beam sections, it is found that an 
8" x 6" x 35 lbs. section has a modulus of section 27*649, also a 
10" x 5" x 30 lbs. section has a modulus of 29*137. The 10" x 5" 
beam would be stiffer than the 8" x 6" beam and there would be a 
saving in weight by adopting that section. 

The dead load of the beam = 30 x 13*5 = 405 lbs. 

Total reactions would then = 85*5 + 1*7 = 87*2 cwts. 
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Allowing for this extra dead load the modulus of section required 
would be increased to 25*51, but still remain below that of the beam. 

Area of the web of beam = 0*36 x 8*8 

= 3*1 G8 sq. in. . 

Average shear on web = 8 . ] |y^2 0 

= 1*37 tons per sq. in. 

The web is therefore strong enough to resist the shear. 

Primary Beams, b , 12' 0" long (Pig. 86). —The load at each bear¬ 
ing of joists will be as in the previous case = 19 cwts. 

Reactions = 76 cwts. 

Max. B.M. (at centre) = 76 x 6 -19 (0*75 + 2*25 + 3*75 + 5*25) 
= 328 ft.-ewts. 

= 136*8 in.-tons. 

136*8 

Modulus of section required = —^— 

= 1954 


A beam 8" x 5" X 28*02 lbs. section having a modulus equal to 
22*339 would be strong enough, but the difference in weight of an 


******* *C*$. 

T *11 ,-< *l '«*! <y 1 . 

U- iz' -* 

Fig. 86. 


174 4 174-4 174 4 cwh. 



Fig. 87. 


8" x 5" and a 10" x 5" section is only 1*97 lbs. per foot, and so for 
uniformity the 10" x 5" x 29*99 lbs. section would be adopted. 

Weight of beam = 3*2 cwts. 

Total reactions = 77*6 cwts. 

Shear on web = 1*2 tons per sq. in. 

Beams , d (Fig. 87).—Reaction from each primary beam a = 87*2 
cwts. 

Load at each bearing = 174*4 cwts. 

Reactions = 261*6 cwts. 

Max. B.M. (at centre) = 261*6 x 16 -174*4 x 8 
= 2790*4 ft.-ewts. 

= 1674*24 in.-tons. 

Modulus of section required = —^ — = 239*18 

32 x 12 

Min. depth = : —— = 16*7 in., say 17 in. 

No standard beam section has the required modulus. A broad 
flanged beam 20" x 12" (nominal size) x 138 lbs. having a modulus of 
section of 272 might be adopted. 

Weight of beam = 1*97 tons. 
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Bending moment at centre due to weight of beam 
_ 1‘97 X 32 X 12 


8 


= 94-56 in.-tons. 


Total B.M. at centre = 1674*24 + 94*56 
= 1768*8 in.-tons. 

Modulus of section required = —*=252*7 

The 20" x 12" beam is therefore strong enough to resist the bending. 
Area of web = 16*5 X 0*76 = 12*54 sq. ins. 

Total shear = 14*065 tons. 

Average shear on web = 11 tons per sq. in. 

Beams ,/ (Fig. 88).—Reaction from each primary beam = 77*6 cwts. 
Load at each connection = 155*2 
cwts. o' j A 

Reaction = 232*8 cwts. ( I 

Max. B.M. (at centre) X_ 32 -- 

= 232*8 X 16 -155*2 X 8 Fig 88 

= 2483*2 ft.-cwts. 

= 1489*92 in.-tons. 


135 2 1552 cwb 

* | *' 


=*=n 

— — -*■ 


Modulus of section required = = 212*86 

Min. depth of beam = 17 in. 

A 24" X 7^" X 100 lbs. beam has a modulus = 221*231 
Weight of beam = 1*43 tons. 

Max. B.M. due to weight of beam = - - -- X X 

o 

= 68*64 in.-tons. 

Total max. B.M. = 1489*92 -f 68*64 
= 1558*56 in.-tons. 

Modulus of section required = —= 222*65 


This is slightly in excess of the modulus of a 24" x 7J" beam, but as 

the maximum stress would only be == ' ^ tons P er8( l uare inch, 

this section may be adopted. K49 * 4 $ 

Total reactions = 12*355 tons. 1 *' t • 1 *' 

Area of web = 9*6 sq. ins. t - 1 -- 1 1 .l l 

Average shear on web = 1*28 tons 1-- sz - A 

per sq. in. fig. 89< 

Beam ,, e (Fig. 89) — 

Reaction from each primary beam b = 77*6 cwts. 
ft *t »* a ~ 84 2 ,, 


ft 


Load at each connection =164*8 



130 


STRUCTURAL ENGINEERING 


Reactions = 247*2 cwts. 

Max. fi.M. (at centre) = 247*2 X 16 -164*8 X 8 
= 2636*8 ft.-cwts. 

= 1582*08 in.-tons. 

. , 1582*08 __ ™. A1 

Modulus of section required =-r.-- - b 1 

Min. depth = 17 in. 

A broad flanged beam will again be suitable ; 19" x 12" X 128 lbs 
has a modulus of 244. 

Weight of beam =1*83 tons. 

1*83 x 52 x 12 

Max. B.M. due to weight of beam = —- - - 

= 87*84 in.-tons. 

Total B.M. = 1582*08 4- 87*84 
= 1669*92 in.-tons. 

. . 1669*92 

Modulus of section required = —; 


= 238*56 


it 


MS 6 *4$ 6 c ** 

1 7 6 * 1 7«* 

I X Z= 


- 22 6 - 

Fig. 90. 




which is less than the modulus of the beam. 
Total reactions = 13*275 tons. 

Area of web = 10*35 sq.-in. 

Average shear on web = 1*3 tons. 
Beams , g (Fig. 90).— 


in v 7*5 

Load on floor joists in offset =---= 17*8 cwts. 

o 

Total load on each primary beam = 17*8 X 8= 142*4 cwts. 

12 X 30 

Weight of each primary beam = —y— = 3*2 cwts. 

142*4 4- 3*2 

Reaction from each primary beam = --= 72*8 cwts. 

Load at each connection = 145*6 cwts. 

Reactions of beam g = 145*6 cwts. 

Max. B.M. due to loads (between loads) = 145*6 x 7*5 

= 1091*6 ft.-cwts. 

= 654*96 in.-tons. 

. , 654*96 

Modulus of section required = 

Say 18" x 7" X 75 lbs. with modulus of 127*7. 

Weight of beam = 0*75 ton. 

^ „ , . . * , 0*75 X 22*5 x 12 

B.M. due to weight of beam =-g- 

= 25*31 in.-tons. 

Total B.M. = 25*31 4* 654*96 
= 680*27 in.-tons. 

680*27 

Modulus of section required = —^— = 97*18 

Total reactions = 7*655 tons. 

Area of web = 8*8 sq. in. 

Average shear on web = 0*87 ton per sq. in. 


= 93*56 
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Beam h (Fig. 91).— 

Reaction from beam /= 12*355 tons. 
Reaction from beam g = 7*655 „ 

Total load at connection = 20*01 „ 


20*01 2<HH fbtts. 
•2 1 !2 1 n * 


Reactions of beam h = 20*01 ,, 

Max. B.M. due to loads (between loads) 


Modulus of section required 
Minimum depth 


Fig. 91. 


= 20*01 X 12 
= 240*12 ft.-tons 
= 2881*44 in.-tons. 

2881 ’ 44 = 411*64 


7 

36 X 


12 


23 


= say 19 in. 


A compound girder, composed of two 20" x 7|" rolled joists, with 
one 16" x I" plate riveted on each flange, has a modulus of 460. 

Weight per foot length of girder = 252 lbs. 

Total weight of beam = 4*05 tons. 


„„ a l • w r x 4*05 x 36 x 12 

B.M. due to weight of beam =-^- 

= 218*7 in.-tons. 

Total max. B.M = 2881*44 -f 218*7 
= 3100*14 in.-tons. 

Modulus of section required = = 442*9 

4*05 

Total reactions = 20*01 H—^ = 22*035 tons. 


Area of webs = 21*6 sq. in. 

Average shear on webs =1*02 tons per sq. in. 


Pitch of rivets in flanges. 

Number of rivets required per foot (see Example 13) 


= R (R = 3 tons for rivets) 

_ 12 x (16 x f) X 10^" x 22*035 
4888 X 3 

= 1 *9 rivets diar. 


As the pitch should preferably not exceed 6 inches, a 6-inch pitch 
will be adopted. 

Connections .—To avoid having too great a depth of floor the beams 
must be fastened together by web connections. A suitable arrange¬ 
ment is shown in Figs. 92 and 93. 

The theoretical requirements for resisting the shear only have been 
exceeded to add lateral stability to the connections. For example, at 
the connections of the beams / to the girder A, the theoretical number 
of $ in. rivets in double shear required through the web of beams/ 






132 


STRUCTURAL ENGINEERING 

_ vertical shear 

— resistance of one rivet 

_ 12-355 . , , 

= —= (say) 4 for shear. 

For bearing = 8 x 7 5 = (8ay) 4 



Fig. 92. 


Number of rivets required through the web of girder h in single 
shear 


= for shear 1 2 ff = (say) 6 



Fig. 93. 

Bearing on Walls .—The length of bearing on walls should not be 
less than the depth of the beam, and a minimum length of 8 inches 
should be allowea for beams of less than 8 inches in depth. Suppose 
stone templates be used under the ends of all beams resting on walls, 
and the safe-bearing pressure on such templates be 15 tons per square 
foot. Dividing the reactions of the beams by 15 will give the bearing 
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area required, and again dividing by fche flange width the required 
length of bearing is obtained. In each case of the present example, 
the length of bearing required by such calculation will be less than the 
depth of the beam, and therefore the bearing lengths will be made 
equal to the depths of the beams. 

Angle runners are riveted to the girder h for supporting the ends 
of the timber joists. 

Beams under the Action of Non-parallel Forces.— In the foregoing 
discussion on the resistance of beams all the loading forces have been 
acting parallel to one axis of the beam section, but cases frequently 
arise in which the forces are not all parallel, and the distribution of the 
stress on the section is then materially altered from that in the 
previously considered beams. 

Suppose a beam, the section of which is shown in Fig. 93a, be 
simply supported at the ends and be acted upon by two forces F and ¥ x 
acting in the directions 

indicated. The force F Ip Ip 

deflects the beam in a A J B A T B A | B 

downward direction and WjJjjjJ j \ 

produces compressive stress F, Y^k N_A | 

m the material along the " I 

top side AB and tensile I 

stress along the lower side COCO C D 
CD. Likewise the force (oj (b) W 

1 1 deflects the beam side- „ 

ways, causing compressive 

stress along the side AC and tensile stress along the side BD. At the 
corner A both forces create compressive stress, whilst at the corner B 
the forces induce stresses of opposite sign. The maximum compressive 
stress will evidently occur at A and be the sum of the stresses induced 
by the two forces. The stress at B will be the algebraic sum of the 
compressive and tensile stresses caused by the different forces and may 
be either compressive or tensile, depending on the comparative 
magnitudes of F and Fj and the resistances of the section about its 
vertical and horizontal axes. Similarly the maximum tensile stress will 
occur at the corner I), and the stress at C may be found by summing the 
compressive and tensile stresses as at B. 

Example.— A green-heart beam 14" deep , 6" wide mid 10 feet span 
is simply supported at the ends and loaded with a vertical load of 10 cu ts, 
per foot run and also a horizontal load of 3 cwts. per foot run. Find the 
factor of safety if the ultimate skin stress of yreenheart be assumed equal to 
174 cwts.per square inch . 

Referring to Fig. 93a, the vertical load corresponds to the force 
F and the horizontal load to the force Y v 

The maximum bending moment produced by F 

10 cwts. X 10 X 120 in. 


At the 


The modulus of section resisting this bending = 


6 x 142 
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Therefore the maximum skiu stress produced by F 

10 X 10 X 120 6 . . . 

=--- X --—r = ± 7*6 cwts. per sq. m. 

8 6 X 14 2 r ^ 

By the same method of calculation the maximum skin stress pro- 

j jut? 3 X 10 X 120 6 . r , 

duced by =- - - X — = ± 5*3 cwts. per sq. in. 

The maximum stresses produced by the combined forces are :— 

compressive at A = -f 7*6 4* 5*3 = -f- 12*0 cwts. per sq. in. 

tensile at D = — 7*6 - 5 3 = — 12*1) „ „ 

174 

Factor of safety = = 13 5 

The stress at B = 4-74) cwts. per sq. in. induced by F 

”■ » » »» ^ i 

+ 2-3 „ „ „ F and Fj 

The stress at C = — 2*3 cwts. per sq. in. 

The maximum shearing stresses at the ends of the beam are the 
resultants of the stresses produced by the loads separately. The average 
shearing stress at the ends in the foregoing example 


Vi!)* 4. 32 


X 10 X 


14" X 0" 


— 0*62 cwt. per sq. in. 

The reactions at the ends of the beam have horizontal components 

3 cwts. x 10 . . 

-7;-= 15 cwts., and provision must be made for these re¬ 


actions in securing the ends against lateral displacement. 

Where considerable horizontal loading of a beam occurs, as in the 
above example, the necessary width of the beam should be determined 
in a similar manner as for the depth, as explained on page 116. 

The loading forces on beams may be inclined to the principal axes 
of the section, as in the case of the dead load on the roof purlins in 
Example 35 ; but such forces can be resolved into components normal to 
the principal axes of the section and the components treated as separate 
loads corresponding to the loads in the foregoing example. 

Combined Bending and Direct Stresses.—The weight of individual 
members of framed structures, or loads imposed on such members 
between the panel points, may produce considerable bending stresses in 
the material in addition to the stresses resulting from the panel point 
loading. With perfectly designed connections the direct stresses arising 
from the frame loading are distributed equally over the cross section of 
the member, but any bending stresses there may be will vary in 
intensity and sign about the neutral axis of the section. Combining 
the direct and bending stresses will result in producing a maximum 
intensity of stress greater than the direct stress alone. The distribution 
of stress on any cross section can be obtained by calculating separately 
the bending and direct stresses and summing them algebraically. 

The effect of secondary bending in compression members will be 
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more fully treated* in a subsequent chapter. In tension members 
secondary bending stresses often restrict tne length of such members, 
and in some cases make it advisable to introduce redundant members to 
reduce the effect of the bending action. (See example of roof principal, 
page 335, in which such a member is employed from the ridge to the 
middle tie.) 

Improperly designed end connections are often a source of bending 
in members that otherwise would be free from bending. For the stress 
to be equally distributed over the cross section of a member of a frame, 
the rivets in the end connections must be distributed symmetrically 
about the line through the centre of gravity of the section. 



Fig. 93b. 

In Fig. 93 b (a) the tension member T is connected to other 
members of the frame by means of rivets and a junction plate C. The 
calculated number of rivets required is, say, five. If disposed as in (a) 
their combined resultant line of action falls to the right of the centre 
line of the member and will produce a downward bending action and 
resulting bending stresses in the member. The bending moment 
produced is equal to the total force on the member as found from the 
frame calculations multiplied by the eccentricity of the line of action of 
the rivets from the centre line of the member. The bending stresses 
can then be obtained as in previous beam examples, and the maximum 
stress on the member derived by summing the direct and bending 
stresses. If the rivets be redistributed as in ( b ) there will be no bend¬ 
ing on the member, which will then have only the direct frame force to 
resist. 

Machine frames, crane hooks, etc., in which the member itself is not 
straight throughout its length, are other examples in which secondary 
bending stresses play an important part, and must be taken into con¬ 
sideration when designing such structures. 




CHAPTER V. 


COLUMNS AND STRUTS. 

Structural members which are exposed to compressive stress in the 
direction of their length are classed generally as columns or struts, 
the term column, pillar, or stanchion being more usually applied to the 
main uprights of framed buildings, whilst compression members of 
girders and trusses are referred to as struts. The practical design of 
compression members, especially those in which the length is great 
compared with the cross-sectional dimensions, is relatively a more 
difficult problem than is the case with the majority of structural 
members, since theory does not furnish so reliable a guide and con¬ 
siderable judgment and experience are very essential. 

The mathematical theory regarding the strength of columns has 
been ably and thoroughly developed by numerous investigators. It is 
based, however, on various assumptions which are never realized in 
practice, and the absence of one or more of these assumptions 
materially affects the capability of resistance of the column. The 
assumptions made in regard to the ideal or theoretical column are as 
follow:— 

1 . Perfect straightness of the physical axis. 

2 . The load is considered as a purely compressive stress acting along 
the axis of the column, or, in other words, centrally applied. 

3. Uniformity of cross-section. 

4. Uniform modulus of elasticity of the material of which the 
column is constructed, throughout the whole length of the column and 
over every part of any cross-section. 

It is sufficiently difficult sensibly to realize these conditions in a 
carefully prepared and mounted test column, whilst it is certain that 
all practical columns and struts fail to comply with at least one and 
usually more than one of these conditions. Considerable discrepancy, 
therefore, exists between the theoretical strength of a column as 
deduced from mathematical considerations and the practical strength 
obtained by methods of testing, or from the observation of columns 
which have failed in situ. It is important, however, to bear in mind 
the above conditions, since the degree in which they are realized in any 
particular column furnishes a valuable aid to judgment in deciding to 
what extent the mathematical theory may be relied on. 

The material employed and method of manufacture largely influence 
the degree in which a practical column will tend to realize the above 
conditions. No material, however carefully manufactured, is perfectly 
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uniform in structure and elasticity, although a very high degree of 
uniformity is realized by modern methods of manufacture in the case 
of mild steel, and too much emphasis has frequently been laid upon 
the variable nature of the material in accounting for the discrepancies 
between theory and practice. In the case of wrought iron and mild 
steel the effect of cold straightening is to locally strain the material 
beyond the limit of elasticity, with the result that the stiffness of the 
fibres overstrained in tension is considerably lowered as regards resist¬ 
ance to compressive stress, and the fibres overstrained in compression 
are affected similarly as regards their resistance to tensile stress. Per¬ 
manent internal tensile and compressive stresses are thus set up in the 
material, the effect of which is by no means insignificant. Conclusions 
regarding the resistance of columns, deduced from experimental tests, 
may further be materially affected by the previous history of the 
material. The following instances of the influence of history of 
material have been given by the late Sir B. Baker in the case of 
experiments carried out on solid mild steel columns, thirty diameters 
in length, showing that the resistance varied according to previous 
treatment, as follows :— 

Tons per sq. in. 


Annealed.14*5 

Previously stretched 10 per cent. . . 12-6 

„ compressed 8 „ . . 22 T 

„ „ 9 „ . . 28*9 

Straightened cold.11*8 


The general adoption of machine riveting in the case of built-up 
members is another frequent cause of local initial stress, as well as of 
initial curvature. The effect of riveting up an assemblage of plates 
and bar sections is to cause the various bars to stretch and creep past 
each other in different degrees. This is most marked where light and 
heavy sections are adjacent to each other, the lighter sections being 
more severely stretched during riveting than the heavy. In symmetrical 
sections, the camber caused by riveting down one side of a long member 
will be sensibly neutralized by riveting along the opposite side, so that 
the finished member may be apparently straight, but the ultimate effect 
will be the creation of initial local stress in the material. In the case 
of unsymmetrical sections, permanent curvature or waviness in the 
direction of length with unavoidable occasional twisting results from 
the process of riveting, and these effects are difficult to minimize, 
however carefully the work may be executed. Columns of cast iron or 
cast steel are not subject to defects caused by riveting, but are influenced 
by the usual hidden defects inherent to all castings, as well as by initial 
stresses set up by unequal contraction. Hollow cast columns are espe¬ 
cially liable to irregularity of cross-section due to the core getting 
slightly out of centre during casting, which defect will be more marked 
if the column be cast in a horizontal or inclined position. 

In Fig. 94, let AB represent a hollow circular column having 
irregular horizontal cross-sections as indicated. The geometrical axis 
is the straight line AB, which, in the absence of defects of material 
and irregularity of cross-section, would be assumed to be the true or 

F 2 
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physical axis of the column. In such a case the line of application AB 
of the load would coincide everywhere with the physical axis of the 
column, and the resulting stress on every cross- 
section would be purely compressive, with no 
tendency to bend the column. Further, if the 
physical axis of a long column were a perfectly 
straight line, it would be possible to apply a 
steadily increasing central load until the column 
failed by direct crushing of the material. In 
Fig. 94 the centres of gravity of the irregular 
cross-sections occur at the points a , £, c , etc., and 
these being transferred to their corresponding 
positions a\ b\ c\ on the elevation, the physical 
axis of the column becomes the curved line 
A a! b' c' . . . B. This alteration in outline of the 
physical axis is due only to the considered defects 
of cross-section, but it will be borne in mind that 
non-uniformity of elasticity of the material and 
initial camber may still further modify the posi¬ 
tions of points a', b\ c\ etc. The above defects 
are, in any practical column, quite unknown 
quantities, so that it is impossible to state with 
accuracy to what extent the physical axis does or 
does not coincide with the geometrical axis. 

* The resulting effect of this deviation of the 

Fig. 94. physical axis from the geometrical axis is that at 

cross-section No. 1 there is acting a direct com¬ 
pression = P, and also a bending moment = P x «T. At cross-section 
No. 2, a direct compression = P and a B.M. = P x b’2 , and so on. It 
is the presence of this bending moment which determines the tendency 
of the practical column to yield towards one side or the other, depending 
on the outline of the physical axis. The points a, b, r, etc., may be 
termed the centres of resistance of the various sections, being understood 
to represent the points through which the resultant compression should 
act in order to create uniform intensity of compression over the whole 
cross-section, after making allowance for defects of form of cross-section 
and variable elasticity of material. It follows that simple compression 
on every cross-section of a column might only be ensured if the line of 
action of the load coincided with the physical axis. Since, however, 
the line of action of the load is a straight line and the physical axis 
a curved or wavy line, it is practically impossible for any column not 
to be subject to more or less bending moment at several sections 
throughout its length. 

Method of Application of Load. — In practice, relatively few 
columns have the load centrally applied. In Fig. 95, A, a girder 
carrying similar loads over two adjacent equal spans will impose a 
resultant central load on the column. At B, two unequally loaded 
girders connected to opposite sides of the same column will impose a 
resultant load on the column, the line of action of which may be con¬ 
siderably out of coincidence with the axis of the column. At C, the 
load on a girder attached to one face of the column will impose a still 
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more eccentric load. This may be modified, as at D, by employing 
two girders, 0, G, instead of one, and carrying them on brackets 
placed centrally on opposite faces of the column. This arrangement, 
although more satisfactory theoretically, is often inconvenient in 



Fig. 95. 


practice, since it multiplies and complicates the connections, and inter¬ 
feres with the arrangement of other members meeting on the same 
column. In the case of compound columns built up of two or three 
girder sections with tie-plates or lattice bracing as at E, the line of 
application of the load becomes more difficult to define. Such columns 
generally carry vertical loads \V„ W 2 , and W 3 , due respectively to roof 
weight and the loads handled by travelling cranes, whilst they are 
further subject to bending moment caused by the horizontal wind 
pressure P acting on the roof slope. The manner in which the 
resultant load is shared by the three columns at any horizontal sec¬ 
tion ss, will depend largely on the strength and rigidity of the bracing. 

A further small amount of additional bending moment is caused by 
the deflection of the column itself. In Fig. 96, the straight line AB 
represents the original axis of the 


column before the imposition of the A JP 
load. If a load P be applied at a t j 
small eccentricity e, the resulting B.M. j\ j 
will be P X e, which will cause a /] . 
small deflection of the column indi- I ! I 


cated by d. The ultimate B.M. at 
the central section of the column, 
after it has reached a state of equi¬ 
librium, will then bePx(« + 4 In 



most practical cases, the deflection ^ 
being very small, the additional b 
moment P X d, due to that deflection, Fig. 96. 



B 

Fig. 97. 


may be neglected. The jibs of cranes 

and long horizontal or inclined struts in large bridge girders are 


subject to additional deflection caused by their own weight, which still 


further increases the B.M. upon them. Thus in Fig. 97 the straight 
line AB represents the axis of a crane jib when in an unstrained 
condition. An appreciable amount of sag will be caused by the dead 
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weight of the jib, due to its inclined position, which will cause it to 
assume some curved outline, as shown by the full line curve. When 
lifting a w r eight W, the pressure on the jib due to the tensions W, W, 
in the chain will augment the deflection, so that the axis of the jib 
takes up some new position indicated by the dotted curve. A similar 
action takes place in all horizontal and inclined structural members 
subject to end thrust. 

From the above remarks it will be apparent that the manner in 
which the compressive load affects a column or strut is more complex 
than is usually the case with tension members, and cannot be dismissed 
by the assumption of a simple compressive stress acting at every 
cross-section. 

Methods of supporting or fixing the Ends of Columns.—Whilst 
the above remarks apply to any column irrespective of the way in 
which its ends are supported, the manner of support or attachment of 
the ends of a column to adjacent members of a structure, greatly 
influences the load that the column will safely carry. Four well- 
defined methods of end support are easily recognized. These are 
indicated diagrammatically in Fig. 98. 

The column at A is said to be hinged or pin-ended, and under the 
load deflects in a single curve. B illustrates a fixed-ended column which 
under the load is constrained to deflect in a 
treble curve with points of contra-flexure at 
P and Q. In column C the lower end is 
fixed and the upper end hinged or rounded, 
the deflection causing a double curvature 
with one point of contra-flexure at P. In 
cases A, B, and C the upper end of the 
column is supposed to be situated vertically 
over the lower end, and to be incapable of 
lateral movement, so that on deflection the 
upper end becomes slightly depressed along 
the vertical line. Fig. 98, D, represents a 
column fixed at the lower end, but free to 
move laterally at the upper end when de¬ 
flection under the load takes plaee. Such a 
column will obviously bend in a single curve, and its behaviour will be 
sensibly similar to one-half of the round-ended column at A, as may 
be indicated by drawing in a similarly deflected lower half shown by 
the dotted line. 

In practice, so-called round-ended columns are constructed by 
forming the ends to fit on round beaiing pins or in hollow curved 
sockets. Examples of these occur in crane jibs and in the struts of 
pin-connected girders—a type very frequently adopted in American 
practice. With regard to “pin-ended” columns, Mr. J. M. Moncrieff, 
M. Inst. C.E., remarks, “ It is quite useless to theorise with the view 
of showing their superiority to round or pivot ends, owing to the fact 
that their behaviour under load, even in a testing machine, depends 
very largely on the closeness of the fit between pin and hole, upon the 
smoothness or otherwise of the bearing surfaces, upon the diameter of 
the pin in relation to the radius of gyration (of tne column section), 
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and upon the presence, either accidental or premeditated, of a lubri¬ 
cating medium.” 1 

In actual practice, a truly fixed-ended column seldom, if ever, 
exists. Fixity of ends implies that the ends are so firmly held that, on 
bending, the portions EP and FQ of the column in Fig. 98, B, remain 
strictly tangent to the straight line EF. This is only possible where 
the head and foot of the column are so rigidly held, or attached to* 
adjoining portions of a structure, as to be absolutely immovable laterally 
—a condition difficult to realize in experiments with a testing machine, 
and still more difficult of realization in practical structures. The 
nearest approach to a fixed-ended column in practice is probably 
exemplified in the case of the lowermost portion of a heavy column in 
a framed building. The foot is secured to a heavy foundation block 
of concrete sunk a considerable distance into the earth, and the head 
secured to relatively heavy and rigid girders supporting the first floor 
of the building. Even this, however, is not a truly fixed-ended 
column, since the girders, no matter how rigid they may be, must 
deflect to some extent under their load, and so permit of slight move¬ 
ment of the head of the column, whilst the whole building is subject 
to lateral movement due to wind pressure. The appearance of a 
column, either on a working drawing or in situ frequently gives a very 
false impression of its fixity. It is a commonly claimed advantage for 
riveted connections in structural work that the compression members 
are constrained to act as fixed-ended columns. This is in many cases 
a quite erroneous assumption, since the degree of approximation to fixity 
of ends depends entirely upon the relative stiffness of the column and 
the other members of the structure attached to it, and the estimation 
of this degree of fixity demands very careful consideration on the part 
of the designer. The following two cases cited by Mr. Moncrieff are 
instructive and suggestive. In Fig. 99, assumd a series of stiff gantry 




girders 2 ft. deep by 10 ft. span, riveted securely to the heads of 
columns 30 ft. high, firmly braced together to preserve their verticality. 
Assume also that the foundation blocks on which the columns rest are 
very rigid, that the columns have large well-bolted bases, and that the 
ratio of length to radius of gyration of these columns is very large, 
and the columns, therefore, slender in proportion. Then the impo¬ 
sition of load on any span will cause deflection in the girder, and the 
ends of the girder will deviate from the vertical to a slight degree, but 
the relative stiffness of the girders themselves, as compared with the 

1 Transactions Am, Soc, C.E; vol. xlv. p. 868. 
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column, being high, the approximation to ideal fixity of ends would, 
practically speaking, be of a high degree. 

In Fig. 100, let the columns be spaced at 30 ft. oentres, retaining 
the same depth of girder, 2 ft., and merely increasing the girder 
sections to obtain the same value of working unit stress, while 
increasing the radius of gyration of the columns to provide much 
greater stiffness of column. Under these conditions the deflection of 
the girder under load, and consequently the slope of the ends of the 
girders where they are securely riveted to the column heads, would be 
increased largely, and the columns would be subjected to heavy bending 
stresses in addition to their direct load. These columns would be 


much less heavily stressed if they had pin-joint connections to the 
girders, and the apparent fixity of end given by a secure riveted 
connection would actually be accompanied by severely prejudicial 
secondary stresses. 

A distinction requires to be drawn between “ fixed-ended ” and 
“ flat-ended ” columns. The assumption has generally been made that 



these two types of columns act in an 
identical manner, and formulse giving the 
permissible loads for both in one expres¬ 
sion are frequently quoted. This is quite 
erroneous, both theoretically and from 
the evidence of practical tests. In the 
case of a column with flat ends, that is, 
in which the ends are merely kept in 
contact with their bearing surfaces by 
pressure, no tensile stress can be developed 
at the ends, whilst with fixed ends a con¬ 
siderable amount of tension may be 
safely resisted. The two cases are illus¬ 
trated in Fig. 101 . 

Fig. 101 , A, represents a flat-ended 
column in a deflected condition, such 
that compressive stresses are set up at the 
throe sections, 1-1, 2-2, 3-3, of inten¬ 
sities shown diagrammatically by the 
shaded areas. So long as the stress on 
the two end sections is entirely compres¬ 
sive, the ends of the column will remain 
in close contact with the bearing surfaces 
applying the load, and the column will 


Fig. 101. behave in exactly the same manner as a 


fixed-ended column of similar dimensions. 


In such a case any bolts or other fastenings employed with a view to 
fixing the ends of the column will be quite inoperative. Fig. 101 , B, 
represents a fixed-ended column such that compressive stresses of intensity 
ab are set up on the left-hand side of sections 1-1 and 3-3, and the right - 
hand side of section 2 - 2 , and tensile stresses of intensity cd on the right- 
hand side of sections 1-1 and 3-3, and on the left-hand side of section 
2 - 2 . In this case the tension cd at section 2-2 will be resisted by the 
material of the column, whilst the tensile stresses cd at sections 1-1 
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and 3-3 will have to be resisted by the bolts or rivets which connect 
the column with neighbouring parts of the structure. If the con¬ 
necting bolts on the right-hand side of sections 1-1 and 3-3 of 
column B were cut through so as to transform the column into a flat- 
ended column whilst under load, the deflection would immediately 
increase and the column alter its curvature, as indicated by the dotted 
lines. Any increase of the load in column A would attempt to set up a 
state of stress similar to that in column B, but column A being flat-ended, 
and therefore incapable of resisting tension at its ends, would deflect 
or spring further towards the left hand in a similar manner to the 
supposed case of column B with its end connections severed. A 
flat-ended column, although apparently as strong as a fixed-ended 
column, may actually be on the verge of failure by excessive deflec¬ 
tion, if the load be of such a nature as to set np incipient tension 
along one edge of the bearing surfaces. This point is clearly 
evidenced by the results of tests of flat-ended columns made by Mr. 
Christie. 


In actual structures it is not customary to employ purely flat-ended 
columns, bolts or rivets being invariably inserted to make connections 
with the foundation and upper members of the structure. These, 
however, are often employed more with a view to convenience in erec¬ 
tion and to prevent lateral movement of the column, than to specifically 
resist tensile stresses which, under certain conditions of loading, may 
become very severe. It is important, therefore, in designing columns 
on the assumption of fixed ends, to ensure the bolted or riveted con¬ 


nections being sufficiently strong or numerous to resist the above- 
mentioned tensile stress. Fig. 98, D, represents a type of column 
which most commonly occurs in connection with roof designs. 

Fig. 102, A, illustrates the case of a detached roof carried by 
columns fixed to a substantial foundation at F, F. The columns carry 
a vertical load, W, due ^ iw 

to the weight of the w i p 

roof, whilst their upper -[I . 

ends are subject to ap- > j 

preciable horizontal jl j 

movement due to the | a ! B 

wind pressure P. Fig. 

102 , B, is another ex¬ 
ample of this type of £NX\\\V? 

column, supporting an qf f(j \\ r 

“ umbrella or island Fig. 102. 


platform roof. In both 

cases the columns deflect in a single curve. 

From the preceding remarks it will be apparent that no column 
in actual practice is ever subject to a uniform compressive stress per 
square inch, since the bending action in combination with the direct 
loading results in increasing the intensity of compression on the con¬ 
cave or hollow side of the column and in decreasing the intensity of 
compression on the convex side. Further, in cases where the bending 
moment is large compared with the direct compression, the stress on 
the convex side may be tensile instead of compressive. The maximum 
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stress per square inch on the section of a column under given condi¬ 
tions of loading may only be arrived at by a calculation of the bending 
moment as well as the direct compression per square inch. Most of 
the column formulae in general use aim at giving the safe uniform com¬ 
pression per square inch for columns of given dimensions and material. 
Whilst this is the most convenient form in which to use such formulae, 
it should be remembered that the maximum stress on the material of 
the column is usually considerably in excess of the uniform or average 
stress exhibited by the formulae. Consideration will now be given to 
some of the many formulae in common use. 

Radius of Gyration.—Before proceeding to these, it is necessary 
to comprehend what is implied by the term Radius of Gyration of a 
column section. If, for any column section, the moment of inertia 
about any axis be divided by the sectional area, the square root of the 
resulting quotient gives the radius of gyration about that axis. Or, if 


and 


I = moment of inertia 
r = radius of gyration 


A = sectional area 


As an example consider the two sections shown in Fig. 103, A and 
B. A is a girder section of 30 sq. in. area. Section B is a box-section 
having the same over-all dimensions and also the same sectional area. 
For section A, moment of inertia about axis Y-Y = 107*5 in. units. 

Sectional area = 30 sq. in. r = \J ~= 2*3G in. 

For section B, moment of inertia about axis Y —Y = 272*5 in. units. 

/27lF5 

Sectional area = 30 sq. in. r = \/ - - — = 3*01 in. 


Whilst possessing the same sectional area, section B has a decidedly 
larger radius of gyration than section A. The increase in the radius 

of gyration of section B is evi¬ 
dently caused by the altered dis¬ 
tribution of the web section, since 
the flange section is the same for 
both A and B. The radius of 
gyration is thus seen to be de¬ 
pendent on the shape of section or 
distribution of material about the 
axis in question. It will be 
obvious merely from an inspec¬ 
tion of the two sections that B 
would form a stiffer column than 
A, provided equal lengths were taken, and it may be stated generally 
that the radius of gyration of a section affords a relative measure of 
its stiffness to resist a bending or “ buckling ” action such as occurs 
in columns. In order to form an estimate of the actual stiffness of 
a column, the length as well as the radius of gyration of the cross- 
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section must be taken into account. Thus, if a column of section 
B be twice the length of a column of section A, the former will be 
less capable of supporting a given load than the latter, notwith¬ 
standing its greater radius of gyration. In other words, the greater 
length of column B rendering it more slender than column A, will 
more than neutralize the advantage it possesses by reason of its 
greater radius of gyration. If the length of a column be divided by 

the radius of gyration of its cross-section, the resulting ratio - may he 

regarded as a measure of its slenderness. Thus, if a column of section A 
be 15 ft. long, and one of section B be 30 ft. long, then 

for column A, - = 1 - —= 76 

* r 2-36 

and for column B, - = — ^ = 119, 

r 3*01 

or column B is considerably more slender than A, and consequently 
less capable of carrying so great a load. It will be seen presently that 

the ratio - constitutes an important term in all formulae which aim at 

giving the safe or breaking loads for columns. 

In the above example the radii of gyration were calculated about 
the axis Y-Y. They may also be calculated about the axis X-X, or, if 
desired, about any other axis passing through the section. Considering 
the axis X-X of section A, the distribution of material is plainly 
different from that with regard to Y-Y. The moments of inertia 
about X-X and Y-Y will therefore have different values, and since the 
sectional area remains the same whatever axis be considered, the radius 
of gyration will necessarily vary with the moment of inertia. Thus 

Moment of inertia of section A about X —X = 690 in. units. 

Sectional area = 30 sq. in. r about X —X = \/= 4*8 in. 

The previously calculated radius of gyration about Y-Y was 2*36", 
and the significance of the two figures is that a column of section A is a 
little more than four times as stiff to resist bending about the axis X-X 
(or in the plane Y-Y), than about the axis Y-Y (or in the plane X-X). 
If a column is equally free to spring or buckle towards one side or 
another, it will naturally yield in that direction in which it is least stiff, 
or, in other words, it will bend in the plane at right angles to the axis 
about which its radius of gyration is least. Thus, columns A and B 
would both more readily bend in the plane XX than in the plane YY, 
since both have a smaller radius of gyration about the axis Y-Y than 
about X-X. The least value of the radius of gyration for any given 
section is commonly referred to as the Least Radius simply. In many 
column sections the axis about which the radius of gyration is least is 
easily recognized at sight. Such sections as a circle, hollow circle, 
square, etc., have the same radius of gyration about any axis passing 
through the centre. In some built-up sections, notably box sections, 
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as in Types 8 and 9, the radius of gyration may differ appreciably about 
the axes X-X and Y-Y, and it is advisable to calculate both rather than 
hastily assume the axis of least radius from inspection only. It will be 
obvious that the most economical forms of column sections, so far as 
load-bearing capacity is concerned, will be those having equal, or prac¬ 
tically equal, radii of gyration about both principal axes. A built-up 
section may generally be arranged to give this result, although practical 
considerations, with regard to convenience of connections, sometimes 
preclude the employment of such sections. The radii of gyration of 
the elementary rolled sections will be found given in the list of Proper¬ 
ties of British Standard Sections, as well as in most firms’ section books. 
It should be noticed that equal angle sections have the least radius 
about an axis X-X (Fig. 104) passing through the centre of gravity of 
the cross-section, and that they will consequently bend most readily 
cornerwise, or in the plane Y-Y. 

The radius of gyration of compound or built-up sections is readily 
calculated from the given properties of the elementary sections of which 
they are composed. 

Example 19.— To calculate the radii of gyration of the section in 
Fig. 105, about the axes X-X and Y-Y. 

1. About X—X. Obtain from the section book the following 


Y 

Fig. 104. 



Fig. 105. 


properties for a 10" x 6" x 42 lbs. joist. Sectional area = 12*4 sq. 
in. Moment of inertia about X-X = 212. Then 

Mt. of inertia of two joists about X-X = 212 x 2 = 424 

„ „ two plates „ „ = ± x 14(11* - 10 s ) = 386 

Total I of section about X-X =810 
Total sectional area = 2 x 14 x ^ 4- 2 x 12*4 = 38*8 sq.-in. 


and r about X — X = ~~ = 4*57 in. 


38*8 

2. About Y-Y. From section book, 

Mt. of inertia of one joist about y-y = 22*9 

„ „ one „ „ Y-Y = 22*9 + 12*4 x (3£) 2 = 174*8 

„ „ two joists „ „ = 174*8 X 2 = 349*6 

„ „ two plates „ „ = ^ x 1 X 14 3 = 228*6 

To tal I about Y-Y = 578*2 
and r about Y-Y = \J = 3 86 in. 
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The least radius is therefore about Y-Y and = 3*86 in. If desired 
the 7 in. spacing between the joists might be increased in order to make 
the radius of gyration about Y-Y equal to that about X-X. The 
necessary spacing to effect this will be readily found after one or two 
trials. 

The following tables give the sectional area and least radius of 
gyration for the most useful types of built-up columns, the figures 
applying in every case to new British Standard Sections. 


Type 1.—One joist with two or four plates. 


Size of joist. 

Size of 
plates. 

Two plates 

Four plates. 

Sectional 

area. 

r, VY. 

Sectional 

area. 

r, YY. 

in. 

in. 





9X7X50 lbs. 

10 Xi 

24-71 

2-24 

34*71 

2-44 

10 X 8 X 55 „ 

12 X 4 

28-18 

2-66 

40-18 

2-92 

12x8x65 „ 

12 X 4 

31-12 

2-59 

43-12 

2-86 

14 x 8 x 70 „ 

14 X | 

38-09 

304 

55-59 

3-39 

16 X 6 X 50 „ 

12x4 

26-71 

2-50 

38-71 

2-83 

18 x 8 x 80 „ 

14 x § 

41-03 

2-94 

58-53 

3-31 



Type 2.—Two joists with two or four plates. 











Two plates. 

Four plate*. 



Joists. 

D. 

Plates. 














Area. 

r, YY. 

Area. 

r, YY. 


ii 




in. 

in. 






10 

x 

6 

X 

40 lbs. 

7 

14 

X 

4 

37-54 

3-86 

51-54 

3-91 

12 

X 

5 

X 

30 „ 

6 

12 

X 

4 

29-65 

3-29 

41-65 

3*34 

14 

X 

64 

X 

40 „ 

7 

14 

X 

4 

87-53 

3-82 

51-53 

3-88 

16 

X 

6 

X 

60 „ 

84 

16 

X 

4 

45-41 

4-49 

61-41 

4-53 

18 

X 

8 

X 

80 „ 

104 

20 

X 

4 

67-05 

5-60 

87*05 

5-64 

20 

X 

Oi 

X 

65 „ 

84 

16 

X 

i 

54-24 

4-50 

70-24 

4-53 



Type 3.—Two joists with tie-plates or lattice bracing. 


Joists. 

1). 

Area. 

r, YY. 

in. 

in. 



10 X 6 X 40 lbs. 

7 

27-54 

3-75 

12 X 5 X 30 „ 

6 

17-65 

3-16 

14 X 54 X 40 „ 

7 

23-58 

3-68 

16x6 X 50 „ 

8* 

29-41 

4*43 

18 X 8 X 80 „ 

IO4 

47-05 

5-52 

20 x 64 X 65 „ 

4 

38-24 

4-45 


Y 



Y 
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Type 4.- 1 ~Three joists. 



Two joists. 

! One joist. 

i 

1 Area. 

r, YY. 

in. 

in. 



15X6 X 45 lbs. 

15x6x45 lbs. 

; 39-71 

503 

16x6 x50 ,, 

16x6x50 „ 

44‘12 

5*84 

18x6 x55 „ 

16X8X75 „ 

I 54-43 1 

5-67 

18x8 X80 „ 

16x8x75 „ 

J 69-12 

6-19 

22x7 X75 „ 

18x8x80 „ 

1 67-65 

7-11 

24x7^x90 „ 

22x7x75 „ 

1 74-99 

8-11 


Type 5.—Three joists. 


V 



Two joists. 

One joist. 

Area. 

YY. 

r, XX 

in. 

in. 




6x5x25 lbs. 

13x5 X 35 lbs. 

25-00 

— 

3-15 

8x6x35 „ 

15x6 x45 „ 

33-84 

3-96 

— 

9x7x50 „ 

16x6 x 50 „ 

4413 

3-98 

— 

9x7x50 „ 

18x8 x 80 „ 

52-95 

— 

466 

10x6x40 „ 

20x6^x65 „ 

42-68 

— 

5-04 

12x8x65 „ 

24x74x90 „ 

64-71 

— 

6-25 


Type 6.— One joist with two channels. 



j Area, j r , YY. 
| 28-09 | 3-44 


Channels. 


in. 

12x3^x25-25 lbs. 
15x4 X3637 „ 
17x4 x 44-34 „ 
17x4 x 44-34 „ 
15x4 x 36-37 ,. 
15x4 x 36-37 „ 


Joist. 


in. 

15x6 X 45 lbs. 
16x6 X50 „ 
16x8 X75 „ 
18x6 x55 „ 
19x8 X80 „ 
20x6^x65 ,, 


I 36-10 | 

1 4-47 

48-15 

4-80 

42-26 

! 502 

1 44-92 

I 4-13 

! 40-51 

! 4-25 


Type 7.—Two channels with lattice bracing. 



Channels. i 

l). 

in. 

in. 

7x3 x 14-22 lbs. 

34 

8x3 X 1596 „ 

34 

10x3Jx 24-46 „ 

4 4 

12 x3Jx 29-23 „ 

64 

15x4 x 36-37 „ 

74 

17 x 4 x 44-34 „ 

94 


Area | r, YY. 


8-36 ! 

2-77 

9-39 1 

2-73 

14-39 | 

3-37 

17*19 | 

4-27 

21-39 

4*85 

26-08 

5*77 
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Type 8 .—Two channels with two or four plates. Channel box- 
section. 





Two plates. 

Four plates. 


Channels. 

Plates. 

a 









Area. 

r, YY. 

Area. 

r, YY. 

Y 

in. 

in. 

in. 




c cEr 

—I— 

jr*■ 

7X3 

10Xi 

3 i 

18*36 

2-83 

28-36 

2-85 

— D — 

l 


8x3 

10 Xi 

84 

19-39 

2-81 

29-39 

2-84 

1 


9x3i 

12 x i 

<4 

25-10 

3-44 

37-10 

3-45 

i 


10x3| 

12 x i 

44 

26 39 

3-41 

38-39 

3-43 


La, 

12x3£L 

I4xi 

6 4 

28-85 

4-13 

42-85 

4-10 

Y 

15x4 

16 x 4 

n 

37-39 

4-75 

53-39 

4-71 


17x4 

18x| 

94 

44-08 

5-54 1 

6208 

5-45 



Type 9.—Built-up box section. 


Angles. 

Web plates. 

I). 

Flange 

plates. 

Area. 

r, YY. 


Y 


in. 

3i X 3i X i 

in. 

20 X i 

in. 

5* 

in. 

14 Xi 

47-00 

3-75 


1 

r 

3 i x 3 i x i 

20 X i 

74 

16 xi 

49-00 

460 


i 


4 X4 Xi 

22 x i 

! 8“ 

I 18 xi 

55-00 

5-02 

J 

i 

u 

4 X4 Xi 

22x1 

! 8 

18 X 8 

65-00 

5-03 

1 

5 X5 Xg 

24 x g 

! o 

! 21X8 

79-69 

5-85 


Y 


5 x5 xg 

24 x | | 

12 ! 

24 x g 

83-44 

7*11 





Type 10.—Four angles back to back with lacing. 


Angles. 


in. 

3$X 3 Xi 

4 X 3 xS 

5 XB X| 

6 X4 xi 

7 x 3i x g 

8 x4 xg 


Area. 

r, YY. 

12-00 

1-68 

1300 

2-00 

15-00 

2-53 

19-00 

2-92 

24-68 

3-63 

28-43 

4-09 


Y 



Y 


Type 11.—Lattice-box section. Four angles with lacing on each 
side. 


Anglos. | 

I). 

in. 1 

in. 

2£x2iXg 

8 

3 x3 Xg 

10 

3 i x 3i x i 

12 

4 x 4 x4 

14 

5 X 5 x£ 

18 

6 x 6 x g 

! 20 


Area. 

r, YY. 

6-93 

3-32 

8-44 

4-21 

13-00 

505 

15-00 

5-95 

1900 

7-72 

28-43 

8-49 


r't "!: 

_ D - -H, 

L‘J 
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Type 12.—“ Gray ” column. Eight angles with tie-plates. 



Angles. 

■ 

n 

Area. 

r, YY. 

in 

in. 



8 X 2 JXJ 

12 

20*00 

3-66 

8£ x 24 x 4 

14 

22*00 

4-23 

4 x3 xj 

15 

26*00 

4-54 

4 X4 X4 

16 

30-00 

5-04 

5 X5 X£ 

20 

88-00 

6-33 

6 x6 x| 

20 

56-87 

6-25 


Type 13.—Broad-flanged beams used alone or with one plate on 
each flange. 



in. 

8J X 8, 
10J XlO. 

nyxii 
14ft X11 
14\§Xll 
lbi XlL 
17«xlli 
19Hxllj 


With two plates. 


beam. 


Area. 

1 r, YY. 








Plates. 

Area. 

r, YY. 





in. 



X 46 lbs. 

1347 

2-10 

9X4 

22-47 

2-31 

X 64 

»» 

18-69 

i 2-60 

12X4 

30-69 

2-97 

gx 81 

»» 

23-87 

3-01 

14 X s 

41-37 

3-48 

Ixioi 


29-68 

2-96 

16 x f 

53-68 

3-79 

| X 102 

»» 

3011 

2-94 

18x$ 

j 57-11 

4-16 

1x110 

»> 

32-32 

2-95 

18 x $ 

! 59-32 

4-12 

x 122 

»» 

35-87 

2-91 

18 X J 

! 67-37 

4-14 

i Xl35 

>» 

39-58 

2-87 

18x1 

75-58 

4-14 



Type 14.—Solid circular section of diameter D. 




Type 15.—Hollow circular section. 

External diameter = D. 
Internal „ = d . 

r = 



Type 16.—Solid rectangular or square section. 

r = 0-289D. 


Euler’s Formula. —Assuming the conditions for an ideal round- 
ended column as enumerated at the commencement of this chapter, 
the following formula may be established by mathematical reasoning. 

If P = ultimate or crippling load in tons ; E = Modulus of 
elasticity of the material in tons per square inch ; l = length of 
column in inches between centres of end bearings ; and I = moment 
of inertia of cross-section in inch units, 
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t, - **EI __ 9 87EI 

P P 

Substituting A r 1 for I, where A = sectional area of column in square 
inches and r = least radius of gyration in inches, 


P = 


9-87EA 



The ratio previously noted, occurs in the denominator, and 

consequently the ultimate load P becomes smaller as or the slender¬ 
ness of the column, increases. For any given material the value of E 
is sensibly constant, and the formula may be written 



This formula forms the basis of most of the “ practical ” formulae 
intended to give the ultimate load on columns. Being based on the 
assumption of an ideal column, it is not of much practical value, the 
ultimate load as given by it representing the extreme outside limit of 
load which a theoretically perfect column might withstand. By divid¬ 
ing the ultimate load P by any desired factor of safety, as 3, 4, 5, etc., 
the corresponding safe load would be obtained. It is, further, more 
convenient to express the safe load for a column in tons or pounds per 
square inch of sectional area, so that including the factor of safety 
and dividing P by the sectional area A, Euler’s formula becomes 



F x (0 


y“ 5 , where p = safe load in tons per square inch and 


P = factor of safety. Taking E as 13,400 tons per square inch for mild 
steel and a factor of safety F = 4, the formula reduces to 


P = 33,064 ^(T) 2 

It will be noticed that for low values of -, the formula would give 

abnormally high values for p. Thus for a column for which - = say 

40, p would - 20T> tons per square inch, which is of course quite outside 
the practical range of load, since the elastic limit of the material would 
be exceeded. The formula may therefore only be used practically up to 

that value of - for which the safe working load p does not exceed the 

safe crushing resistance of the material. If G;} tons per square inch be 
fixed as the highest permissible value for p for mild steel columns, the 
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corresponding value of - is 70. The formula ceases then to have any 
practical significance for columns in which the ratio of length to least 
radius of gyration is less than 70. If increasing values of - beyond 70 
be inserted and the corresponding values of p be worked out, the results 
may be conveniently shown as in Fig. 106, by plotting values of ~ 



horizontally and the corresponding values of p vertically. The result¬ 
ing curve is marked No. 1. 

Rankine’s Formula may be taken as typical of a large class of 
“ practical ” formulae, many of which are based on the results of actual 
tests of columns. It may be expressed as 


r 7/\5 

1 + constant x 

where p = safe load in tons per square inch,/ = crushing resistance in 
tons per square inch divided by the factor of safety, l and r being as 
before. The constant in the denominator is variously modified accord¬ 
ing to the conditions of end support. In this type of formula the safe 
compression / tons per square inch which may be put on a very short 
column is gradually reduced to p tons per square inch for longer 

columns as the ratio - increases. Assuming 27 tons per square inch as 

the ultimate crushing resistance of very short columns of mild steel, and 
adopting a factor of safety of 4 as before, the formula becomes 
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55 ^ being the value of the constant for round-ended columns of mild 
steel. The resulting values of p obtained from this formula are shown 
by curve No. 2 in Fig. 106. The formulae of Gordon, Claudel, Ritter, 
and Christie belong to this class. 

Straight-line Formula.—These are a class of formulae which have 
been devised to give approximate results to those above mentioned. 

They include the first power instead of the square of the term As 

an example of these, the following may be taken 

p = 6^1 - 0-004750 

where p = safe load in tons per square inch for round-ended columns, 
the factor of safety being 4 on the assumed ultimate strength of 27 
tons for mild steel. The results of this formula are shown in Fig. 106, 
by the straight line No 3. The object of the straight-line formula is to 
obtain greater simplicity than is afforded by the various “ curved ” 
formulae by avoiding the quadratic solutions which they necessitate. 
It should be noticed, however, that the safe loads for columns of varying 

-cannot be correctly given by such formulae. For the one in question, 
the load becomes zero for a column having the ratio ^ = 210 , which is 

obviously incorrect. Fig. 106 shows that for ratios of ^ between 100 

and 180, which include a fairly large proportion of practical columns, 
the safe loads per square inch, whether calculated by Euler’s, Rankine’s, 
or the straight-line formula, do not greatly differ. In selecting a 
suitable column section, the length, total load and character of end 
supports are known beforehand. The type of cross-section desirable 
will depend mainly upon total load and connections to be made with 
the column. The method of selecting a suitable section of column by 
the aid of the above formula) will then be as follows. 

Example 20. — Required a suitable box section in mild steel,formed of 
two channels and two plates , to carry a central load of 100 tons , the length 
being 25 ft. and the ends considered rounded. 

1 . Using Euler's Formula . — Try No. 3 section of Type 8 . 

r = 3-44 .1 = 25 X 12 = 300".- = f !°. = 87 

r 3*44 

A = 25*10 sq. in. 

I 

From curve No. 1 , the safe load per square inch for - = 87 is 4*3 

tons. Hence total safe load = 25*10 X 4*3 = 107 9 tons. No. 2 section 
will be found too small, and No. 3 would be adopted. 

2 . Using Rankines Formula. —The safe load per square inch for - 

= 87 from No. 2 curve is 3*4 tons, and total safe load = 25To x 3*4 
=s 85*8 tons. This section is therefore too small. Try No. 5 section of 
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Type 8. r ( = 4*13. ,\ ^ = 73, and safe load per square inch is 

practically 4*0 tons. A = 28*85 square inches, and total safe load 
= 28*85 X 4*0 = 115*4 tons. As section No. 4 would be considerably 
too light, No. 5 would be adopted. Note that this section has about 15 
per cent, greater area than the one deduced by Euler's formula. 

3. Using the Straight-line Formula .—Try section No. 3, Type 8. 

- = 87 as before, and safe load per square inch from No. 3 line, Fig. 106, 

= 3*9 tons. Hence total safe load = 25*10 X 3*9 = 97*9 tons. That 
is, the same section as indicated by Euler’s formula would be adopted 
but with an apparently less margin of safety. 

The above-mentioned formula are open to the following objections. 
Euler’s formula is based on the assumption of a theoretically perfect 
column, a case never realized in practice. The Rankine 
type of formulae are based generally on the results of 
limited numbers of practical tests. Any formula to be of 
general practical value should show agreement, not only 
with a very large number of reliable tests of varying 
sections, but also tests covering a large range of ratios of 
l to r, in addition to several tests at each ratio of / to r. 
Few, if any, of the formuhe in general use satisfactorily 
approach these requirements. The straight-line formuhe 
can only be regarded as rough approximations, especially 
when employed over a wide range of ratios of / to r. 

Fixed-ended Columns.—In Fig. 107,if ACDB represent 
the axis of a perfectly fixed-ended column of uniform 
section in a bent or deflected state, the portions AC and 
BI), after bending, remain tangent to the vertical line 
AB. The central portion CD is also tangent to a vertical 
line at its middle point M. C and I) are points of contra- 
flexure, and at these points, therefore, no bending moment 
exists. In order to constrain the column to conform to 
these conditions there must be the same bending moment 
existing at A, M, and B. The points C and 1) must 
therefore be situated midway along AM and BM re¬ 
spectively, or, in other words, the central portion CD 
which bends in a single curve will be equal to half the 
total length AB of the fixed-ended column, and will 
behave similarly to a round-ended column. Further, 
the deflections AE, BF, and MN will all be equal. Stated generally, a 
fixed-ended column will carry the same load and be subject to the 
same bending moment, and consequently the same stress, as a round- 
ended column of half the length and the same cross section. The 
total central deflection MP, of the fixed-ended column AB, will, however, 
be twice the deflection MN of the equivalent round-ended column CD, 
under the same load. 

The above statement must, not be confused ivith the, idea, that a fixed- 
ended column will carry twice the load of a round-ended column of equal 
length , which is , of course, quite erroneous . 

Hence, in selecting a section for a fixed-ended column of given 


F B 

Fig. 107. 
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length, that section is employed which would be suitable for a round* 
ended column of half the length, after making reasonable allowance for 
the extent to which the presumably fixed-ended column fails to realize 
the conditions of absolute fixity. 

MoncriefFs Formula. —The most complete and reliable investigation 
of the strength of columns is contained in a paper by Mr. J. M. Mon- 
crieff, M.Inst.C.E., presented before the American Society of Civil 
Engineers in 1900. 1 The reader is referred to the original work for a 
complete account of the reasoning and deductions. The general outline 
of the method of inquiry followed is indicated in the following pages. 
Limited space prohibits giving more than a brief outline, but the 
reader is strongly recommended to study the original com muni* 
cation. The underlying principles upon which the reasoning is based 
are— 

1 . That a perfectly centred column of perfect material and straight¬ 
ness is probably never realized in practice ; and— 

2 . That the various disturbing influences preventing such 
realization, each of which conduces to initial bending, are all y 
capable, as regards their ultimate effect, of being represented ! 
or covered by an equivalent small eccentricity of loading. • 

In order to apply this principle to the case of practical ; 
columns under intentional and apparently central loads, the 1 
suitable value to be assigned to the “ equivalent eccentricity ” ! 

required to be carefully determined. This value was finally 
fixed after a careful analysis of the records of practically all l . 
the really reliable tests of columns made in Europe and . 
America from 1840 down to date. In the course of this j 
analysis, the results of 1789 tests of ultimate strength of j 
columns of cast iron, wrought iron, steel, and timber were ; ll 
carefully considered, so that the formula; deduced have the ! \j 
merit of being far more representative of practical strength i Ij 
than any previously proposed. j_ | 

In Fig. 108, AB represents the axis of a round-ended 
column under the action of a load P applied at a small Fig. 108. 
eccentricity e. A = The resulting central deflection of the 
column from the vertical AB. I = Length of column. It is easily 
established that 

p 

A = 8El-$P p .^ 

where E = Modulus of elasticity of material and I = Moment of inertia 
of cross-section. 

The bending moment at the centre of the column then 

= P(> + a) =l"- x - 1 = i Sit\ 
y y 

where f b is the stress per square inch caused by bending alone at a 
distance y from the neutral axis of the cross-section. A = Area of 

1 “ The Practical Column under Central or Eccentric Loads.” J. M. Moncrioff, 
Transactions Am . 6'oc. C.A’., vol. xlv. 1901. 
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cross-section, and r = Radius of gyration in the direction in which the 
column bend 8. 

PG> 4* A )y 

Rearranging/ = ± ^ , the positive sign denoting compres¬ 

sion at the concave side of the column, and the negative sign tension at 
the convex side. The direct compression on the column section, inde- 

p 

pendent of the eccentricity of loading, =/ = + ^ = the average load 

per square inch on the sectional area of the column. Hence, the total 
stress per square inch at opposite edges of the section, due to both 
bending and direct compression, 

= F= ±/.+/,= ± P( ' + A):; + £ 

A/- A 


Substituting the value of A in equation (1) 



1 ± 

r 1 


\48E-5/^)7 


• ■ ( 2 ) 


Using the + sign to determine the maximum compressive stress F c 
and transposing equation (2), 



Similarly the — sign will determine the minimum stress F, at the 
opposite edge of the section, which may or may not be tensile, according 
as the tension due to bending exceeds, or does not exceed, the direct 
compression. The suffix t is only used conveniently, and does not 
necessarily imply that ¥ t is a tensile stress. Hence using the — sign 
in (2), 



The formulae (1), (2), (3), and (4) are all general expressions ap¬ 
plicable to round-ended columns of any given material and form of 
section, and with any given value of eccentricity of loading probable 

in practical work. For fixed-ended columns the value of - as given by 

T l 

formulae (3) or (4) will be doubled. For flat-ended columns, - will be 

the same as given for fixed-ends up to the point where tension begins 
to be developed at one edge of the end bearings. Since flat-ended 
columns are incapable of resisting tensile stress, F e in equation (4) must 
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be made = 0. For the ratio - at which tension begins to be developed 
the formula then becomes— 


l_ 

r 



(S) 


Formulae (8) and (4) give the relation between -, the elasticity E of 

the material, the maximum fibre stress F c or F r and the average load 
per square inch, f dy on the column section which will produce that 

maximum fibre stress. Formula (5) gives the relation between - and 

the average load per square inch,/ d , consistent with no tension being 
set up in the material. 

The use of equations (3) and (4) is as follows. Suppose that in a 
given column section it is decided that a certain value of maximum 
compressive stress F c , or a certain value of minimum stress F„ is not to 
be exceeded ; these values being inserted in the formulae together with 
ve 

the values of E and p, corresponding with the material and the section 
of column and eccentricity of loading adopted, the result gives at once 
the value of - corresponding to the average load per square inch. 


ye 

It will be seen the formulae each contain the term p. y and r depend 

only on the form of section, e is the “ equivalent eccentricity ” to be 
allowed for covering the defects of material, straightness of axis, etc., 
in the actual practical column. By careful comparison of results given 
by the formula with those of the numerous tests previously mentioned, 

lie 

Mr. Moncrieff found that by making p = 0*0, the formula expressed 

very closely the strength of the weaker columns in the various series of 
ye 

tests, whilst by making p = 0*15, the strength of the stronger columns 

was fairly represented. Since the 'practical strength is actually repre¬ 
sented by the weaker experimental results, it appeared advisable not to 

ye 

employ a lower value than 06 for the term p. Adopting this value 

and inserting suitable values for E and F c , and employing a factor of 
safety of 3 for dead loads, the results of the formula? when applied to 
various materials are exhibited by the curves in Figs. 109, 110, 111, 
and 112. 

The average dead loads indicated by these curves correspond with 
the following maximum stresses per square inch and Moduli of Elas¬ 
ticity for the various materials. 
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Fig. 110. 
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i Material. 

F c , lbs. per sq. in. 

E 

Common cast iron. 

Wrought iron, of tensile strength, 45,000 to 

12,000 

14,000,000 

50,000 lbs. per square inch. 

Mild steel, of tensile strength, 60,000 to 

18,000 

28,000,000 

70,000 lbs. per square inch. 

Hard steel, of tensile strength of about 

24,000 

30,000,000 

100,000 lbs. per square inch. 

36,000 

30,000,000 

Yellow pine or pitch pine. 

2,000 

2,200,000 

White pine. 

1,300 

1,400,000 

French oak or Dantzic oak. 

2,000 

1,200,000 


The carves, Fig. 110, for the loads on flat-ended columns are 
identical with those for fixed-ended columns up to the point where 



•so 1*0 iso i*o no too *o #o ro *o so *o *0 20 *o _o »ou*o two*. 

S3* *80 260 2*0 220 20* |*0 'SO >40 ■ 120 100 SO 60 *0 20 O FIXED ENO& 

RATIO I 


Fig. 111. 



Fig. 112. 


tension begins to be developed, which occurs in the neighbourhood of 
the ratio - = 110. Beyond this point the resistance of the flat-ended 
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column rapidly diminishes, as indicated by the sudden drop in the 


curves. 

In the original paper the factor of safety of 3 is applied to the 
modulus of elasticity for reasons there fully explained. The use of the 
factor of safety in this manner has an inappreciable influence on the 
results of the formulae when applied to short columns, while its effect 
gradually increases with the length, ultimately affording a factor of 
safety of 3 against failure by instability or buckling, in the case of 
very long columns, and the factor of safety against ultimate strength is 
fairly even between these extremes. 

In making use of the curves plotted from the above formulae, the 
particular amount of “ equivalent eccentricity ” for which they provide 
may be readily computed for any proposed column section. Thus 
taking section No. 3, Type 3, the least radius r = 3*68* and y = 6J*. 

Since= 0-6, = 0*6, and e = 1*3". The sectional area = 23*53 

sq. in. Taking a mild steel column of say 30 ft. = 360 in. length 

with fixed ends, - = = 98. From the curve for mild steel in Fig. 

109, for fixed-ended columns, the safe dead load for this ratio = 12,500 


lbs. per square inch. 


Hence the total safe dead lead = 


23^X12,500 

2240 


= 131 tons. That is to say, in imposing an intended central dead load 
of 131 tons on this column, provision is made for a possible eccentricity 
of 1*3 in. to cover defects of elasticity, cross-section, initial curvature of 
axis and slight inaccuracies in erection. 

Columns under intentionally Eccentric Loads.—In adapting the 
formulae to cases where the load is intentionally applied at a known 

eccentricity, it is necessary to add the value ^ = 0*6 as determined for 


presumably centrally loaded columns, to the known value of as 

obtained from the intended eccentricity e and the dimensions and form 
of sections which fix the values of y and r. Formulas (3) and (4) then 
become— 


1= i 

r 


j __ W - i / y p T 4. o*gY| 

\ J 5 Fc +/,{(5 + 0 - o ) - 5 } ^ ^ " 


and 






3E'- ,+ (? + w )] 


where F c and F t are, as before, the maximum permissible working 
stresses in compression and tension respectively. Inserting the previous 
tabular values for E and F c and employing a factor of safety of 3, the 

curves in Fig. 113 exhibit the relation between - and the average 

working stress per square inch permissible for various degrees of eccen¬ 
tricity of loading, in the case of mild steel columns with round ends. 

o 
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Since the maximum compressive stress developed in a oolunm of sym- 
s metrical section always ex¬ 

ceeds the maxi in inn tensile 
stress, it is not necessary, in 
the case of mild steel, to 
use the formula containing 
F,, as F f may be taken, for 
this material, under work¬ 
ing loads, as equal to F c , the 
permissible compressive 
stress. In the case of cast 
iron it will, of course, be 
necessary to use both ex¬ 
pressions, and to adopt 
whichever gives the lower 

value to the ratio - for any 

given load f d . 

Practical Considera¬ 
tions in selecting a Type 
of Column. — Generally 
speaking, the simplest forms 
q of cross-section are most 
u 3 $ desirable. The principal 
§ 3 practical consideration is 
§ o usually the number and 
“ £ kind of connections to be 
-iv- made with horizontal girders 
o or joists, and whether such 
< are to be attached on one or 
two only, or oil all four 
faces of the column. In 
this respect Types 1 , 2 , G, 8 , 
9,12, and 13 are convenient 
forms. Those columns with 
the least amount of riveting 
are cheaper, and less likely 
to suffer distortion during 
construction. 

Single joist sections are 
uneconomical as columns on 
account of their small 
radius of gyration as com¬ 
pared with sectional area, 
and consequently weight, 
but are widely used by 
reason of their cheapness 
and ease of making con¬ 
nections. Broad flange 
beams are preferable as columns to the British Standard beams, the 
additional width of flange giving them a considerably larger minimum 
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radius of gyration, weight for weight, and more latitude for riveted con¬ 
nections with girders. They are rolled in 36 sizes from 5£" x X 23 
lbs. per foot to 39^ x lljjf" X 210 lbs. per ft. 1 As a comparison, 
the B.S.B., 16" X 8" x 75 lbs. has a minimum radius of gyration of 
1*76". The B.F.B., ll"xll"x76 lbs. has a least radius of 2*81". 
Both have practically the same weight and sectional area = 22 square 
inches. Used as a fixed-ended column 25 ft. high, the 

B.S.B. has - = = 170, and safe load = 8400 lbs. per sq. in. 

the B.F.B. has l - = = 106, „ = 12,000 

and the total safe loads would be 82*7 tons for the B.S.B. and 119*2 
tons for the B.F.B., or 41 per cent, greater carrying power in favour of 
the B.F.B. 

In section Types 2, 3, 5, 6, 7, 8, and 9, the dimensions may readily 
be modified, if desired, to give practically the same radius of gyration 
about either axis. This is desirable in cases where a column is not 
stiffened laterally in either direction by intermediate attachments. 

The use of long columns in which the ratio - is very high, should 

be avoided, since the working stress is very low, and the stiffness rela¬ 
tively small. It is often advisable to employ a heavier section than 
indicated in the case of very long columns in order to obtain necessary 
stiffness, although at some sacrifice of economy on the score of 
weight. Types 11, 12, 14, and 15 have the same radius of gyration in 
any direction. 

Types 3, 7, 10, 11, and 12, formed by bracing together two joists or 
channels or four or eight angles by means of tie-plates at intervals, are 
inferior to columns with continuous webs or close lattice bracing, 
especially when required to carry eccentric loads or to withstand heavy 
lateral wind pressures as in the case of tall buildings. Type 10 is very 
generally used for struts of lattice bridge girders. Type 11 forms a 
light and economical section for very long struts in horizontal or 
inclined positions. These are subject to deflection due to their own 
weight, which unavoidably sets up the initial bending so detrimental 
to columns. It is therefore important to keep down the dead weight 
of such members. Crane jibs and very long bridge struts are usually 
of this type. Type 12, known as the “ Gray ” column, is much favoured 
in American practice. It is an economical section, easy to construct 
and equally convenient for making connections with girders on all four 
sides. The tie-plates should be closely spaced. This type is also used 
with continuous plates between the pairs of angles, the column being 
then much stronger. 

Connections. —The usual connections required in the case of 
columns are— 

1 . Columns to built-up plate girders. 

2 . Columns to joists or beam sections. 

1 Handbook No. 18, Broad Flange Beams , R. A. Skelton & Co. 
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3. Junctions in long columns where the cross-section is gradually 
diminished' from bottom to top. 

4. Bases and caps. 

Very great variety of arrangement of these details naturally exists 
on account of the large number of column sections available. In 
designing connections the following general principles should be 
attended to. 

1 . Simplicity of detail in order to minimize expense in shop work, 
and admit of rapid and easy assemblage of parts at site. 

2 . Riveted or bolted connections of beams or girders to columns 
must in every case provide adequate shearing and bearing resistance to 
the vertical load to be carried. 

3. The joints should be arranged with a view to providing the 
greatest possible lateral rigidity for the columns as welt as stiff end 
connections for the girders, since the degree of lateral stability obtained 
for intermediate points and heads of columns frequently decides 
whether they may be considered as approximating to the strength of 
fixed or round-ended columns. The capability of a structure to resist 
horizontal wind pressure or racking action under live loads depends 
entirely on the rjgidity of the connections of vertical with horizontal 
members in cases where the character of the structure does not permit 
of efficient diagonal bracing. 

4. Horizontal members should be attached to columns with the 
least possible amount of eccentricity in order to minimize the bending 
action on the columns. Simply supporting the load on wide brackets 
without at the same time firmly riveting or bolting to the face of the 
column is to be avoided, although a well-fitted bracket, where space 
allows, will largely contribute to lateral rigidity. 

The following figures illustrate suitable types of connections between 
joists or girders and columns, such as commonly occur in practice. 

Bolts are indicated by black 
circles and rivets by open 
circles. On extensive works 
plant for putting in rivets in 
situ is frequently installed, 
in which case bolts will only 
be required in such positions 
as cannot be negotiated by 
the riveter. Generally, 
however, bolts are largely 
used to save the expense of 
riveting at site. 

Fig. 114 shows the 
usual connection of hori¬ 
zontal joists with a 
column of a single beam section. Top and bottom cleats A and B 
connect the flanges of the joists J with the faces of the column C, and 
a pair of web cleats W connect the web of the joist with the flange of 
the column section. The top cleat A is often omitted, but its use greatly 
stiffens the end of the joist. 

Fig. 115 indicates a suitable arrangement for four broad flanged 





COLUMNS AND STRUTS 


165 


ioisfcs meeting on a single B.F. joist oolumn, together with a junction 
between a lower heavier column section A, and an upper lighter one, 



B. This type of joint is of common occurrence in high framed 
buildings where the sections of the columns are diminished every two 
or three storeys. 

Fig. 11(5 illustrates a connection between heavy 3-beam compound 
girders and a column consisting of two beam sections and two plates. 
The width of the beam exceeds 
that of the column, and pro¬ 
hibits the use of web cleats. 

Brackets or “stools” G are 
riveted to the column faces, 
having sufficient rivets to 
resist the heavy end shear, and 
the girders are bolted down to 
the horizontal angles of the 
stools, and through to the 
flanges of the column by bolts 
passing through the upper flange 
cleats, which are previously 
riveted to the upper flanges of 
the girders. The vertical angles 
which hold up the lower flange 
cleats require packing plates at 
P, P. 



In the case of columns running through several storeys of a building, 
it is desirable to preserve the continuity of the columns whenever 
possible, and to connect all girders or joists to the faces of the columns. 
Occasionally, however, this entails complexity of design, or one of the 
girders may require to be continuous. Figs. 117 and 118 show the 
detailed arrangement where a continuous plate girder A is carried over 
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the head of % a lower column D, and two other slightly shallower girders 
B and C meet from opposite sides in a direction at right angles with 



that of girder A. Fig. 117 shows a cross-section through girder A, 
and Fig. 118 a cross-section of B or C. The lower flanges of the 
girders are bolted down to the cap plate of column D, packings being 
inserted as indicated. The ends of girders B and C are left just clear 
of the web of girder A, but are bolted through it by four bolts, F. 
The continuation column E, of lighter box section, is planted on the 
upper flange of girder A, the under edges of the flange beneath the 
column foot being packed up on channels or bent plates P. Substantial 
gusset stiffeners S strengthen the web of girder A, and T-stiffeners T 
the webs of B and C, and assist in transmitting the load from the upper 
to the lower column. The timber floor joists J are carried on the upper 
flanges of girders B and C. This is, generally speaking, an inferior 
arrangement, since continuity of the columns, especially in tall buildings, 









Fig. 110 illustrates a common case of column construction, where 
two rail girders G carry the ends of travelling crane girders in adjacent 
bays of a shop. The general arrangement is shown at A. The lower 
part of the column, up to the level of the seatings of girders G, consists 
of three joist sections with two plates each, laced together with diagonal 
angle braces. Brackets B are built out to support the girder bearing 
plates shown in the plan. Immediately beneath the girders the three 
joists are tied together by deep gusset plates P, forming the back plate 
for the brackets B. Above the level of the girders, the central joist, 
reinforced by two channels, is carried up to support the adjacent spans 
of the roof. In the side elevation E, the rail girders are removed. 
Double and treble columns of this type frequently have the component 
joists tied together with short rectangular plates. Diagonal bracing is. 
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however, more satisfactory, as ensuring a more uniform distribution of 
the total load between the individual joists. 

Caps and Bases.—Columns are fitted with cap and base plates 
attached to the faces by angles. Before riveting on the cap and base 
plates, the ends of the column, in all good-class work, are planed up 
square with the axis to ensure a fair bearing on the end plates. The 
plates and bar sections composing the column are, previously to riveting, 
sawn to dead lengths, but the distortion consequent on riveting usually 
leaves the ends uneven, thus necessitating the planing. The cap and 



base plates are usually riveted with rivets having countersunk heads to 
the outside, in order to leave flush surfaces for bearing on the foundation 
block at the lower end, and against the lower flanges of the girders 
supported at the upper end. Fig. 120 shows a typical cap and base 
for a 20" x 12" broad flange column. Base plates vary in thickness 
from § in. to lj in., and for columns carrying exceptional loads are 
sometimes 1^ in. to 2 in. Four, six, or more holes are left in the base 

; late, at accessible points, through which pass the foundation bolts, 
’hese latter are embedded in the concrete foundation block with the 

o a 
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screwed enc^s projecting ready for lowering the column into place. The 
bolts are carefully placed in the correct positions by the aid of a wooden 
template having holes drilled at the requisite spacings. 

Columns are frequently mounted on steel or iron castings interposed 
between the base plate and foundation block. This construction may 



be adopted in cases where it is inconvenient to use a large base plate 
with gussets or brackets for distributing the load from the column to 
the foundation. Such built-up brackets frequently entail difficult and 
expensive riveting, and the use of a casting effects the necessary dis- 
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fcribution of load over a larger area in a cheaper manner. Fig. 121 
shows a 15" x 15" Gray column mounted on a steel casting having a 
36 inch square base. The bearing area of the casting on the foundation 




block is thus 9 square feet, whilst the bearing area of the concrete 
block on the actual ground would be still further increased. Fig. 122 
shows the detail of a steel box-section column embedded at its lower 
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end in concrete filled into a hollow casting, which is bolted down to a 
suitable foundation. This is a type of base frequently employed for 
columns supporting warehouses where the basement is open to heavy 
vehicular traffic. The base castings project 3 or 4 feet above the 
pavement, and protect the columns from damage. In this example, 
the drainage from the roof is led through down-pipes screwed to the 
faces of the column. Fig. 123 is an example of a column of channel 



Fig. 124. 


box section reinforced with four angles. The column is 18 in. square, 
and is provided with a 3 ft. 6 in. square base plate, 1 in. thick. Four 
deep brackets, consisting of f in. gusset plates, and 3A" x 3^" x 
angles, assist in distributing the load to the base plate In arranging 
the brackets at the base of a column, no useful end is served by 
theoretical calculations as to the probable distribution of pressure 
effected by any proposed system of bracketing. The essential points 
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to bear in mind are, to provide a reasonably thick base plate in pro¬ 
portion to the load to be carried ; to place brackets in well-distributed 
positions around the base, and to increase their number in accordance 
with the size of column, having regard to convenience in riveting. 
Small columns will generally be provided with two gusset plates, as in 
Fig. 120. Box sections generally admit of four brackets, one on each 
face, whilst double and treble compound columns may conveniently be 



provided with eight, ten, or twelve brackets. Figs. 124 and 125 give 
an example of a built-up base for a treble joist column. Here, two 
deep gusset plates are riveted to the flanges of the joists and bevelled 
off at the ends to form four brackets, whilst other three brackets 
are placed at right angles to the main gusset plates on either side. 
The pressure transmitted to the base plate will naturally be more 
intense immediately beneath the brackets, but by suitably increasing 
their number and adopting a rational thickness of base plate, the 
eventual distribution of pressure on the foundation will be sensibly 
uniform. It is desirable in all heavy column construction that the 
foundation bolts should pass through the horizontal tables of the 
angles connecting the brackets with the base plates, so that the nuts 
may bear on a considerable thickness of material. Where this cannot 
be conveniently arranged, as in Fig. 124, wrought-iron or steel bridge 
blocks B should grip the horizontal angles attached to the brackets, 
and the foundation bolts be passed through the blocks. Brackets 
should have a good depth in proportion to their offset from the column 
face. It is a common practice to provide as many rivets through the 
column faces and vertical angles of the brackets as will give a shearing 
or bearing resistance at least equal to the total load on the column. 
This rule provides for the transmission of the load through the brackets 
to the base plate, independently of the bearing of the column end on 
the base plate, which in rough work is often far from satisfactory. 
Thus, in a column carrying 120 tons, assuming the resistance of £ inch 
rivets in single shear as 3 tons, the minimum number through the 
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vertical bracket angles would be 40. If the rivets bear on £ inch thick 
angles, the bearing resistance of each rivet at 8 tons per square inch 
= 8 x ’ X J = 3] tons, and the minimum number for bearing = 120 
-7- = 35. 

Column Foundations.— Small columns carrying light loads are still 
occasionally attached to stone foundation blocks, but the majority are 
bolted down to concrete blocks having a basal area sufficiently large 
to suitably distribute the pressure on the soil. The base plate should 
rest on a sheet of 6 or 8 lbs. lead laid on the top of the foundation 
block. The heads of the foundation bolts are embedded near the 
bottom of the block, and bear against flat or angle bars threaded on 
to the bolts and laid longitudinally and transversely in the concrete. 
The proportions of such foundation blocks are determined from the 
character of the loads on the column and the safe pressure which may 
be put on the soil, and detailed examples will be considered later on. 

Grillage Foundations. —Foundations for columns on poor bearing 
ground require the pressure distributing over a large area. In such 
cases, a “spread” or “grillage” foundation is most suitable. As seen 
in Fig. 127, the base casting rests on a layer of parallel beams or girders 
projecting considerably beyond the edge of the casting. These rest 
again on a second layer or “ grill ” of beams projecting beyond the 
limits of the first grill, and these again may rest upon a third and 
fourth layer if necessary. With each successive grill, the bearing area 
is largely increased, until the intensity of pressure on the soil is reduced 
to the desired value. The beams are tied together with bolts and 
separators, the latter acting as stiffeners for the webs, and giving them 
the necessary rigidity for resisting the vertical shearing force. The 
projection of the beams takes the place of several footings in an 

ordinary foundation, and the ad¬ 
vantages of grillage foundations 
are that the successive offsets may 
be much longer than in the case 
of masonry or concrete footings, 
and the necessary bearing area is 
obtained at a considerably less 
depth than for a foundation block 
of the ordinary type. The stack 
of teams is eventually rammed up 
with and encased in concrete, 
which serves the double purpose 
of aiding uniform distribution of 
pressure amongst the separate 
beams in each grill, and protecting 
the steelwork from corrosion. In 
very large grillage foundations, 
Fig. 12G. the uppermost grill frequently 

consists of built-up plate or box 
girders, whilst the size of the beams diminishes in the various grills 
from top to bottom. In Fig. 126 AB represents a single layer of 
beams beneath a casting C carrying a loaded column. Let p tons per 
foot run = the upward reaction of the ground against the under side of 
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each beam. The portion AD obviously acts as a cantilever, subject to 
a uniformly distributed upward pressure of p tons per foot run, and 
tends to bend as shown by the dotted lines on the right-hand side. There¬ 
fore bending moment at D = foot-tons = DE, and the semi¬ 
parabola AE forms the B.M. diagram from A to D. 

It is frequently stated in text-books and hand-books that DE is the 
maximum bending moment on the grillage beams. Mr. Max am Ende, 
M.Inst.C.E., has shown, however, that the maximum bending moment 

occurs at the centre of the beam, and = ^ foot-tons, where b is 

the distance from the centre of the beam to the edge of the base 
casting, or base plate, if no casting be employed. 1 This may be 
demonstrated as follows :— 

Total upward pressure against AB = p x 2(a + b) tons = total 
downward pressure exerted over the length 2b feet of the easting per 
pitch width of beams. The central portion DK of the beam is, 
therefore, subject to a downward pressure 


2p(a + V) 
2b 


p(a 4- b) 
b 


tons per foot run, 


and an upward pressure of p tons per foot run, or a resultant downward 
pressure 


p(a -f b) 
b 


-V 



tons per foot run. 


The span DK = 2b, hence B.M. due to the resultant downward load 


pa (2b) 2 
b X 8 


pab 


foot-tons. 


The parabola EHL having a central height GH = 


pab 

') 


represents the 


pa 

moments over the span DK, due to the unbalanced load of ^ tons per 
foot, and since there is already a B.M. at D and K = , the total 

moment at F = DE + GH = FH = P '£ + P< f. 

It is sometimes urged that this moment will not be developed unless 
the casting bends appreciably, and, no doubt, the extent to which the 
moment FH may be approached in an actual foundation will depend 
on the relative rigidity of the casting and the girders beneath it. With 
a heavy steel casting, the yielding will be relatively small, but since the 
beams in the first grill are often much deeper than the casting, their 
rigidity is also considerable, and it is only reasonable, in designing the 
beams, to provide for the maximum moment FH, even although the 
actual moment may be somewhat less. Moreover, in the absence of a 
rigid casting, the relatively flexible base-plate of the column will readily 

1 Mina. Proccedmgs Inst. C.E., vol. cxxviii. p. 8G. 
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follow the deflection of the stiffer beams beneath it. The shearing 
force diagram is shown below, the shear increasing from zero at the 
ends of the beam to pa tons below D and K, and decreasing again to 
zero at the centre. 

The following example illustrates the method of designing a grillage 
foundation for a column. 

Example 21. —A column carries a total load of 240 tons , and is 
mounted on a casting having a base 4 feet square . The pressure on the 
ground is not to exceed tons per square foot . Required a suitable 
grillage foundation. 

240 

Minimum ground area required = =160 square feet. This may 

be obtained by a rectangle 13 feet x 12 feet 6 inches. The heavier beams 
will be in the upper grill and may be 13 feet long. Five beams may 
be conveniently arranged beneath the four feet casting, in order to leave 
suitable room between the flanges for packing in concrete. Hence 
upward pressure per foot run against each beam of the upper grill = l 
of -^3- = tons ; a = 4 feet 6 inches, b = 2 feet. 


B.M. at centre of each beam = 




4*5 X 2 
2 - 



foot-tons = 54 x 12 = 648 inch-tons. 

Employing a working stress of 9 tons per square inch, the required 
modulus of section = ^ = 72. 

The B.S.B., 14" x 6" X 57 lbs., has a modulus of 76*2. Hence the 
first grill may consist of five 14" x 6 ’ x 57 lbs. beams spaced at 
10 in. centres (Fig. 127). 

Assuming 16 beams in the second grill, the upward pressure per 

240 

foot run against each beam = — of = § tons ; a = 4 feet 3 inches, 

1 


b = 2 feet. 


B.M. at centre of each beam 




4-25 x 
2 


4*25 4*25 

4~ o 


^ 

/ 10 


foot-tons = 
_ 191-25 __ 
“ 9 


^ X 12 = 191*25 inch-tons, and section modulus required 
: 21-25. 


The B.S.B., 8" x 5" x 28 lbs., has a modulus of 22*3. Hence the 
second grill may consist of sixteen 8" x 5" x 28 lbs. beams spaced at 
10 in. centres. Four rows of plate separators may be placed between 
the upper beams, and tube separators between the lower beams as 
indicated in Fig. 127. A depth of 16 inches of concrete is shown 
below the lower grill, the beams and casting being embedded as in the 
figure. 

Maximum shear at edge of casting for each beam in the upper 
grill = y§ x 4*5 = 16*6 tons. Sectional area of web = 12" x = 6 

16*6 

sq. inches. Mean shear stress on web = = 2*8 tons per sq. inch. 

Maximum shear, 4 feet 3 inches from end of each beam in the 
lower grill = | X 4-25 = 5*1 tons. Sectional area of web = 6*5 x 0*85 

5*1 

= 2*27 sq. inches. Mean shear stress on web = ^ ^ = 2*25 tons per 
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sq. inch. These stresses are well within the safe limit of working shear 
if the beams are well supported by the separators and concrete. 



Fig. 127. 

Practical Applications.— Some applications of the calculations to 
ractical examples of columns and struts will now be given. It must 
e emphasized at the outset that the principal difficulty in designing 
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columns is bo decide whether they may be treated as fixed-ended or 
round-ended, or to what extent they may be considered as approximating 
to one or other of these conditions of end support. In many cases this 
is a matter for personal judgment only, and probably no two persons 
would arrive at the same conclusion in a debatable case. As previously 
noted, no column is ever as stiff as the theoretically fixed-ended column, 
and in assuming any practical column to be actually fixed-ended, its 
strength must thereby be somewhat over-estimated. 

In many cases, notably those in which pin-ended connections are 
employed, no doubt exists as to the columns being round-ended, whilst 
in cases where considerable doubt exists as to the character of the end 
support, the safest procedure is to treat the column as round-ended. 

Example 22.— A mild-steel bridge-strut , 18 ft. long , consisting of 
four angles with lattice bracing similar to Type 10, is required to resist a 
maximum compression of 55 tons , the ends being fitted with pin bearings . 
Deduce a suitable section. 

Taking section No. 3, Type 10, with four 5" x 3" x angles. 
r = 2*53". / = 18 x 12 = 21G". A = 15 square inches. 


r 


_ 21 i = 85 
•2-53 


From the curve in Fig. 109, safe load for ratio - = 85, for round-ended 
struts = 8400 lbs. per square inch. 

. . Total safe load = —2240"— = ;>C * tons * 


Fig. 128 indicates the general design. The width W will depend 
on the interior breadth of the boom to which the strut is attached, and 



does not affect its resistance to bending in the plane X-X. The con 
necting plates P, P, must be attached to the angles by a sufficient 
number of rivets to provide the necessary resistance to shearing and 
bearing, and will furtner be reinforced by additional plates to give the 
necessary bearing area on the pins. The lacing bars usually consist of 
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flat bars from 2 in. to 2| in. wide by upwards of § in. thick, and must 
be sufficiently close to prevent local failure of the angles between two 
junctions as J, *J. This is very unlikely to occur with the usual pro¬ 
portions of lacing in general use. The method of calculation for local 
failure will be given in subsequent examples. 

If the ends of the strut were securely riveted between very stiff 
booms the strut would approximate to the condition of having fixed 
ends. Section No. 1, Type 10, would then be suitable. 

I 910 

r = 1-68", - = = 130, and safe load = 10,650 lbs. per sq. in. 

A = 12 sq. in. and total safe load = • = 57 tons. 

1 2240 

Example 23 .—A strut of the type shown in Fig . 129 is 7 ft. 6 in. 
long , and is required to resist a compression of 6 tons , with pin-connected 
ends. Make a suitable design for the strut in mild steel. 



Fig. 129. 


Struts of this type, consisting of two flats with distance ferules at 
F, F, are frequently used in roof trusses. By varying the length of 
the ferules, the two bars may be separated by any desired distance to 
give a suitable radius of gyration at the central section. They must, 
however, be tied together at sufficiently frequent intervals to prevent 
risk of local failure of one bar over the length FF. The dimensions 
adopted are shown on the enlarged cross-section at S. 

1. Considering local failure of one bar for the unsupported length 
FF. Compression on one bar = £ = 3*0 tons. Sectional area = 2f 

X f" = f|sq. in. Pressure per square inch = = 1*92 tons, = 4300 

lbs. r = x 0’289 (for rectangular section) = 0-18". The length 
FF must be treated as round-ended, since the ferules are incapable of 
fixing the ends in a strut of this type. 

The ratio - for a safe stress of 4300 lbs. per square inch = 136, 

Fig. 109, for mild steel with round ends. 

= 136, and l = 136 x 0*18 = 24*5" = 2'Of, 

say four equally spaced rivets at V 10J". 

2. Considering failm* of the strut as a whole with regard to 
bending in the plane y-y, and assuming §" rivets, A = 2*34. 





180 


STRUCTURAL ENGINEERING 


, I <)o 

r = 0-827", / = 00", and . = - = 100 

) U o L i 

Safe load per square inch for ^ = = 0 qqq 

r 

Total safe load = ^ = tons, or P rac ^ ca ^7 6 tons. 

8. Considering failure as a whole with regard to bending in the 
plane x-x . 

Moment of inertia about y-y = X (§ — £) X (2*5 3 - 1*25 3 ) = 2*14 

/-14 

Sectional area = 2*84 sq. in. r = \/ yy.^ = 0*05" 
l 1)0 , , 

r = (jryfj = ^ ,r> ’ anc * 8a * e stress per sq. in. = 7800 lbs. 

.*. Total safe load = 2*34 X = 7*6 tons. 


The strut is therefore slightly weaker as regards its resistance to 

bending in the plane y-y . 

Example 24.— A mild-steel gantry 
column for supporting the rail girder of 
an overhead travelling crane is 2 4 ft. 
high. The maximum load on it is 45 
tons , and the columns are efficiently braced 
together lengthwise of the gantry. 

In Fig. 130, as regards bending 
transversely, the columns will be equi¬ 
valent to a round-ended column EF of 
48 ft. length, or twice the length of the 
| y-.|—p|.-y j^ual co i umn EG. For best resisting 

V, ! i bending in the transverse plane, the 

■*y r x columns will be placed as at L in plan, 

Fig. 130. so that the greatest radius of gyra¬ 

tion comes into play. Taking the 
broad-flanged beam section 11" x 11" X 76 lbs., the greatest radius 

l 48 X 12 

of gyration = 4*73". Sectional area = 22*26 sq. in., and - = — 

= 127. 

The safe load for mild-steel round-ended columns for this ratio 
= 4800 lbs. per sq. inch. 



Total safe load 


4800 X 22-26 
2240 


47*7 tons, or a little in excess 


of the load to be carried. With regard to bending in the plane X-X, 
the columns will realize a high degree of end fixation, and the section 
adopted will have a large excess of strength considered as a fixed-ended 
column 24 ft. long. 

It should be noticed that a complete examination of this case would 
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necessitate a consideration of the wind pressure P acting on the head 
and face of the column, which will create additional bending moment 
at the basal section. The area exposed to the wind by the ends of 
crane girders and face of rail girders would need to be fairly accu¬ 
rately known in order to take account of this action. As this case is 
similar to a subsequent example, it will be treated more fully later on. 
For the present, assuming 80 square feet as the effective area exposed 
to the wind and a maximum horizontal wind pressure during the 
working of the crane of 25 lbs. per square foot, the total horizontal 
pressure at heads of windward and leeward columns = 80 x 25 = 2000 
lbs. This is resisted by two columns, giving 1000 lbs. acting hori¬ 
zontally at the head of each column, resulting in a bending moment at 


the foot of the column = 


1000 x 24 x 12 
2240 


120 inch-tons. To this 


must be added the B.M. due to wind pressure on face of column. 
Area of face = say 24 square feet. Total pressure on column = 24 x 25 
— GOO lbs., acting halfway up the column. 


B.M. 


GOO x 12 x 12 
2240 


= 39 inch-tons. 


Total B.M. due to wind-pressure = 129 + 39 = 168 inch-tons. 
The section modulus of the 11" x 11" beam about X-X = 90*3. 

168 

Hence bending stress due to wind pressure alone = ^ = 1*9 tons per 

square inch. This calculation will give an indication of the probable 
amount of stress likely to be caused by wind pressure under ordinary 
working conditions, and the 11" x 11* beam section, as deduced 
when the wind pressure was neglected, will evidently be too light. 
Further disturbing action comes on the columns when the load is 
being cross-traversed. The additional B.M. resulting therefrom cannot 
be more than roughly approximated, but making a 
rational allowance for this, together with the wind pres¬ 
sure, a beam section 14" x 12" x 101 lbs. would be a 
reasonable section to employ. 

Example 25. —Deduce a suitable section for a mild- 
steel column 20 ft. high, supporting a vertical load of 5 
tons and a horizontal pressure of 2 tons due to wind , 
acting at its upper end. 

These conditions of loading occur in the case of 
columns supporting roofs. The action of the loads is 
similar to that in the last example, excepting that the 
vertical load in the case of a roof is relatively small, 
whilst the bending action due to the wind is consider¬ 
able, and usually constitutes the principal cause of stress 
in the column. This case will be considered more fully 
than the last. 

1. Calculate the horizontal deflection d , Fig. 131, due to the 
pressure of two tons applied at the head of the column. If the lower 
end be firmly fixed to an adequate foundation, the column is acting 
under similar conditions to those obtaining in a cantilever fixed at one 
end and loaded at the other. 


( 5fans 


2 fans 


240' 



Fig. 131. 
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' WZ 3 

Deflection d = ~ . jjj-, where l = 240", W = 2 tons, and E = 13,400. 

The deflection cannot be calculated until I is known, and since 
this depends on the cross-section adopted for the column, a prelimi¬ 
nary value must be assumed for I, which will probably require 
correction before finally deciding on the cross-section. Taking the 
British Standard beam section 14" x 6" x 57 lbs., from the section 
book, A = 16*77 square inches. I = 533, and the section modulus 
= 76*15. 

Deflection d = ±x = 1*29" 

J 13,400 X 533 

B.M. at foot of column, due to horl. pressure = 2 x 240 = 480 in.-tons. 
„ „ vertl. „ = 5x1*29= 6*45 „ 


Total B.M. = 486*45 


and stress due to bending at foot of column = 


486*45 , , 

-zrr-r-- = ± 6*39 tons 


per square inch, that is, 6*39 tons per square inch compression on 
concave or leeward face of section and 6*39 tons per square inch tension 
on convex or windward face of section. 


5 

Direct compression = = 0*3 ton per square inch. 

Maximum compressive stress at concave side = 6*39 + 0*3 = 6*69 
and „ tensile „ convex „ = —6*39 + 0*3= —6*09 

tons per square inch. As these stresses are well within the safe limit 
for mild steel, implying a factor of safety of just over 4, the 14" x 6" 
section may be adopted. 

Note.—The above calculation neglects the small additional deflec¬ 
tion caused by the vertical load of 5 tons, once the column is deflected 
away from the vertical. In the great majority of cases, the additional 
B.M. due to this deflection is very small compared with that due to the 
horizontal pressure, and may be safely neglected. It should be taken 
into account if the vertical load is very heavy, which is seldom the case 
in roof construction. The B.M. of 6*45 inch-tons, due to the deflection 
of 1*29 in. is also very small compared with 480 inch-tons, and might in 
this case also have been neglected without appreciably affecting the 
result. The calculation further assumes exact central loading. If a 
reasonable amount of “ accidental ” or “ equivalent ” eccentricity of 
loading be assumed in accordance with the theory previously stated, it 
would, in this case 

_ „ _ 0-6 X r 2 0*6 X (5*6) 2 _ 

■ «-y — = --^ 69 * 

and this again would have little influence on the total bending moment, 
on account of the small vertical load. The inference to be drawn from 
examples such as this, is that slight eccentricity of loading and deflec¬ 
tion within reasonable limits have little bearing on the practical design 
of columns under light vertical loading, whilst the relatively large 
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horizontal load acting at the great leverage equal to the length of the 
column practically converts the case into one of beam design. It is 
advisable to calculate the deflection for any proposed section, in order 
to make sure it does not exceed a reasonable limit, since a relatively 
large deflection alternately to right and left would exercise a deteriorat¬ 
ing effect on the stability of the foundation and on the connections at 
the head of the column. 

Example 2G. —Required a strut section consisting of two angles back 
to back , £ in. apart , to resist a compression of 18 tons. Length 10 ft. Ends 
considered fixed. 

This type of strut, Fig. 132, is largely used in roof trusses and light 
lattice girders. It is not an economical form since the load is necessarily 
applied eccentrically. The rivets connect¬ 
ing the strut with a junction plate or neigh¬ 
bouring member, pass through the centre 
CC of the vertical legs Y, Y, of the angles, 
whilst the axis XX passing through the 
centre of gravity of the cross-section is dis¬ 
tant e' from CC. 

Assuming two angles 4" x 4" x the 
least radius is about the axis XX, which is 
situated 1T8 in. from the upper edge of the 
section, and bending takes place most easily in the plane YY. The 
centre line of rivets CC is 2*25 in. from upper edge and the eccentricity 
e' is therefore = 2*25" — 1T8" = 1*07". 

Least radius of gyration about X-X =1*227 in. 

The maximum intensity of compression will occur at the edges Y, V, 
of the vertical legs. These are distant 2*82 in. from the axis XX. Hence, 



ye 

*•2 


2*82 x 1*07 
i*227 X 1*227 


3*01 

1*5 


2 , 


and 


. W + 0-6 = 2-6 

r 


The strut being considered fixed-cnded and 10 ft. long, the equivalent 

l GO" 

round-ended strut will be 5 ft. long and - = = 49, say 50. 

Referring to the curves of safe loads for eccentrically loaded mild 
steel struts, Fig. 113, for various values of -f 0*6, the safe load for 

I y() 

ratio - = 50 and “a + 0*6 = 2*6, is 6000 lbs. per square inch. (This 

value has been interpolated between curves Nos. 2 and 3.) 

Sectional area of two 4" x 4" x i" angles = 7*5 sq. in. 

7*5 x G000 

.*. Safe load = —^240— = tons > 


or 2 tons more than the specified load. This section will therefore be 
satisfactory. 
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Note —Ca^e should be taken to ascertain about which axis the 
radius of gyration is least. For struts formed of two equal angles, the 
least radius is always about X-X. If two unequal angles be used with 
the longer legs back to back the least radius may be about X-X or 
Y-Y, depending on the size of angles used. The angles are riveted 
together with f in. or £ in. thick buttons or washers between, at sufficiently 
close intervals to prevent local failure of one angle. 

Example 27. — A lattice box strut of Type 11, is required for a 
horizontal wind brace between the main girders of a bridge. The length 

__ is 30 feet and maximum compression 15 tons . 

- lx Obtain a suitable section , treating the ends as 

rounded. 

In this example, the strut being in a hori¬ 
zontal position, three actions are to be considered. 

1. The bending stress due to the dead 
weight of the strut. 

2. The bending stress due to the deflection 
and end thrust. 

3. The direct compression caused by the 
end thrust of 15 tons. Assuming the section in Fig. 133, consisting 
of four 2£" X 2^'' x f" angles, laced on all four sides with If" X 
lacing bars, the approximate weight of the strut for a length of 30 ft. is 
about 1050 lbs. This, acting as a distributed load, will create a bending 
moment 



Fig. 133. 


m 

8 


1050 x 30 X 12 
2240 X 8 


= 21*1 inch-tons. 


From the section book, the moment of inertia of one angle about 
x-x = 0*989, and sectional area = 1*733 sq. in. 

” Mt- X-X ° De aDgle } = 0-989 + 1-733 * <>23) 2 = 48-4 

and I x for four angles = 48-4 x 4 = 193-6, say 194. Total sectional 
area = 1*733 X 4 = 6*93 sq. in. 

194 

.*. (Radius of gyration) 2 = = 27*9 


Making allowance for an 
_ 0*6r 2 

y 


a 


equivalent eccentricity ” of loading 
0*6 x 27*9 


the deflection caused by the thrust of 15 tons acting at this eccentricity 


P l l e 


15 x 3GO 2 X 2*79 


8EI - IP/ 2 “ 8 X 13400 X 194 - | X 15 X 360 a 


= 0*29" 


W/ a 


The deflection caused by the dead weight of the strut = X 


which, substituting the known values for W, Z, E and I, = 0*12 in. If 
this be added to the equivalent eccentricity of 2*79 in it gives a total 
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eccentricity of 2*91 in. and the resulting deflection due to end thrust is 
0*8 in. instead of 0*29 in. as above calculated. The effect of this 
deflection of 0*12 in. (due to dead weight) is so slight in cases of light 
struts, it may be neglected. Total eccentricity = equivalent eccentricity 
+ deflection due to end thrust = 2*79 + 0*30 = 3*09 in. 

B.M. at centre of strut due to 15 tons end thrust = 15 x 3*09 = 46*35 
„ „ due to dead weight = 21*10 

and total B.M. = 67*45 inch-tons. 


fl f x 194 

Moment of resistance of section = — = J —^„ —=67*45; whence 

y 6 

/ = ±2*1 tons per sq. inch. 

15 

Direct compression = = + 2*2 tons per square inch. 


.*. Maximum stress at upper edge of section = + 2*1 + 2*2 = 4*3 
and minimum „ lower „ = — 2*1 -f 2*2 = 01 

tons per square inch, compression in both cases. 

Note.—If the tensile stress caused by bending is found to more 
than annul the direct compression, the calculation should be revised, 
deducting the rivet holes in calculating the I of the section. The 
maximum stress of 4*3 tons per square inch is rather low, but making 
allowance for the fluctuating action of wind load, a lighter section is 
not commendable. It should be noted also that corrosion is more rapid 
in light lattice work of this description, and the 
working stress should be lower than in heavier parts 
of the same structure, in order to secure approxi¬ 
mately equal length of life. 

Example 28.— Three girders are connected u'ith 
a column 20 feet high , as shown in plan in Fig. 134. 

The girder connected with the flange imposes a lodd of 
36 tons, and those connected with the web , loads of 20 
and 12 tons. The column carries , in addition , a 
central load of 40 tons. Required a suitable section. 

This illustrates a very general case of eccentric loading. The 
eccentricity in the plane Y-Y is relatively large. 

Taking moments about 0 , and assuming a 12" x 12" beam section, 
36 x 12" + (12 + 20 + 40) x 6" = 108 X go, whence go = 8", or the 
centre of gravity of the total load is situated in a plane passing through 
g , 2 in. from the axis X-X. The eccentricity in the plane X-X is 
very slight, as will be found by taking moments about Y-Y, and for 
practical purposes, the c.g. of the loads may be assumed at g on YY. 
The intentional eccentricity e' = 2 in. Radius of gyration of section 
about X-X = 5*07 in. Hence— 



> 
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Fig. 134. 


ye’ ( 6x2 

■^2 + ^ ^ 25^7 0*6 = 1*07 


Treating the column as fixed-ended, the length of the equivalent 
round-ended column = 10 ft. or 120 in. 

I 120 

Ratio -= r .~ =24. Referring to Fig. 113, the safe load per 
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square inch,for ratio 24, from curve No. 1, is 11,200 lbs. As the 
value of -~r 2 + 0*6 is here a little higher than 1, the safe load will be 
a little under 11,200 lbs., say 11,000 lbs. 


. _ . 23*0 (sectl. area) x 11000 _ , 

,\ Safe load on column =----vjTj-=116 tons. 


The total load is actually 108 tons. 

Foundation Blocks for Columns.—It is very essential that founda¬ 
tion blocks for columns may not undergo any appreciable subsidence, 
as the stresses in the members of the structure carried by the columns 
would thereby be seriously affected. The subsoil must therefore 
provide a firm bearing surface, and the safe pressure on the soil not 
be exceeded. On gravel and hard clay foundations the safe pressure 
may be 4 to 5 or 6 tons per square foot. Grillage foundations are 
preferable to concrete blocks where the safe pressure is below 1 £ tons 
yzrons per square foot. In the case of columns carrying 
central loads only, the foundation block simply requires 
to be of sufficient area to reduce the bearing on the 
soil to the required safe limit, and of sufficient depth 
to resist shearing of the block along a vertical plane 
beneath the edge of the base plate. In the case of 
columns subject to side loads, the centre of pressure 
may fail very near one edge of the foundation block, 
especially where the vertical load on the column is 
small. In Fig. 135 a column 20 feet high is bolted 
to a concrete base 4 feet square and 3 feet deep. The 
column carries a vertical load of 12 tons, including its 
own weight, and is subject to a horizontal wind 
pressure of 1 ton at the top, and £ ton at the 
centre. The resultant horizontal pressure = l£ tons 
acting at a point 21 feet above the foundation. The 
weight of the foundation block at 140 lbs. per 
cubic ft. = 3 tons, and total vertical load on foundation = 15 tons. 

Hence centre of pressure^ is situated of 2T = 1' 0" from r, or 3 in. 

from edge of base. The resulting maximum intensity of pressure on 
2x15 ** 

foundation at b = 4 ~ (2 - = 3*4 tons per sq. ft. (see page 888). 

Provided the foundation will resist this pressure without appreciably 
yielding, the column will not tilt. If, however, this pressure exceeds 
what may be safely put upon the soil, the bearing area of the base 
block must be increased. 

Suppose a column of the same height to carry an inclusive vertical 
load of 50 tons, and to be subject to the same horizontal pressures. 
Using the same size of base block, the centre of pressure is 

£3 of 21' = 0*49', say 6 in. from c, or 18 in. from b , and intensity of 



2 x 53 

pressure on foundation at b = (2 - 1^) = 5*8 tons per sq. ft. 
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On a hard foundation this would not be an excessive pressure, and it will 
be seen from this example that a lightly loaded column may require a 
foundation block quite as large as a much more heavily loaded column, 
when subject to lateral pressure. In practice there is usually 1 to 3 
feet of earth over the top of the block, and a little additional stability 
is derived from its weight. 

Foundation Bolts for Columns.—In cases where the centre of 
pressure due to the resultant of all the vertical and horizontal loads 
above the base plate falls within the base of the bolt holes, there 
will be no uplift on the foundation bolts. Frequently, however, 
with columns subject to lateral wind loading, the centre of pressure 
falls beyond the bolts on the leeward side of the column, and the 
windward bolts must have a sufficient section to safely resist the 
resulting uplift. Considering, Fig. 136, height of column above base 



Fig. 137. 


Fig. 136a. 


plate = 24 feet, and above ground-level 22 feet. Longitudinal spacing 
of columns 20 feet. Roof span, 40 feet, with rise 10 feet. Suppose 
the columns to carry the side of the building and to be exposed to a 
maximum horizontal wind pressure of 30 lbs. per square foot. Then, 
total wind pressure on side per 20 ft. lengtn = 20 x 22 x 30 lbs. 
= 5*9, say 6 tons, acting at 13 feet above base plate. Assume the 
effective horizontal wind pressure against the roof as 1 # 5 tons acting 
at 29 feet above base plate, weight of roof per 20 ft. length, 7 tons, 
and weight of each column 2 tons. Lastly, take the weight of roof 
girder, framing, and corrugated sheeting for one side of building per 
20 ft. run as 2£ tons. 

If the connection of the roof with the columns be very stiff and 
rigid, the lateral wind pressure tends to tilt the structure as a whole, 
with the result that the pressure on the windward columns is reduced, 
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and that on fhe leeward columns increased. Let R = upward reaction 
beneath column A. Take moments about B— 

R X 40' -f 6 x 13' + 1*5 X 29' = 16 (total wt. tons) x 20' 4 3 
(vertl compt. of wind) x 30' 

.\ R = 7*02, say 7 tons. 

With a firm attachment at C, the column will bend as shown in 
Fig. 136 a, with reversal of curvature at P, situated at one half the 
height of the column above the base plate, or at a somewhat less height 
varying with the depth of the roof truss connection. As the exact 
position of P is doubtful of location, assume it in the highest possible 
position, i.e. 12 feet above base. The total horizontal pressure applied 
above this level = (§£ of 1*5) horizontal component of wind reaction 
at C 4* of 6) proportion of wind pressure on face of building, 
applied above P = 4*31 tons. This pressure is transferred to P, where 
it acts as a concentrated load applied at 12 feet above the base. The 
wind load on the face below level of P = $ of 6 = 2*73 tons applied 
at 7 feet above the base. The dimensions of the base plate and 
spacing of bolts are shown in Fig. 137. As the strip of plate between 
the leeward bolts L, L, and outer edge 00, is relatively weak, it 
appears reasonable to take moments about LL in considering the uplift 
on the windward bolts W, W. Let T = tension in each windward 
bolt, then, taking moments about LL, 

2T x 2£ + 7 tons x 1$ = 4*31 X 12' 4 2*73 x 7', 
whence T = 13*4 tons. Employing a working stress of 8 tons per 
sq. inch, sectional area = = 167 sq. in., and diameter of bolt 

having this net section at bottom of thread = l£ in. 

With the usual type of connection of V-roofs to columns, the degree 
of rigidity assumed above will seldom be realized,, and the roof will 
tend to rack over as in Fig. 102, A. In such a case the lateral pressure 
on the roof will be applied at the head of the column inetead of at P, 
and the pressure on the face of the structure will all be applied half¬ 
way up the covering. In cases where a fair amount of rigidity may be 
attained by the use of knee braces, etc., the point P will be situated 
somewhere between the head and centre of the column, but its exact 
location is practically impossible. 

Compound Columns. —Compound columns consisting of two or 
three beam sections connected by tie-plates or bracing are largely used 
for supporting crane tracks and roof in works buildings. With tie- 
plates as habitually employed, the distribution of load amongst the 
individual beam sections will be very imperfect, and each beam will 
practically carry the load resting immediately upon it. Thus, in the 
column in Fig. 95, E, the two outer beams support much heavier loads 
than the central one. Tie-plates, as here shown, may only be con¬ 
veniently riveted to the outside halves of the flanges of the outer 
beams as well as to both halves of the central beam flanges, and will 
therefore be of little value in transferring a portion of the outer loads 
W 3 and W 3 to the central beam. If stiff diagonal angle or channel 
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bracing be employed instead of tie-plates, the load distribution will be 
more equal, although still incapable of exact determination. The tie- 
plate compound column is uneconomical and much inferior to a com¬ 
pound column with continuous plates. 

Live Loads on Columns.—No hard-and-fast rule can be followed 
in the treatment of live loads. These are so variable in character and 
effect that each case must be considered on its own merits. The most 
suitable procedure will be to increase the moving load by a suitable 
percentage, dependent on the character of the load, and treat the 
resulting increased load as so much equivalent dead load. In extreme 
cases, where columns are liable to sudden shocks, it will be necessary to 
increase the live load causing such shocks by nearly, or quite, 100 per 
cent. Where the live load is more gradual in rate of application a 
lower percentage will serve, but its estimate must be the result of 
careful judgment. In designing columns for supporting crane girders, 
the crane load should invariably be doubled. 

Maximum Rivet Pitch in built-up Steel Columns.—If the pitch of 
rivets connecting the outer plates with the main members of built-up 
or compound columns be too great, there will be 
risk of local failure of individual plates by buckling, 
as shown in Fig. 188. In a column composed of 
separate elements, such as two or more plates con¬ 
nected by angles or channels with other rolled 
section bars, the strength of the column will be 
represented by that of its weakest component. 

The outer plates of built-up columns possessing a 
smaller radius of gyration than the other com¬ 
ponent sections, are the most liable to fail by local 
buckling, whilst from their position in the cross- 
section (farthest from the neutral axis) they are 
further subject to the maximum intensity of stress 
due to both bending and direct compression. The 
tendency to buckle of the local unsupported 
lengths of plate, such as ab , will be most marked 
in the case of short columns very heavily loaded, or 
longer columns subject to relatively heavy lateral loading. In both 
these cases the maximum allowable compression of, say, 9 to 10 tons 
per square inch may be approached, and the vertical pitch l of the 

rivets must be such that the ratio - does not exceed the value corre- 

r 

sponding with this working stress ; r being the radius of gyration for 
the thinnest plates employed. Again, a length of plate, such as ab , can 
be very little stronger than a round-ended column, since the only 
fixation tending to constrain it to act as a fixed-ended column is that 
derived from the grip of the outer edges of the rivet heads, whilst the 
plate is considerably weakened across the section of the rivet-holes, 
especially where the rivets may be four or six abreast. 

The ratio - for a safe buckling stress of 24,000 lbs. per square inch 
for mild steel columns with rounded ends is 65 (from Euler’s formula), 
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and r for £ t in. plates = 0*108 in., for £ in. plates = 0*144 in., and for 
§ in. plates = 0*18 in. 

Hence, maximum safe pitch of rivets in outer plates— 

I" thick = 05 x 0*108" = 7*02" say 7" 

„ = 65 X 0*144" = 9*36" „ 9§" 

f „ = 65 X 0*180" = 11*70" „ Ilf 

Plates £ in. thick will seldom be employed in compound columns. In 
order to keep well within any possible risk of local failure, a maximum 
pitch of 6 in. may be adopted for § in. plates, 5 in. for £ in. plates, and 
4 in. for f in. plates, since other influences, such as the transverse pitch 
of the rivets, also enter into consideration. That these values will be 
amply safe is also borne out by the results of tests of columns in which 

failure has taken place by local buckling of the plates. In practice, 

4 inches is very commonly adopted as the rivet pitch for any ordinary 
thickness of plate. 

Proportions of Lacing in Laced Columns. Columns of Two Beam 
Sections with Lacing. Fig. 138a (a). 



Fig. 138a. 


Width of beam flange .... inches 

8 

n i v 

6 

21 

1 

5 

‘ 21 

4 

Width of lacing bar .... ,, 

_HL 

2J i 

2 

Diameter of rivets.inch 

l 

I 

3 

4 

8 


Minimum thickness of lacing bars for single lacing inclined 30° = 
Minimum thickness of lacing bars for double lacing inclined 45° = 
Single lacing is suitable for values of d not exceeding 15 inches. 
Columns of Two Channel Sections with Lacing. Fig. 138a (b). 


Depth of channel. 

. . inches j 

17 

15 i 

12 1 

10 

* 1 

8 i 

Width of lacing bar ... ». 

21 

2J 

2J i. 
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2J ! 

2} 

Diameter of rivets . 
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11 


1" 1 

111 


Minimum thickness of lacing bars for single lacing inclined 30° = ^ 6 l. 
Minimum thickness of lacing bars for double lacing inclined 45° = 
Single lacing suitable for values of d not exceeding 15 inches. Nc 
lacing bars should be used less than $ inch thick. 









CHAPTER VI. 


PLATE GIRDERS. 

Plate girders consist of a combination of plates and angles riveted 
together in the manner shown in Fig. 139. The web plate is 
necessarily continuous from end to end of the girder, but may vary in 
thickness. The flanges are usually composed of a pair of flange angles 
continuous for the full length of the girder, and one or more plates, 



^^° n 3 eP,oU 


Fig. 139. Fig. 140. 

not necessarily extending the full length of the girder. Different 
forms of flanges are occasionally used, especially in America, and 
examples of such are given in Fig. 140. 

Economic. Limiting Span .—The principal difference between plate 
and lattice girders lies in the construction of the web. The continuous 
webs of plate girders require no complicated and expensive connections 
with the flanges, but for very large girders the depth of web necessitates 
special stiffeners, or very thick web plates, which add considerably to 
the weight and cost of the girders. These considerations limit the 
span for which plate girders may be economically used to about 
100 feet, above which some form of lattice girder would be more 
economical. 

Depth .—The stresses in the flanges, and consequently the flange 
area, vary inversely as the depth of the girder, but the sectional area of 
the web plate increases rapidly with an increasing depth of beam. The 
present practice, which has been found to give economical proportions 
of flanges and web, is to make the depth of plate girders equal to ~ to 
^ of the span, according to the purpose for which they are to be used. 

Breadth of Flange .—If girders be unsupported laterally, a sufficient 
width of flange must be adopted to resist any side pressure that may be 
imposed on the girder. No general rule can be given for the flange 
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width, on .account of the very varying lateral forces to which the 
girders may be subjected ; each case must be considered for its special 
conditions of loading. To prevent local buckling, flange plates' should 
not project more than 2 to 8 inches beyond the flange angles, or they 
should be stiffened by knee web stiffeners at frequent 
intervals. 

Estimated Weight .—The weight of plate girders 
depends upon the system of loading, the unit 
stresses adopted, and other factors, so that no 
accurate general formula can be deduced, but the 
weight as obtained from the formula given in 
Chapter II. may be used as a first approximation. 

Sectional Area of Flanges .—In Fig. 141 the 
modulus figure for a plate girder is shown, and 
demonstrates the small part played by the web and 
the vertical legs of the angles in resisting the bend¬ 
ing stresses. Except for very light girders, the re¬ 
sistance to bending of the web and vertical legs 
of the angles is neglected, and the flange plates and horizontal legs of 
the angles made sufficiently strong to resist the whole of the bending 
stresses. 

Let D = distance between centres of gravity of flanges. 

/ = maximum intensity of stress in the flanges. 

A = total area of each flange. 

Since the thickness of the flange is very small compared with its 
distance from the neutral axis, the stress in the flanges may be con¬ 
sidered as equally distributed over the whole of the flange section. 
The flange area may then be considered as concentrated at its centre of 
gravity, and the effective depth of the girder equal to the distance 
between the centres of gravity of the flanges. 

The moment of inertia of the flanges 

-*{«■+*<?» 



I* is so small as to be negligible, and the moment of inertia may be 
considered = 


•\ M.R. = /- 


2 

=/AD 


The required net area of each flange may therefore be obtained 
from 

B.M. = /AD 

A-3? 
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D must be measured iu the same units of length as the bending 
moment. 

Example 29 .—To find a suitable section of flange at the middle of the 
span for a plate girder 60 feet span , 5 feet deep , carrging a distributed 
load of 2 tons per foot run , the stress not to exceed 8 tons per square 
inch. 

The bending moment at the middle of the span 

_ 60 X 2 X 60 
8 

= 900 ft.-tons 


The net area of flange required 


_900 
5 X 8 


= 22*5 sq. in. 


Suppose a flange width of 18 inches and 4" x 4" x rf angles be 
adopted. The area of the horizontal legs of the angles, allowing for 
| in. rivets, 

= (8 - 2 X If) X * 

= (say) 3 square inches. 

The area of plate will therefore 

= 22*5 — 3 = 19*5 square inches. 

Thickness of plate = = 1*2 in. 

18 2 X f g 

This thickness may be made up by using two § in. plates, or two 
g in. plates, and one \ in. plate, as in Fig. 142. 

Thickness of Web Plate .—It is usual when designing plate girders to 
assume that the web resists the whole of the vertical shearing force, if 
the flanges be parallel. The action of the stresses in the web is a 
matter of great controversy, and various methods have been suggested 


Flange PlatesN?Z - id-§ f/ongePlotes(fjoz j- 


Fig. 142. 



for calculating the required thickness of the web. The shear in the 
web is accompanied by tensile and compressive stresses acting at right 
angles to each other, and in parallel girders, at 45° to the vertical, 
Fig. 143. The web plate along ab is therefore in compression, and 
may fail in a similar manner to a long strut. 

Let t = thickness of plate. 

I = length along ab. 
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The least radius of gyration 


The ratio 


r — 



~~F~ t 

12 Xt 12 


/ = Iff 12 
r t 


The ends may be assumed fixed, and the safe intensity of stress 
obtained from the curve in Fig. 109. The actual intensity of stress 
along the line ab is equal to the intensity on a vertical section of the 
web due to the vertical shear at the section, i.e. the vertical shear 
divided by the sectional area of the web. If the stiffeners of the 
girder be placed closer together than the depth of the girder, the length 
l will be reduced to the distance between the stiffeners measured along 
a line at 45° with the vertical. 

Another, and perhaps the most widely adopted, method of design¬ 
ing the web is to limit the intensity of shear stress on the vertical 
plane to a fixed safe value. The thickness of the web will by this 


method = 


S 

/. D’ 


where S = vertical shear at the section ; 

D = depth of web ; 

f t = safe intensity of shear stress. 

f t may vary for mild steel between 2'0 and 2*5 tons per square inch. 

To allow for corrosion the minimum thickness of web plate should 
be ^ in. Theoretically, the thickness of web plate should increase 
towards the supports, but the maximum thickness is usually employed 
throughout the length to overcome the difficulty of flange connection. 
In cases where the web changes thickness, packings must be placed 
under the flange angles. 

Stiffeners .—To strengthen the web against buckling stiffeners are 

riveted to the girder at intervals 
along its length. The usual forms 
of stiffeners are shown in Fig. 144. 
a is a single angle stiffener used to a 
large extent in America, but seldom 
employed in this country. A tee 
stiffener as at c is the more usual 
English type, and has the advantage, 
when used at a web joint, of being 
riveted directly to both portions of 
the web. At d is shown a gusset 
stiffener, used where the flange has 
a large overhang beyond the flange 
angles. It serves to support the plates 
of the tension flange and reduces 
the buckling tendency of the plates 
in the compression flange. It is also 
very effective in stiffening the girder laterally. The stiffeners a> b , and c 
are carried over the vertical legs of the flange angles either by placing 
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packing plates equal in thickness to the flange angles between the web 
and stiffeners or by joggling the ends of the stiffeners an amount equal 
to the thickness of the flange angles. The former method adds 
material to the girder, but, except in cases where the flange angles are 
very thick, is less costly than the second method. 

Although formerly the spacing was much greater, it is now cus¬ 
tomary to space the stiffeners at distances not exceeding the depth of 
the girder. The modification of the stresses in the web due to the 
introduction of stiffeners is at present very uncertain, but there is no 
doubt that stiffeners spaced at distances greater than the depth of the 
girder, do, to a certain extent, stiffen the girder ; the closer spacing, 
however, conforms better with the theory of the principal stresses in 
the web. In deep girders the joints in the web plates will necessitate 
covers and stiffeners at intervals of less than the depth, and in no case 
should the spacing exceed 5 feet. 

Pitch of Rivets in Flange Angles ,—It has already been proved that 
the intensity of horizontal shear along any horizontal plane of a beam 
AYS 

is equal to —and the total stress for one foot length of the beam. 


supposing the intensity to remain constant, = 


12 AYS 

I 


The rivets 


through the vertical legs of the angles must resist the horizontal shear 
stress between the flanges and the web. The moment of inertia of the 
flanges may be assumed = 2AR 2 


where A = the area of each flange ; 

R = distance of the centre of gravity of the flanges from the 
neutral axis 

= half of the depth of the girder 

= ^ = Y, in the above formula. 

2 

Substituting these values for I and Y— 


12AYS 


A x D x S 
2 


the depth D of the girder is measured in inches. If D be measured in 

S 

feet, the horizontal shear per foot length = jy, that is = the average 

vertical shear per foot depth. 

Let R = resistance of one rivet. 

S 

Then the number of rivets required per foot length = jjg. 

R will be the resistance of one rivet in double shear, or the bearing 
resistance of one rivet in the web plate or angles, whichever is the 
smaller. It is obvious that the pitch of the rivets through the flange 
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plates would, by calculation, be greater than the pitch of the rivets 
through the web, but for practical reasons the same pitch is adopted. 

Lateral Bracing .—Bracing is introduced between the main girders 
of bridges to provide the necessary stiffness against lateral wind 
pressure. The flooring members will generally sufficiently stiffen one 



Pig. 145 . 


pair of girder flanges and the remaining flanges may be stiffened by 
diagonal angle bracing as shown in Fig. 145, by overhead bracing 
as in Fig. 161, or by specially wide stiffeners rivetea to the deck beams 
and webs of the girders as in Fig. 160. 

Example 30. —Design of plate girders for 25-ton crane, 60 feet 
span. 

Let it be supposed that the specification requires the following 
working stresses and particulars to be adopted. 

Working stresses not to exceed— 


Tension .... 7 tons per square inch 

Compression ... 7 „ „ 

Vertical shear in web „ „ 

Rivet shear ... 5 „ „ 

Bearing pressure .8 „ „ 

Double shear to be taken equal to If times single shear. 

Flanges . —The tension flange to be calculated on the net section, 
i.e. the gross section of the plates and horizontal tables of the angles 
minus the area of the greatest number of rivet holes in any trans¬ 
verse section, and the area of any other rivets that may occur within 
2^ inches of such section. The diameter of the rivet holes to be taken 
as jq inch larger than the nominal diameter of the rivets. Where the 
flanges are parallel, the compression flange to have the same gross area 
as the tension flange. 

Web .—The minimum thickness of web to be f inch. The shearing 
resistance of the web to be calculated on the gross area of the web at 
any vertical section. 

Depth. —The depth of the girders at the centre of the span to be not 
less than the span. 

Let Fig. 146 represent the effective depths of the main girders. 
The loads supported by the girders consist of— 

(1) Load to be lifted 

(2) Dead load of crab 

(3) „ „ girders. 
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The load raised (25 tons), when lifted suddenly, will exert a pressure 
un the girders far exceeding its actual dead weight, and in an extreme 

case equal to double its dead ^_ eo . _ 

weight. It is therefore neces- -tj—- - n ---Zj 

sary to increase the dead load 5 | -- \-—i 

lifted to the probable force it u- 20 ' -L— _Z-_ *<?' Z 

would, at any time, exert on Fig. 146. 

the girders. In the present 

case, 100 per cent, will be added for this dynamic action, making the 
equivalent dead load on the crab equal to 50 tons. The weights of 
crabs vary, and the weight would, in an actual design, be obtained after 
the crab had been designed. Seven tons being a probable weight for 
such a crab, will be adopted. The axles of the crab will be assumed 
to be at 5 feet centres. The total load on each wheel will then be 

. 7 _ 14£ tons. An estimate of the dead weight of the girders 
may be obtained from the formula given in Chapter II. Dead weight 
of girder = 

where L = span of girder in feet, 

W = an equivalent distributed load producing a maximum 
bending moment equal to the maximum bending 
moment produced by the live loads. 

In this case the wheel loads may be assumed concentrated at the 
middle of the span, when the maximum bending moment would— 

_ WL _ 2 X 14£ x 60 
4 4 

= 427*5 ft.-tons. 

The equivalent distributed load to produce a similar bending 
moment— 

_ - W X 60 _ 42 _. 5 

8 8 ' 

.*. W = 57 tons. 


= 427*5 


The approximate weight of each girder will therefore 

_ WL = 57 X 60 
530 530 

= 6‘4 (say) 6£ tons. 


The bending moment diagrams may now be constructed by the 
methods illustrated in Chapter III. 

In Fig. 147 a is the curve of bending moments for the assumed 
distributed weight of the girder, b is the curve of maximum bending 
moments produced by the axle loads, c is the curve of total bending 
moments obtained by adding together the ordinates of a and b. 

The horizontal flange stress at any section is obtained by dividing 
the bending moment at the section, as scaled off from the curve r, by 
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the effective depth of the girder at the section. The horizontal stress 
thus obtained will be the direct stress for the horizontal portions of the 



flanges. The direct stress in the inclined portions of the lower flange 
will be to the horizontal stress as the inclined length is to the horizontal 
length. If ab , Fig. 148, represent the horizontal stress at any section 
of the flange, and 0 be the angle of inclination of the flange, then the 
inclined stress will be represented by the length ac, 

ac 

i.e. the inclined stress = horizontal stress x 

= horizontal stress x sec. 0 


The vertical component be of the inclined stress is part of the 
vertical shear at the section resisted by the flange. The web in such 
a case will only be called upon to resist the maximum vertical shear at 
the section minus the shear be resisted by the flange. The horizontal 



and inclined stresses in the flanges at sections 5 feet apart are tabulated 
in the following table, columns 4 and 5. Column 7 of the same table 
shows the vertical shearing force resisted by the inclined portion of the 
lower flange at such sections. 

The maximum vertical shearing force diagram, Fig. 149, has been 
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constructed by the method in Chapter III., and the vertical shearing 
forces at the different sections are tabulated in column 6 of the following 
table. 


Distance 
from en<l. 

Effective 

depth. 

Maximum 

IiM. 

Horizontal 

flange 

BtieHS. 

Inclined 

flange 

stress. 

Maximum 

vertical 

shear. 

1 

Vertical 
;hear taken 
by flange. 

Vertical 
shear taken 
by web. 

ft. 

ft. 

in. 

It -tons. 

tous. 

tons. 

tons. 

tons. 

tons. 

0 

2 

0 

0 

0 

— 

30*58 

— 

30*56 

5 

2 

9 

125 

45*5 

45-9 

27*54 

6*82 

20*72 

10 

3 

6 

241 

68-8 

69-5 

24*65 

10*32 

14*33 

15 

4 

3 

330 

77-6 

78-4 

21*57 

11*64 

9*93 

20 

5 

0 

393 

78*G 

179*4 

18*85 

18*85 

11-79 

7*06 

18*85 

25 

5 

0 

430 

86-0 

— 

15*90 

— 

15*96 

30 

5 

0 

441 

88-2 

_ 

13*06 


13*06 


The two sets of figures given at the 20-feet section are for the 
stresses immediately to the left and right of the section. 

A diagram of the stresses in the flanges may now be drawn from 
the data given in columns 4 and 5. 

Fig. 150 is a diagram for both flanges ; the left-hand half represents 



the stresses in the upper flange, and the right-hand half the stresses in 
the lower flange. 


88-2 


At the centre the required flange area = —= 12*6 sq. inches. 

Suppose a width of 10 inches be selected for the flange, and 
4" x 4" x angles, and rivets be adopted. The net area of the 
horizontal tables of the angles = 2(4 - {£)£ = 3T25 sq. inches. 
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The net’area of the flange plates must therefore = 12*6 — 3*125 
= 9-475 sq. inches. 

The net width of plates = 10 — 2 x ft = in. 

The total thickness of plates therefore— 


9-475 

8*125 


= 11G in. 


This thickness may be made up by using either one ft in. and one 
l in. plate, or two § in. and one ft in. plate. For the upper flange the 
former sections will be adopted, and for the lower the latter. The area 
of the flanges is slightly in excess of the theoretical requirements, as the 
exact area cannot be obtained with practical sections. The plates 
should be arranged in order of thickness, the thickest being placed next 
the angles, and the thinnest on the outside. 

The stresses in the different plates and angles are as follows :— 


2 angles = 3*125 x 7 = 21*875 tons. 

£ in. plate = 8*125 X £ X 7 = 35-54 „ 

ft „ X ft X 7 = 24-88 „ 

ft „ = 8*125 X ft X 7 = 32-00 „ 

f „ = 8-125 X § x 7 = 21*32 „ 

As the flange stress decreases towards the ends of the girder, a 
proportionate reduction of flange area could be made. It would, 
however, be impracticable to have a gradual change of section, or many 
small changes, and so the same sectional area is maintained until the 
stress has diminished to such an extent that the outermost plate may 
be discontinued. The positions where the changes of section may take 
place are readily obtained from the flange stress diagram, Fig. 150. 

Set out ab = the stress in the angles 

be = „ „ | in. plate 

cd — v 

— »> 16 >> 


Through b , c and ddraw horizontal lines cutting the curve at/? and l 
At the section l the total stress in the flange = ac y which is equal to 
the resistance of the angles and the § in. plate. Between l and the end 
of the girder the ft in. plate is unnecessary, and may be discontinued. 
In practice the plate is continued for about one foot beyond the section 
at l. At the section through^ the | in. plate could be stopped, but it 
would be inadvisable as the lateral resistance of the girder would be 
seriously reduced. The lengths of the § in. plates on the lower flange are 
found in a similar manner on the right-hand portion of Fig. 150. For 
parallel girders, where the effective depth is constant, the bending moment 
diagram is also, to a different vertical scale, the flange stress diagram, 
and may be used for such to obtain the lengths of the flange plates. 

The lengths of the flange plates will be— 

Id. in. ft. in. 

top flange 10x| x 60 0 

10 x & X 47 8 

bottom flange 10 x X x 60 0 (horizontal projection) 

10 X f X 51 3 
10 x i X 42 4 


Plates exceeding 40 feet in length are charged extra per foot of 
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length over 40 feet, and it is more economical to employ cover plates 
when the length is much greater than the ordinary rolling limit. In 
the present case the plates 60 feet and 51 feet 3 inches would be 
jointed, the extra on the other plates exceeding 40 feet in length not 
being equal to the cost of covers. Joints in the two flanges, or in the 
flange angles, should not be in the same vertical section. A convenient 
position for the joint in the $ inch top flange plate 
would be about 5 feet on the left of the centre. 

The cover plates should have a strength equal to 
that of the jointed plate, and must be connected to 
the flange by rivets having an equal resistance to that 
of the cover. The section of the top flange is shown 
in Fig. 151, and it will be seen that the only available 
position for the covers is under the top tables of the 
angles. The width of covers will be inches, and, 
deducting the rivet area, the section = 2(3£ - jg) x thickness. 

The maximum stress in the § inch flange plate = 35*54 tons. There- 

35*54 

fore the thickness of covers = ■ ''' - = 0'99 inch, or, say, 1 inch. 

The shearing resistance of a | inch rivet in single shear = 3 tons. 

The number of rivets required at each side of the ioint will 
35*54 

therefore = ~ = 12. 



The bearing resistance of the rivets in the §" plate =12 x x f" x 8 
= 52*5 tons, or far above the requirements. 

The pitch of the rivets = 4 inches (calculated later). 

The length of the covers will therefore be 4 feet. 

Suppose the ~ inch plate in the bottom flange to be jointed 5 feet 
to the right of the centre. A inch plate riveted to the under side of 
the flange will be equal to the strength of the plate jointed. 

The maximum stress in the plate = 24*88 tons. 


The number of rivets in single shear required 


24*88 

3 


= 9 . 


As the rivets are in pairs, ten rivets must be used at each side of 
the joint. The bearing resistance is again in excess of requirements. 
The length of the cover plate to each side of the joint will be 20 inches. 
The same plate may be utilised as a cover for the joint in the § inch 


1- 

1 


-I 

1 







Fig. 152. 


Fig. 153. 


plate, by making such joint 20 inches from the joint in the inch 
plate (Figs. 152 and 153), and continuing the cover plate the necessary 
additional length. 

Stress in the § inch plate = 21*32 tons. 

Number of rivets required at each side of joint = ~ = 8 for 

rivets in single shear. 3 

H 2 
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The assumed weight was therefore 6*83 —6*5 = 0*33 ton too small; 
but such a small difference in weight would not produce stresses 
warranting any change of the designed sections. 

End GirdeTs or Gradies—The ends of the main girders are supported 
on lateral girders, to which are fixed the wheels for the longitudinal 
motion of the crane. The general arrangement of connections is shown 
in Fig. 157. The main girders are carried through to the web CD of 
the end girder, the web AB being in three parts, each connected to the 
main girders by vertical angles. The maximum loading of the end 
girders will occur when the crab, fully loaded, is at the end of its travel. 
It may be assumed that the whole of the weight of the crab and load is 
then carried by the adjacent end girder. The load from each main 
girder will be half the weight of one main girder, plus half the weight 
of the crab plus half the pressure due to the load lifted 

= i(6*83 + 7 4- 50) = 31*91 tons (say) 32 tons. 

Fig. 155 is a diagram of loading, bending moments, and shear forces. 
The weakest section of the end girder will be where the flange plates 
stop, 18 in. from the centre line of the main girders. 



I 
I 

j~ 


iW 


•g 

jl.L 


Fig. 155. 


IL 

Fig. 156. 


Bending moment at that section = 32(2' 9" — 1' 6") = 40 ft.-tons. 
Suppose the section, Fig. 156, be assumed for the end girder. The 
modulus of section = 182*3 inches 3 . 

. 40 x 12 

The maximum stress = - y^.^ =2*6 tons per square inch. 

This is considerably less than the allowable stress, but the sections 
being the minimum no reduction can be made. 

The maximum shear intensity will occur at the section through the 
wheel axles. The shear on eacn web =16 tons. The average shear 
16 

intensity = (2~6*25 — 4 *75p = ( 8a y) 2 fcons 8( l uare ^ nc ^» 

being the diameter of the axle hole. 

A £ in. stiffening plate is riveted to the web, to which the wheel 
bearings are attached. 

Connections .—The load from the main girders will be equally 
divided between the two webs of the end girders. The rivets at y will 
be subject to a vertical shear of 16 tons. 
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number of rivets required 


in double shear = 


16 

5-25 


= 4 


in bearing 


16 




= (say) 4 


The rivets Y' (Figs. 157 and 158) will be subject to a horizontal 
shearing force, due to the bending moment to be resisted by the con¬ 



nection, in addition to the vertical shear. The rivets at Z will be put 
into shear by the bending action, and the couple formed by the shear¬ 
ing resistance of these rivets at the upper and lower flanges of the end 
girder will act in opposition to the bending moment. 

Resistance of rivets at Z to shear = 4 x 3 = 12 tons. 

Moment of resistance = 12 x 26 25 = 315 in.-tons. 

The bending moment at the connection = 16 x 33" = 528 in.-tons. 
The bending moment to be resisted by the rivets at Y' 

= 528 -315 = 213 in.-tons. 

Let f t — the horizontal shear stress per sq. in. on the outside rivet, 
a = sectional area of the rivets. 

Then the moment of resistance of the whole system of rivets 

= + yr + yf + etc.). (See Chap. IY.) 

= 2 x J® Xf 'x nw + 3 2 + (4i) 2 + 6 2 + (7 W + m 

*= 53-7/. 

213 

= 3*06 tons per square inch. 

Total horizontal shearing force on the outside rivets 
= 3*06 x 1*2 = 4*75 tons. 

Each rivet will be subject to a vertical shearing stress of = 1*23 



PLATE GIRDERS 


207 


tons, due to the vertical shearing force on the section. The actual 
shearing force will be the resultant of the horizontal and vertical forces 

= VT-75 2 + 1*23 2 = 4*9 tons. 

The resistance of one Jin. rivet in double shear = 5*95 tons. There¬ 
fore the shearing resistance of the system is sufficient to transmit the 
bending moment. 

The force of 4*9 tons on the outside rivet would produce a bearing 
1 -1) 

stress of t= 14*9 tons per square inch, which far exceeds the 
# 8 *8 

safe bearing pressure. The bearing area may be increased by riveting 
an extra f" plate to the web. The bearing pressure would then be 
reduced to 7*45 tons per square inch. 

The horizontal intensity of shear stress on rivet (6) 

7*5 

= x 3*96 = 2*97 tons per square inch 

Horizontal shear on (6) 

= 2*97 x 1*2 = 3*5G tons. 

Resultant shear on (6) 

= J 3*56 2 -f 1 ’23“ = 3*77 tons. 

Bearing stress on the web without the bearing plate 
3*77 

= y - 1 = 11-49 tons per square incli 

h X ; s - 

Bearing stress on the web and the bearing plate = 5*75 tons per 
square inch. 

The bearing stresses for the remaining rivets on the web and bear¬ 
ing plate will be found to be— 

Rivet (5) = 4*72 tons per square inch. 

„ (4) = 3*29 „ 

,, (3) = 2*6 ,, ,, ,, 

99 (“) = ^ ^ » 99 9 * 

ff (^1) = l*h< „ ,, „ 

If p b be the bearing stress of any rivet on the web and bearing 
plate, the stress transmitted to the bearing plate = J" X X p h . The 
bearing plate must be riveted to the web by a system of rivets whose 
resistance is equal to the pressure transmitted to the bearing plate. 

Total pressure transmitted to the bearing plate 

= l X f X {2(7*45 + 5*75 + 4*72 + 3*29 + 2*6 + 2*1) + 1*87} 

= 17*3 tons. 

Bearing resistance of one rivet 

» 3 X i X 8 = 2*62 tons. 
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The number of rivets required 


17*3 

2*62 


7 


The lower half of the group of rivets at Y will be in tension due 
to the bending moment of 213 in.-tons. 

The moment of resistance of the system 


ft X 0*6 x 2 x 2 


10*5 


((f) 2 4-(i y+(w + m 


= 172-8/S 
. , __ 213 
172*8 


1*23 tons per square inch. 


The maximum tension in the rivets is therefore well below the 
working stress. 

Example 31. —Design of Plate Girder Railway Bridge.—Span 
80 feet. The bridge to carry a double track of rails, ballast, and plate 
flooring carried by longitudinal rail bearers and cross-girders supported 
by two main girders, Figs. 1G0 and IGOa. The maximum live load to 
consist of locomotives covering the span, the heaviest axle load being 
19 tons, and the driving axles 8 feet apart. Working stresses to be 
fixed by the Range Formula, Table 24, Chapter II. 

Longitudinal Rail Bearers or Stringers .—Assume the cross-girders 
to be spaced at 8-feet intervals. Then the maximum stress in the 
flanges of the rail bearers will occur when the 19-ton axle load is at 
the centre of the span of 8 feet. 

Load on each wheel = 9*5 tons. 

B.M. at centre = i--- * - 8 = 19 foot-tons. 

4 


The distributed load on each stringer due to track, ballast, flooring, 
and own weight, amounts to nearly 2*5 tons (see below), and the 
additional B.M. due to this load 


=r ^ — = 2*5 foot-tons. 

8 

Total B.M. = 19 + 2\> = 21*5 foot-tons. 

It should be noted this is an outside estimate of the bending 
moment, since the concentrated wheel load is to some extent distributed 
over the stringer through the agency of the rail, sleepers, and ballast. 
The extent of this distribution cannot however be accurately calculated, 
as it depends on the relative stiffness of the rail and stringer, positions 
of adjacent axle loads, and other factors. 

Assume the depth of stringer as 1 ft. 6 in. 

Total flange stress = ALl' = 14*33 tons. 

2*f> 

Flange stress due to dead load = = 1*G7 tons. 

1 * 0T 

Percentage of dead load stress x 100 = 11*6 
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The working stress from Table 24 for 116 per cent, of dead load stress 

14*33 

= 5 tons per square inch. The flange area required = = 2*87 sq. in. 

Using 4" x 8j" X 5" angles and § in. rivets, 

Area of horizontal tables of angles = (8-2 Xy£) X £ = 3*06 sq. in. 

From Table 24, the coefficient for estimating the dead load 
equivalent to 89 per cent, of moving load is 1*9. 

Hence, equivalent maximum shear when the axle load is entering 
or leaving the span = (9*5 x 1*9) + 1*25 = 19*3 tons. 

Adopting a web plate £ in. thick, the average shear stress on the 
19*3 

web = --— = 2*15 tons per square inch. 

18 X 0*5 

A somewhat thinner web would be strong enough, but it is desirable 
to make the webs of stringers and cross-girders of about equal thick¬ 
ness, in order to ensure the same length of life against corrosion. 

Weight of one stringer . 


2 Flange angles 4" x 3£" x A" X 8' 0" 

= 190 lbs. 

2 „ „ 4" x 3£" x J" X 13'0" 

= 310 


1 Web plate 18" x £" X 8' 0" 

= 245 


2 Tee stiffeners 5" x 3" x §" X 1' 6" 

= 29 

,, 

2 „ packings 5" x £" X 10" 

= 15 



789 


Rivets, say 3 per cent. 

= 24 


Total 

= 813 

>> 


Cross-Girders .—The span of the cross-girders equals 27 feet; the 
distance between the centres of main girders. 

Dead load on each cross-girder— 

Weight of ballast @ l ton per foot run.... 8,9G0 lbs. 

„ rails = 4 x § @ 86 lbs. per yard « . 917 „ 

„ sleepers = 6 @ 125 lbs. each ... 750 „ 

„ chairs, etc., 12 @ 50 lbs. each . . . 600 „ 

Weight of permanent way 
„ asphalte, 24' X 8' x l£" . . . 

,, floor plating = 24' x8'x T 7 / . 

„ fender plates, say. 

Assume weight of cross-girder = 2\ tons . 

Total distributed load on cross-girder . . 

= (say) 10*5 tons. 

A portion of the above weight is actually applied by the stringers 
as concentrated load at the junctions with the cross-girders, but the 
error due to considering it as distributed load is very small, since the 
live load is relatively large. 

The weight of the stringers imposes four concentrated dead loads 
= 813 lbs. each. 


11,227 „ 
3,600 „ 
3,360 „ 
300 „ 
5,040 ,, 

23,527 „ 
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Live load on cross-girders— 

Four concentrated loads of 9*5 tons each. 

The loading on the cross-girder is indicated in Fig. 159. 



1--27 -O' - ~A 


Fig. 159. 


Bending moment at centre due to— 

10*5 x 27 

Distributed dead load =--—- = 35*44 ft.-tons. 

o 

. , 813x2x10*5-813x5 

Concentrated dead loads =--= 5*8 ft.-tons. 

Concentrated live loads = 9*5 X 2 x 10*5 — 9*5 x 5 = 152 ft.-tons. 
Stress in flanges, assuming an effective depth of 2 ft. G in., due to— 

Dead load = ^ ~j~ — = 1G*5 tons. 


Live load == 


60*8 tons. 


Percentage of dead load stress = - x 100 = 21*3 per cent. 

Working stress from Table 24 = 5*9 tons per square inch. 


The area of flange required = 


60-8 + 1G*5 


= 13*10 sq. in. 


Assume a flange width of 14", 4" x 4" x angles and rivets. 

Area of horizontal tables of angles = (8 — 2 x = 3*06 sq. in. 

Thickness of plates = ^ = o*83 in. 

14 — x Y(j) 

Say two plates, and $" thick for the lower flange. For the upper 
flange, one plate 15" x J" and one 9" x §" will be used, leaving a 3" 
margin on each side to which to rivet the floor plates. 

The coefficient to obtain the equivalent of the live load in terms of 
the dead load is, from Table 24, = 1*67. 

The maximum shear is therefore— 

from live load = 19 X 1*67 = 31*73 tons, 
from distributed load = 5*25 


813 X 2 

from concentrated dead loads = ~~ 2 240 ~~ 


= 0*72 


Total shear at ends = 37*70 
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Assuming the thickness of web to be £", the average intensity of 
37*70 

shear stress in the web = ^ = 2*51 tons per square inch. 

Designing the web as a fixed-ended strut of length equal to the 
distance between the lines of rivets through the flange angles, measured 
along a line inclined at 45°— 

length of strut = (30 — 4j)\/2 = 36*06 in. 
least radius of gyration = 


l_ 36*06 
r ~ 1 

2^12 


249*5 


Safe intensity for this ratio, taken from the curve of safe loads on fixed- 
ended struts (Fig. 109), is 5000 lbs., or 2*23 tons per square inch. 
Hence \ inch thickness for the web is insufficient. 

The average intensity of shear stress on a ^ inch plate = 2*24 tons 
per square inch. The safe intensity = 2*67 tons per square inch. 
A inch plate will therefore be adopted. 

Main Girders .—The dead and live loads may be assumed as uniformly 
distributed on the main girders. 


Dead weight per 8-foot length— 

Permanent way. 11,227 lbs. 

Asphalte. 3,600 „ 

Floor plating. 3,360 „ 

Fender plates. 300 „ 

4 stringers. 3,252 „ 

1 cross-girder (from calculated weight as designed) . 5,000 „ 

26/739 „ 

Weight per foot run .... 3,342 „ 

Dead load per foot run per girder. 1,671 „ 

0 75 ton. 


The equivalent distributed live load for a span of 80 feet is here 
taken at 2 tons per foot run. 

The estimated dead weight of each girder 

= WL (0*75 + 2)80 X 80 
510 ” 510 ' 

= 34*5 tons. 


Bending moment at centre due to 

dead load = (0-7B^_K0^0 + 34^<80 


live load = 


= 945 ft.-tons. 
2 X 80 X 80 


= 1600 ft.-tons. 
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Assuming the effective depth of the girder = 8-i ft. 

The flange stresses due to 

• dead load = ~ = 111'2 tons. 

8*5 

live load = = 188*2 tons. 

8*5 

111*2 

Percentagedead load stress = i188 2 x 100 = 87'1 P er cent * 

Working stress from Table 24 = 7 tons per square inch. 

209*4 

Flange area required = —-— = 42*77 sq. inch. 

Assume a breadth of flange of 24", 6" x 6" x V' angles, and rivets. 
Area of horizontal tables of angles = (12 — 4 x = 4*125 sq. in. 
Thickness of plates required in tension flange 

= i*I 7 ~ **iy = i. 81 in . 

24 - 4 X || 

Say three \ in. plates and one § in. plate, or three § in. plates. For 
the compression flange the rivet holes need not be deducted. 

Area of horizontal tables of angles = 12 x \ = A sq. in. 


Thickness of plates = 


= 1*58 in. 


One f in. and two £ in. plates may be used. 

Thickness of Web .—Assume a web joint at each 8 feet section along 
the girder, with double angle and plate stiffeners at the joints and 
intermediate tee stiffeners. The horizontal length of unsupported web 
will be 2 feet. 

The length of the web column = 24" x a/ 2 = 34 in. 

The shear at the ends of the girders 

due to dead load = 0*75 x 40 + 17*25 = 47*25 tons. 

„ live load = 2 x 1*44 x 40 = 115*2 „ 


Total = 102*4fj 


Assume a jq in. web plate. 
Average intensity of shear in web 


iT^T = 2*83 tons per square inch. 

1 U 2 x ic 


Least radius of gyration of plate 


V12 

/ _ 84 

/* 0*1 (52 


Safe stress for this ratio from Fig. 109 = G400 lbs. = 2*85 tons per 
square inch. 



P/ate Girder Pa//way Br/c/ye, 8o'S/?a ; 
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In a girder of this size the web thickness might be reduced towards 
the middle of the span with an appreciable saving in weight. 

Pitch of Rivets in Main Angles .—Maximum shear per foot of depth 

of web = - • - * = 19T tons. Number of rivets required per foot run 

. 19*1 

of angles, at 5 tons per rivet in double shear = —r— = 4. A3 in. 


single pitch or 6 in. double pitch is suitable, the latter being adopted. 
The bearing stress on the web plate, with this pitch, is 9*7 tons per 
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Number of rivets in double shear required on each side of joint 

= 1 ^= 30 . 

0 , 

Bearing resistance of one | inch rivet in inch plate, at 8 tons per 
square inch 

= » X -nr X 8 = 3*94 tons. 

Number of rivets required to limit bearing on web to 8 tons per 
square inch 

= 1 ^= 38 . 

3-94 


Pitching the rivets in the web covers at 4£ in. provides 39 on each 
side of the joint Web cover plates 14" x 4" may be used. 

The lengths of flange plates will be reaaily deduced by the method 
of the previous example. 

The detailed arrangement is shown in Figs. 160 and 160a. Fig. 
160 is a half cross section of the bridge and part longitudinal section 
showing the connection of stringers to cross-girders. Fig. 160a shows 
the detail at end of girder. The over-all length is 82 feet 6 in. and 
pin bearings are placed 80 feet apart for carrying the structure. An 
expansion roller bearing similar to that in Fig. 213 would be employed 
under one end. The face of the abutment between the main girders is 
built up close to the end cross-girder at A-A, and the ballast carried 
over the gap by a short length of floor plate P. The fender plates are 
omitted in Fig. 160a. 

Where the end cross-girder cannot be placed close to the end of 
the main girders, additional rail bearers carry the floor and track 
between the end cross-girder and the abutment, their outer ends resting 
on bed stones built into the abutment. 

Fig. 161 shows the cross section and part longitudinal section of 
a plate girder footbridge for a span of 84 feet. The decking is 
composed of rolled steel joist cross beams at 6 feet centres resting on 
the lower flanges of the girders and cleated to the girder webs. Pitch- 
pine timbers 4 inches thick are bolted to the top flanges of the joists 
and support a 1^-inch layer of asphalte. Plated overhead bracing at 
21 feet centres and diagonal angle bracing under the decking stiffen 
the bridge laterally. 



CHAPTER VII. 


LATTICE GIRDERS. 

Types of Lattice Girders.— Girders having open-work webs consist¬ 
ing of ties and struts are classed generally as lattice girders, in contra¬ 
distinction to plate girders with continuous webs. They are 
constructed in various forms and often referred to by distinctive 
names, according to the arrangement of the lattice bars and uniformity 
or variation of depth. Fig. 1G2 shows the more usual types employed. 


9 



Fig. 162 . 


No. 1 is the Linville or N-girder, called in America, the Pratt truss. 
T.he vertical members are struts and the diagonal ones ties. No. 2, the 
Howe truss, has the diagonals reversed, so that they become struts, 
whilst the verticals are in tension. The Howe truss is seldom con¬ 
structed entirely in steel but is more suitable for composite girders 
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having the sloping struts and upper boom of timber and the vertical 
ties and lower boom of steel. 1 The N-truss is preferable, since the 
shorter members are in compression. No. 3 is the double N, also known 
as the Whipple truss, formed by inserting additional verticals and 
diagonals midway between those of No. 1. The advantages resulting 
from this arrangement are the reduced length of the segments of the 
upper boom or chord , thereby reducing the tendency to buckling and 
enabling it to be made of lighter section ; lighter compressive stresses 
in the vortical struts and shorter spacing of floor beams or cross-girders, 
thereby requiring shorter, and consequently lighter, longitudinal 
girders or bearers beneith the road or railway. Types 1 and 3 are 
frequently built with sloping ends, as indicated by the dotted lines. 
Nos. 4 and f> are respectively singly and doubly braced hog-backed 
lattice girders, often referred to as lattice-bow girders. Generally 
speaking, they are used for larger spans than the parallel girders witn 
resulting economy in weight of material, principally due to the shorter 
length of the verticil struts near the ends of the girder where the 
compressive stresses are greatest. The curved upper boom also relieves 
the verticals of a proportion of the compressive stress, by resisting part 
of the shear, whilst in the parallel types of girder, the horizontal upper 
boom resists the direct stress only and takes practically no part in 
resisting the vertical shear. Nos. 6 and 7 are two forms of the 
Baltimore tru^s, an almost exclusively American type. The normal 
outline is that of an N-girder, with additional members V, V, known as 
sub-verticals , inserted midway along the main panels. These serve as 
suspenders for intermediate floor or cross-beams and so achieve the 
same result as the double system of bracing in No. 3. The stresses in 
the sub-verticals may be transferred to the main panel points either by 
ties T, T, as in No 0>, or by struts S, S, as in No. 7. No. 8, known as 
the Pennsylvania truss, is also of American origin and aims at combin¬ 
ing the advantages of the Baltimore and double-N trusses by employing 
sub-verticals V, V, together with that of the lattice-bow type by 
possessing a greater depth at the centre than near the ends. In large 
span trusses, additional members shown by dotted lines are frequently 
added for the purpose of stiffening the main struts S, S, near the centre of 
their length. These dotted members, however, have no part in resist¬ 
ing the primary stresses in the truss. 

Nos. 9 and 10 are respectively the single and double Warren girders, 
both ties and struts being inclined, usually at angles varying between 
60° and 45° with the horizontal. Vertical members as shown by the 
dotted lines are occasionally inserted in No. 9 for the support of 
intermediate loads or for stiffening the segments of the upper boom. 
No. 11, known as the multiple lattice type, although formerly largely 
employed for main girders of long span, is now almost confined to 
parapet girders and main girders of foot-bridges. It possesses several 
systems of bracing, the bars of which are riveted to each other at the 
intersection points, the intention being to increase the rigidity. The 
effect, however, is to render it impossible to estimate at all accurately 
the stresses in the various systems. When constructed with flat bars 
only at close spacing, vertical stiffeners S, S, of T or channel section 

1 Mins . Proceedings Inst. C. E. t vol. cxxviii. p. 222, Plate 5. 
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are necessary, and the girder approximates closely in character to a 
plate girder, but involves more workmanship (see Fig. 198). Nos. 12 
and 13 are respectively upright and inverted bowstring girders. In 
girders of this type, the stress in the booms is nearly uniform through¬ 
out, whilst the stresses in the web bracing is also much more uniform 
than is the case in parallel girders. The web members may therefore be 
made of equal section with very little sacrifice of economy. Bowstring 
girders are usually built with crossed diagonals in every panel, in 
which case the diagonals are designed for resisting tension only. If 
built with a single diagonal in each panel, the diagonals must be capable 
of resisting both tension and compression if the girder be required to 
carry a travelling load. No. 14 is a modification of the bowstring 
girder known as the Pauli or lenticular truss. Relatively few important 
spans have been bridged on this principle. It possesses the same 
general advantages as the bowstring type. 

The essential points of difference between lattice and plate girders 
are as follow. In the lattice girder, the various members are arranged 
so that each is subject to stress only in the direction of its length, and 
the arrangement of the joints should be such that the members are 
further subject to direct tension or compression only. The direct 
bending stress, which in a plate girder is resisted mainly by the flanges, 
acts as direct compression or tension in the booms or chords of a lattice 
girder. The compression flange of a plate girder being attached to the 
web at short intervals of a few inches only, as determined by the rivet 
pitch, is less liable to buckle than the segments of the compression 
boom of a lattice girder, which are unsupported for the whole panel 
width. The stresses set up by the shearing force in a plate web are 
transferred to the flanges along innumerable lines in the web, whereas 
in a lattice girder these stresses are localized and constrained to act as 
direct tensile or compressive forces along a few well-defined lines, 
represented by the axes of the ties and struts. The load may be 
applied to a plate girder at any number of points along its length, but 
in a lattice girder it should only be applied as a number of concentrated 
loads at the panel points or intersections of the bracing bars with the 
booms. Any application of load between the panel points causes local 
bending of the boom segments, whicli must be of correspondingly 
stronger section to resist such bending in addition to the direct 
compression coming upon them. Curved members are economically 
inadmissible in lattice structures, since the direct stress acting through 
their ends sets up more or less bending moment on the central section, 
the amount depending on the sharpness of the curve given to the 
member. The upper booms of hog-backed lattice girders are often 
curved in outline to avoid the more complex joints and plate profiles 
which result from a polygonal outline. The curvature in such cases is, 
however, small, and the increment of stress due to bending correspond¬ 
ingly small also, whilst the girder has a neater appearance than if of 
polygonal outline. The common practice of introducing curved members 
in lattice structures, especially in roof trusses, presumably for aesthetic 
reasons, is, however, bad construction, and cannot be too strongly 
condemned. 

Spans of Lattice Girders. —Considerable divergence is met with as 
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regards the length of span for which any particular type of truss is 
most suitable. Plate girders are rarely used beyond 100 ft. span, and 
about 80 ft. may be said to be their practical economic limit. The 
various types of parallel lattice girders with single system of bracing 
are generally employed for spans of from 80 to 150 ft., although in 
roof construction, light Warren and N-girders of from 20 to 50 ft. 
span are in very general use. Parallel and lattice bow girders with 
double systems of bracing are necessary for larger spans from about 
150 to 350 ft. and upwards. Larger spans are the Kuilenberg bridge 
over the river Lek in Holland of 492 ft. span, the Ohio river bridge of 
519 ft. span, the Covington and Cincinnati bridge over the Ohio river 
having one span of 550 ft. and two of 490 ft., and the Ohio river 
bridge at Metropolis, of 720 ft. 1 Bowstring girders have been widely 
employed for spans of from 80 to 300 ft., whilst the lenticular trusses 
of the Saltash bridge have a span of 455 ft. 

Stresses in Braced Girders.—For the purpose of computing the 
stresses in braced girders, they may conveniently be divided into two 
classes—parallel girders, and girders of varying depth. The stresses 
in any parallel braced girder may be readily written down from a 
consideration of the shearing force for the loading and span in question. 
Thus, in Fig. 163, let AK represent an N-girder of eight panels carry- 
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ing a load of 2 tons at each lower joint. The reaction at each support 
is 7 tons, and the upper figure shows the shearing force diagram for the 
span. The shearing force is constant, and equal to 7 tons from A to B. 
It then falls to 5 tons across the panel BC, 3 tons across CD, and 1 ton 
across panel DR. Since the function of the bracing bars is to resist 
the shearing force, these shears of 7,5, 3, and 1 tons will be the vertical 
components of the stress in the four diagonal ties from A to the centre 
of the span. These figures may be at once written down in a vertical 
position across the ties in question, the minus sign indicating tension, 
since the effect of the shearing force is to cause tensile stress in the 
diagonals which slope downwards from the ends towards the centre of 
the span. If the ties be assumed to slope at 45°, the horizontal com¬ 
ponent of the stress in each tie will be equal to the vertical component, 
and on the right-hand half of the girder the corresponding horizontal 
stress in each tie may be written down, taking care to write the figures 
horizontally. From these the stresses in the segments of the upper 


1 Completed 1917. At present the longest simple truss span in the world. 
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and lower booms are readily obtained by summation. Thus, the com¬ 
pression in KH = 7 tons, caused by the horizontal tension or pull in 
the diagonal K li. HG receives a thrust of 7 tons directly from KH, 
and an additional compression of 5 tons from the tie H//, or a total 
compression of 12 tons. Similarly, GF receives the thrust of 12 tons 
from HG, plus 3 tons from the tie G/, giving a total compression of 
15 tons. Finally, the compression in FE = 15 + 1 = 1G tons. The 
loading in this case being symmetrical, the stresses on the left-hand 
side of the centre will be similar to those on the right. 

In the lower boom the stress in hlc is nothing, since the vertical K k 
has no horizontal component, gh resists the horizontal pull of 7 tons 
exerted by K h. fg resists the combined horizontal tensions in H g and 
gh = 5 + 7 = 12 tons, and ef resists the horizontal tensions in/G and fg. 
The compression in vertical \)d is 1 ton caused by the downward pull 
of 1 ton in the tie Dg. In Cc the compression is 3 tons due to the 
tension in tie Cd. Similarly, the compressions in BZ> and A a are 5 and 
7 tons respectively. Finally, the direct or actual stresses acting along 
the sloping direction of the ties is equal to the horizontal tension 
X ratio of slope to horizontal length of the tie, which for an inclination 
of 45° = \/2. Thus, the real or direct tensions in the ties are— 


e¥ = */2,JXi = 3^/2, gft = 5v^, and hK = 7 J2 tons. 

Generally, it is unnecessary to draw the shear force diagram, since 
the shearing force in each panel is readily estimated by successively 
subtracting the panel loads from the reaction at either end of the 
girder. In the subsequent examples the shear diagram is therefore 
omitted. 

If the above girder be inverted, it becomes a Howe truss. The 
diagonals are then in compression, and the verticals in tension. 
Assuming the same loads, the stresses are as follow (Fig. 104). The 
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loading being the same, the shearing force in each panel is as before, 
but the sign of the stresses in the diagonals is changed to plus to 
denote compression. Inserting the corresponding horizontal stresses 
in the diagonals on the right-hand side, and summing up the boom 
stresses as before, it will be seen that the lower boom stresses are equal 
in amount to those of the upper boom in the previous example, whilst 
those in the upper boom equal those in the lower boom in the previous 
case. The stresses in corresponding vertical members are a little higher 
than before, but the end verticals, shown dotted, may be omitted, since 
the final shear of 7 tons is transmitted directly to the abutment through 
the inclined end strut AB, Fig. 164. The middle vertical here acts as 
a suspender for the central load of 2 tons, and is in tension to that 
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amount. The stresses in the diagonals are the same as before, but 
being compressive instead of tensile, and the diagonals being the longer 
members, their 4 sectional area, and consequently their weight, will be 
appreciably greater than that of the vertical struts in the N-truss under 
similar conditions of span and load. It is principally this feature 
which places the Howe truss at a disadvantage as regards economy of 
material. 

Stresses in an N-truss of Seven Panels carrying a Load of 6 tons 
at each Lower Joint. Ties inclined 45°.—In Fig. 165 the total load is 

A C E G +36 H +36 L + 30 +16 


S3 


36 tons, which, being symmetrically disposed, gives a reaction or shearing 
force of 18 tons at each end of the span. The compression in the end 
vertical is therefore 18 tons. This member pressing upwards causes a 
vertical tension of 18 tons in the first diagonal. At B the diagonal 
AB exerts an uplift of 18 tons on the lower end of strut BO, but the 
load of G tons at B is pulling in the opposite direction, and so reduces 
the compression in BO to 18 — G = 12 tons. This upward pressure of 
12 tons in BC stretches the second diagonal CD with a vertical tension 
of 12 tons. CD then exerts an uplift of 12 tons on the lower end of 
strut DE, which is again reduced by the G tons load at D, giving a ne> 
compression of 12 — G = G tons in DE. Tins compression in DE 
causes a vertical tension of G tons in tie EF, which just balances the 
load of G tons at F. There is therefore no stress in FG, as might be 
expected, since there is no diagonal member attached at G to carry the 
stress forward. If the shear-force diagram be drawn for this case of 
loading, it will exhibit no shear in the panel GH, thereby indicating no 
stress in any diagonals which may be inserted in that panel. In an 
actual girder as built, two diagonals, FH and GK, would be employed, 
but these will suffer no stress under a symmetrical system of loads such 
as under consideration. If, however, one half, say the left-hand half 
of the girder, be more heavily loaded than the other, the tendency of 

the load will be to distort the 
girder, as shown in Fig. 1GG, when 
the diagonal FII would be put 
into tension and GK into com¬ 
pression. Similarly, if the right- 
hand half be the more heavily 
loaded, GK will be in tension and FH in compression. The duty of 
these central diagonals is therefore to make the girder capable of 
carrying an unsymmetrical system of loads, such as most usually occurs 
in practice. In Fig. 165 the horizontal stresses are written against the 
corresponding diagonals on the right-hand half of the girder, from 
which the boom stresses are readily obtained. The stress of 36 tons 
in HL is transmitted directly through GH, there being no increment 
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applied by the diagonal FH. As before, the direct stresses in the sloping 
bars are obtained by multiplying the horizontal stresses by 2 or 1 *414. 

Stresses in an N-truss loaded with 16 tons at each Lower Joint 
and 2 tons at each Upper Joint. Diagonals inclined 50° with 
Horizontal.—This example represents more closely the ease of a 
practical girder having the flooring of a bridge attached to the lower 
joints, whilst a proportion of the dead weight of the girder with 
overhead bracing is applied directly at the upper joints. 

It should be noticed (Fig. 1G7) the loads on the two end lower 
joints are neglected, since they are applied immediately over the 

2 2 2 2 2 +120-9 2 +H3-4 2 +90-7 2 +S2-9 2 
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Fig. 167. 


supports and do not give rise to any stress in the members of the 
girder. The total load is 130 tons, giving a vertical reaction or shear 
of 65 tons at each support. The compressive stress in the end sirut is 
therefore 65 tons. Two tons of this is caused by the 2 tons load at A, 
leaving a net uplift of 63 tons as the vertical tension in tie AB. At 
B the tie AB exerts an upward vertical pull of 63 tons, which alone 
would cause a similar compression in strut BC. The downward acting 
load of 16 tons at B, however, reduces this to 63 —16 = 47 tons for 
the compressive stress in BC. Two tons of this is again due to the 
load at C, leaving 45 tons vertical tension in CD. By successive sub¬ 
traction of the loads, the vertical stresses in the other members are 
obtained as indicated on the left-hand side of Fig. 167. The vertical 
EF here suffers a compression of 2 tons due to the load at E, which is 
transmitted from E to F, and thence as tension to the two ties HF and 
KF. At joint F, the downward acting forces are 2 + 16 = 18 tons, 
whilst the tie HF exerts an uplift of 9 tons, giving c 
18—0 = 9 tons as the vertical tension in tie FK \ 
necessary to maintain equilibrium. The diagonals in \ 
this case being inclined at 50° with the horizontal, the 
horizontal stress in any diagonal will be less than the /sn\ 

vertical stress. In Fig. 168 the diagonal CD is shown bI-L— 

separately. The horizontal stress in CD will bear the Fig. 153 , 
same ratio to the vertical stress as the length BD 


horizontal stress 

doy 8 to the length BC, or 8tress 


BI) 

BC’ 


which in a triangle of 


50° = 0*84. /. horizontal stress = vertical stress X <>84, and multiply¬ 

ing the vertical stresses already written down on the left-hand side of 
the girder by 0*84, the corresponding horizontal stresses are obtained 

as indicated on the right-hand half. The fraction = 0*84 may be 


obtained directly from trigonometrical tables, it being — cotangent 50 , 
or by scaling off BI) and BC from the elevation of the girder and 
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dividing the one by the other. From the horizontal stresses in the 
diagonals, the stresses in top and bottom booms are readily obtained by 
summation as before. The direct stresses in the ties are obtained from 
the vertical stresses as follows. In Fig. 168 the ratio of direct stress 

CD 

(i.e. acting along the slope CD) to vertical stress in diagonal CD = 
which for 50° = 1*3. 


direct stress 
vertical stress 


= 1*3, or direct stress = vertical stress x 1*3. 


Multiplying the vertical stresses in the diagonals by 1*3, the direct 
stresses are 63 x 1*3 = 81*9, 45 x 1*3 = 58*5, 27 X 1*3 = 35*1, and 
9 x 1*3 = 11*7 tons tension in AB, CD, LN, and HF respectively. 

Stresses in N-girder Unsymmetrically Loaded,—Fig. 169 repre¬ 
sents an N-girder of 8 panels with ties at 45°. The upper and lower 
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joints carry loads as indicated. Such a condition of loading would 
correspond with the case of a main bridge girder when the rolling load 
extends from the left-hand abutment up to and loading panel point F. 
The joints B, D, and F then carry both dead and live load, and the 
remaining lower joints dead load only, composed of part weight of 
main girders, cross-girders, flooring, and permanent way. The loads 
on the upper joints represent part weight of main girders and weight 
of over-head wind bracing. 

The reaction at left-hand end of span 

= ¥ (half upper loads) + (£ + S + f) X 40 + (* + f + f + J) X 12 

= 117*5 tons. Total load = 25 (top) -f 168 (bottom) = 193 tons. 

Reaction at right-hand end = 193 — 117*5 = 75*5 tons. 

Compression in left-hand vertical = 117*5 tons. Two tons of this 
is due to the load at A, .*. vertical tension in AB = 115*5 tons. Sub¬ 
tracting 40 tons at B, compression in BC = 75*5 tons. Tension in 
CD = 75*5 — 3 = 72*5. Compression in DE = 72*5 — 40 = 32*5. 
Tension in EF = 32*5 — 3 = 29*5. At F a load of 40 tons is carried, 
of which 29*5 tons is supported by the tie EF, leaving 40 —29*5 = 10*5 
tons tension in vertical FG, which, for this position of the rolling load, 
acts as a tie instead of a strut. At G the vertical FG exerts a down¬ 
ward pull of 10*5 tons on the end of tie GH, which is augmented by 
the load of 3 tons at G, giving a vertical compression of 10*5 -f 3 = 13*5 
tons in GH, which now acts as a strut instead of a tie, provided it be 
built of a suitable section to resist compression. The 3 tons load at K 
is transmitted to H, causing a compression of 3 tons in KH. At H 
the downward forces are the 8 tons thrust in KH, 13*5 tons in GH, 
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and the 12 tons load at H, all tending to produce tension in HL and 
totalling 28-5 tons. At L the 3 tons load and vertical tension of 28*5 
tons in IIL both produce compression in LM = 31*5 tons. Similarly, 
tension in MN = 31*5 + 12 = 43*5, compression in NO = 43*5 + 3 
= 46*5, tension in OP = 40*5 + 12 = 58*5, compression in PQ = 58*5 
+ 3 = 01*5, tension in QR = 61*5 + 12 = 73*5, and lastly, compression 
in RS = 73*5 + 2 = 75*5 tons, which agrees with the previously 
determined reaction at S. 

With diagonals at 45°, the horizontal stresses in the diagonals are 
equal to the vertical stresses. In Fig. 170 these are written against 
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the corresponding bars, from which the top and bottom boom stresses, 
as indicated, are readily obtained. The direct stresses in the diagonals 
are equal to the horizontal stresses multiplied by \/2, the ratio of 
inclined length of tie to horizontal breadth of panel. It will be 
noticed that the stress in diagonal GH is compressive. This is due to 
the rolling load being in the position which develops the maximum 
compression in GH, which compression is more than sufficient to 
neutralize the permanent tensile stress set up in G1I by the dead load 
alone. The tie GH therefore undergoes a reversal of stress when the 
rolling load passes this position. A similar reversal would take place 
in the tie IIL under the action of a rolling load advancing from the 
right. Usually, the diagonal ties consist of a pair of flat bars, Fig. 
11)3, which are incapable of resisting compression, and in such cases 
the panel GFHK would be counter-braced by inserting a second tie, 
FK, sloping in the opposite direction to GH. The stresses in the 
panel GFHK are then as shown in j 
F ig. 171. The main tie GH, being 
incapable of resisting any compression, 
falls into a state of no stress and 
becomes relatively slack. The upper 
3 tons load at G is transmitted down 
GF as compression, whilst at F, the 
downward forces being 43 tons, and upward pull of tie EF 29*5 tons, 
the difference, 13*5 tons, determines the vertical tension in the counter¬ 
tie FK. This, increased by the 3 tons at K, gives a compression of 
1G-5 tons in KH,and adding the 12 tons at H, the vertical tension in 
HL = 10*5 4- 12 = 28*5 tons, as previously obtained in Fig. 1G9. 
From L to the right-hand support the stresses are then the same as 
already determined in Fig. 170. For this position of the rolling load 
the stress in the other counter-tie KM is zero, it only coming into 
action when the rolling load extends from the right-hand abutment up 
to and loading joint M. The girder may be built without counter-ties, 
provided the members GH and HL are constructed of a suitable 



40 12 
Fig. 171. 




226 


STRUCTURAL ENGINEERING 


section for resisting both tension and compression, and this is occa¬ 
sionally done, although greater economy is realized by inserting counter¬ 
ties. It should be noticed the tension in the counter-tie is the same in 
amount as the compression which would be produced in the main tie 
of the same panel if not counter-braced. 

Stresses in N-truss with Double System of Bracing. —Suppose the 
girder in Fig. 172 to be loaded with 2 tons and 8 tons respectively at 


2 2 2 2 2 2 2+90 2+90 2 + AS 2+76 2+60 2+40 2 



each upper and lower joint. The N-truss, with double system of 
bracing, may be regarded as consisting of two separate girders, super¬ 
posed as indicated by the light and heavy lines in the figure. Con¬ 
sidering the heavily-lined system first, the total load is 40 tons on the 
lower joints + 14 tons on the upper joints, counting the two end loads 
of 2 tons as carried by this system. The load being symmetrically 
disposed the reaction at each end for this system alone is 27 tons. The 
vertical stresses are written down on the left-hand side in the same 
manner as those in Fig. 167, giving, for the bars taken in order from 
left to right, + 27, - 25, + 17, - 15, + 7, and - 5 tons, and for the 
central vertical 4- 2 tons. At the central lower joint the 8 tons load 
-f 2 tons compression from the central vertical make up lo tons, which 
is resisted by the vertical tension of 5 tons in each of the two 
central ties. 

Considering the lightly-lined system, the total load is 48 tons on 
lower joints 4- 12 tons on upper joints = Go tons, giving a reaction at 
each end of 30 tons. An additional compression is set up in the end 
vertical, since this member is common to both, systems, the total 
compression in the end vertical being, therefore, 27 4- 30 = 57 tons, 
which of course equals half the total load on the complete girder. 
The vertical stresses are written down as before, taking care not to 
deduct the end upper load of 2 tons, since this has already been 
allotted to the other system. These stresses are, from left to right, 
4- 30, — 30, 4- 22, — 20, 4- 12,- 10, and 4- 2 tons. Assuming the 
diagonals to slope at 45°, the horizontal components of stress are equal 
to the vertical in all the ties excepting the two end ones. These have 
an inclination of one horizontal to two vertical, and therefore the 
horizontal stress for these two members equals half the vertical stress. 
The summation of the boom stresses is effected as in the previous 
examples, the end section of the upper boom receiving a compres¬ 
sion of 25 4- 15 = 40 tons, applied by the end ties of both systems, 
since both are attached at the upper end of the boom. The 
direct stresses in the 45° diagonals equal the horizontal stresses 
X V2. For the direct stress in the two end diagonals, proceed as 
follows— 
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inclined length of diagonal _ b 
horizontal length of diagonal 1 

Hence the inclined or direct stress = horizontal stress x 5 

= 15 x V& = 38*54 tons. 

Double system N-girders occasionally have the end members 
disposed as in Fig. 178. Assuming this to be a modified arrangement 
of the previous girder, the number of panels d +zs 2 +so 2+75 2 
and loads remaining the same, the stresses in the c 6 ^ "\ 

end panel will be altered as follows: AC now A \ 

acts simply as a suspender for the 8 tons load $ § 
at C, and AB being reversed, acts as a strut B 1 c r N 
and transmits the vertical pull of 20 tons in _ /5 ^ — 

diagonal A8, + 8 tons in AC, together with the Fig. 173 . 

2 tons load at A, making 80 tons in all, to the 

abutment at B. The remaining stresses in the web are unaltered. The 
segment EA of the upper boom resists the horizontal pull of 25 tons 
in EF. At A the segment AG receives a pressure of 25 tons from EA, 
a horizontal pressure of 15 tons from BA, and resists the horizontal 
pull of 20 tons in the tie A8, making 60 tons compression in all. 
From B to F the lower boom resists the outward horizontal pressure 
of 15 tons in strut AB. F8 resists the combined pull of 15 tons and 
25 tons in FC and FE respectively. The remaining boom stresses are 
unaltered. The advantage of this arrangement is a simpler junction 
at E, where three members only, instead of four, have to be joined. 

Note.—In the N-girder as usually constructed, it will be noticed in 
Figs. 168, 165, 167, 170, and 172, that the end segment of the lower 
boom is not stressed under the action of vertical loads. This segment, 
however, is always stiffened in such a manner as to be capable of 
resisting compression as well as tension. It comes into action in cases 
where application of the brakes on a train is made during its passage 
over the bridge. The longitudinal racking tendency thus created 
compresses the end segment of the lower boom in advance of the train, 
and puts into tension the end segment in rear of the train, the opposite 
effect resulting when a train passes in the reverse direction. Heavy 
end pressure, due to wind or the momentum only of the rolling load, 
also stresses these members. The amount of stress produced may be 
roughly calculated from the weight of rolling load and coefficient of 
friction, but it is not capable of exact determination. The end 
segments of the lower boom are, in practice, usually carried through of 
the same cross-section as obtains in the second panel, and in girders 
having lower booms of vertical plates only, these are braced together to 
form a lattice box strut. As this appears to be a satisfactory 
provision, the longitudinal stress is evidently not excessive. 

Stresses in Warren Girder with Symmetrical Load.—Fig. 174 
represents a Warren girder with single system of bracing, carrying 
10 tons at each lower, and 2 tons at each upper joint. The total load 
is 62 tons, giving a reaction of 31 tons at each end. The vertical 
stresses are written against the web members on the left-hand half of 
the girder, commencing with 31 tons in the end strut, and subtracting 
each load in order. The corresponding horizontal stresses on the 
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right-hand side are obtained as follows. In any inclined bar AB, 
Fig. 174 a, 

, ', 

A A A “ vv «y\« ' .A. 
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Fig. 174. Fig. 174a. 

horizontal stress __ BC 
vertical stress AC 

If the bars be assumed inclined at 60° with the horizontal, 

BC_1 

AC ~ V3 

vertical stress 


horizontal stress = 


Dividing the vertical stresses by V 3 , the horizontal stresses are obtained 
as indicated. The end segment F of the upper boom receives a 

31 

horizontal thrust of - 7 — tons from the strut D and an additional 
v 
29 

thrust of tons caused by the tie E pulling from the opposite side 

of the vertical V, making or tons in all. Segment 

GO 19 17 

K receives the direct thrust of - 7 — tons from F 4 —4- from G H— 7-7 

V o v 3 v 3 

96 

from H, or a total of tons. Similarly the compression in 
N = from K 4- from L 4- ^ from M = ~~~ tons. 

3 

In the lower boom, the outward horizontal thrust of - 7 ,. tons in 

v 6 
31 

D produces a tension of -77 in 0. Segment P resists the direct pull 
v 

31 29 

of 7 tons in 0 4- horizontal pull of ^ in E 4* outward thrust of 

19 79 

-7- in G, or a total of —tons. Similarly the tension in segment 
V V «> 

n 7<J , 17 1 7 103 

Q = ^ + 73 + 7^ = V* tons - 

Finally, the direct stresses in the inclined bars are obtained by 
doubling the horizontal stresses, since for an inclination of 60°, the 
inclined length AB = twice the horizontal length BC. The resulting 

31 

direct or inclined stress in D therefore = -^x2 = 35-8 tons; in E, 
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33*5 tons; in G, 21*9 tons; in H, 19*6 tons; in L, 8*1 tons, and in 
M, 2*9 tons. 

Stresses in Warren Girder with Unsymmetrical Load. —Fig. 175, 
A, represents a singly braced Warren girder with a greater intensity of 
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load covering the left-hand portion of the span, up to and including the 
central lower joint. The reaction at X = £ x 12 tons (on upper joints) 
+ 18(| 4- - + £) + *>(« + I.), being the proportions of the loads on 
the lower joints borne by X, and = 45 tons. Total load = 78 tonB, 
.*. reaction at Y = 78 — 45 = 33 tons. Commencing at X, the vertical 
stresses are written down against all the inclined bars from X to Y, 
since in this case the stresses will not be symmetrical. The vertical 
stress in the last inclined strut at Y must, of course, equal the reaction 
of 33 tons at Y, which affords a check on the calculation. The 
corresponding horizontal stresses are inserted in Fig. 175, B, from 
which the boom stresses are readily obtained by summation. As before, 
the direct stresses in the inclined bars are obtained by doubling the 
horizontal stresses for an inclination of 60°. 

Stresses in Warren Girder with Double System of Bracing and 
Unsymmetrical Load. —Fig. 176 represents a double Warren girder 

6 +/S 12 +35 12 *45 8 + 45 8 +3/ 8 +// 3 
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-IT 2-4/ 2 -49 2 -AS 2 -33 2 -/S 

Fig. 176. 


with unequal loading on the upper joints, and uniform load on the 
lower joints, the lattice bars sloping at 45°. The girder possesses two 
distinct systems of bracing, AHKLM, etc., and ABODE, etc. Con¬ 
sidering first the system AHKLMNOP, the reaction at A due to the 
loads carried by this system = 6 (at H) + £(3 x 2) at K, M, and 0 
+ § X 12 (at L) + \ x 6 (at N) = 19 tons. Hence reaction at G due 
to these loads = 33 — 19 = 14 tons. The vertical stresses in the 
diagonal bars of this system are therefore as indicated. Considering 
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system ABCDEFG, reaction at A = i (2 + 2) at C and E + £ X 12 
(at B) + ^ x 8 (at I)) + | x 6 (at F) = 17 tons, and reaction at G due 
v to these loads = 30 — 17 = 13 



x 


tons. The vertical stresses 
for this system are + 17, — 5, 
+ 3 tons, etc. The inclina¬ 
tion being -15°, the horizontal 
stresses equal the vertical 
stresses. Writing these down 
horizontally on the respective 
bars, the stresses in the hori¬ 
zontal booms readily follow. 
The direct stresses in the lattice 
bars are obtained by multiply¬ 
ing the horizontal stresses by 
V2. It will be noticed that 
the member LM, which under 
a symmetrical load would be 
in tension, is put into com¬ 
pression to the extent of 
1 x jJ'2. = 1*41 tons, under 
the system of loads considered, 
and would therefore require 
to be designed as a strut. 

Stresses in Baltimore 
Truss with Unsymmetrical 
Loads. —Fig. 177 indicates a 
Baltimore truss of eight main 
panels, subdivided into sixteen 
panels by the sub-verticals 
supporting the intermediate 
loads marked by the circles. 
The loads assumed represent 
fairly closely the case of a 
large span girder carrying a 
rolling load extending from X 
up to and loading the main 
panel point P, the remainder 
of the girder carrying dead 
load only. 

Reaction at X = (i X 7 
X 8) tons, due to loads on 
upper joints + 32({£ + 

4- !3_LJLiJ_!i4_M4-jL_LJi_ 
' 16 ' 16 ' 16 ' 16 ■ 16 ' 16 

+ Tr) i X 40 + X 48 + 8 

Cis + to + -n? + i\) fc °ns, due 
to loads on lower joints = 264 
tons. Total load =464 tons, 
.-. reaction at Y = 464 — 264 


t= 200 tons. The sub-verticals Y act as suspenders for transferring the 
intermediate loads (ringed) to the main joints of the girder. Each is 
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consequently in tension to the extent of the load supported at its lower 
end. The tension of 32 tons in V, is shared equally by tne struts A and B, 
giving a vertical compression of 10 tons in each. The tension of 32 tons 
in V 2 is divided between the upper half C of the main tie of the second 
panel and the sub-tie I) of the same panel, giving 10 tons vertical 
tension in each. Similarly the other tensions are divided between the 
pairs of diagonal members supporting the sub-verticals. The stresses 
in the main members of the N-system may now be taken out. These 
members are shown by heavy lines. Commencing at X, the upward 
reaction is 204 tons, which produces a vertical compression of 204 tons 
in strut A. As 10 tons of this has already been written against this 
member, the remainder, 248 tons, is added on. This will also be the 
vertical compression in E. The vertical F acts as a suspender for the 
32 tons load at its lower end, and also resists the downward vertical 
thrust of 10 tons in B, and therefore suffers a tension of 32 + 16 = 48 
tons. At the first upper joint the strut E exerts an uplift of 248 tons, 
whilst ties F and C exert a downward pull of 48 + 16 = 04 tons, which 
together with the 8 tons of load, make a total downward force of 
72 tons. The excess upward thrust of 248 — 72 = 170 tons must be 
resisted by the vertical tension in tie C, over and above the 10 tons 
tension already caused in it by the intermediate load on V 2 . This 
vertical tension of 170 tons is written against both upper and lower 
halves of the main tie C. At the second lower joint the vertical 
tension of 170 tons in C is balanced by the downward thrust in strut 
G + the 32 tons load, giving 170 - 32 = 144 tons compression in G. 
The other panels are similarly treated. At the central upper joint the 
vertical tensions of 10 and 24 tons in II and K, together with the 
8 tons load cause a compression of 48 tons in L. At the central lower 
joint the downward force is 88 tons, consisting of the 48 tons thrust 
in L + the 40 tons load. The upward pull in M = 32 tons, leaving 
88 — 32 = 50 tons to be resisted by the vertical tension in N. The 
last main vertical R resists the vertical thrust of 4 f ons in the hist sub¬ 
strut, and also acts as a suspender for the load of 8 tons at its lower end, 
its tension being therefore 4 + 8 = 12 tons. At the upper end of the 
inclined end strut T, the downward forces are 170 tons in tie 8+12 
tons in R + 8 tons of load on the joint, giving a vertical compression 
in T of 190 tons, which added to the 4 tons due to the sub-vertical V 3 
gives 200 tons compression in the lower half of T, which checks with 
the reaction of 200 tons at Y. 

The horizontal stresses in all the inclined bars, assuming their 
inclination as 45° are written on the lower diagram of Fig. 177, from 
which the indicated boom stresses are easily summed up. As before, 
the direct stresses in all the inclined bars equal the horizontal stresses 
X \/2. 

Stresses in K-Truss. —The K-truss provides an alternative method 
of subdividing the original panels of a single triangulation girder. It 
is economical of material, largely on account of the relative shortness of 
its compression members, the detailed connections are simple and regular, 
and in riveted spans the secondary stresses are lower than in the 
Pennsylvania and Baltimore types. The stresses are more closely 
determinable than in the Whipple or double N-truss. K bracing is 
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employed in the cantilevers of the Quebec Bridge, and other large span 
bridges of this type have recently been erected. 

Fig. 178 represents a K-truss of 240 feet span, 20 feet panel width 
and 40 feet depth, under a symmetrical panel load of 48 tons. 

V 


H L ! B L+420 +384 +324 +140 +/J2 



Reactions at X and Y = | x 11 X 48 = 264 tons. At any vertical 
section VS in a parallel girder of this type the vertical shear force is 
resisted by the two inclined web members AB and AC. These being 
equally inclined, each resists one-half of the vertical shear of 264 
— (2 x 48) = 168 tons. Hence vertical component of stress in 
AB = -f G X 168) = 4-84 tons and in AC = - 84 tons. Proceeding 
in a similar manner for each panel, the vertical stresses in the diagonal 
members are obtained. Member CD resists a compression of 84 tons due 
to the upward vertical puli in AC less 48 tons due to the downward pull o\ 
the load at C = 84 — 48 = 86 tons compression. Member BD resists in 
tension the upward thrust of 84 tons in AB (less any load which may 
be imposed at B). The central vertical resists in tension the combined 
upward thrust of the two diagonal members EF and EG attached to its 
upper end. 

The corresponding horizontal components of stress in the diagonals 
(in this case equal to the vertical components since inclined at 45°) are 
written on the right-hand side of Fig. 178, from which the boom or 
chord stresses are summed up in the usual manner. The dotted 
members IIK and HL are unnecessary unless required in connection 
with a vertical system of portal bracing. These girders are frequently 
built with inclined end members as at LN, members HKand HL being 
then omitted. 

If the girder be built as in Fig. 179, less economy of material is 



Fig. 179. 


realised for the same span and loading, the increase of dead weight being 
about twelve per cent. 

K-Girder with Unsymmetrical Load.—Taking a girder of the same 
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dimensions and inclined end members, but with unsymmetrical loading 
as in Fig. 180, the reaction at 

x . 48 ( 11 + 10 +j , +8 + 7+0 ) + 10 ^+4 + 3+2±t~ )= 224 

Total load = 368 tons. Reaction at Y = 368 — 224 = 144 tons. The 
vertical shear force in each panel is written down from inspection 
starting with R x = 224 tons and deducting the loads in turn, working 
from left to right. The shear force changes sign in the sixth panel 
from X, hence EF is in tension and FM in compression. 

The vertical stresses in the first two panels are obtained as in the 
Baltimore truss in Fig. 177. In K-girders members which suffer 
reversal of stress are usually built as compression members instead of 
introducing counterbraces. The chord stresses are summed up as 
before from the horizontal stresses in the diagonal web members and 
are given in the lower figure. 

Stresses in K-Girder of Variable Depth.—Fig. 181 represents a K- 
girder of the same span and loading as in Fig. 180 but with the depth 
reduced from 40 feet at the centre to 32 feet near the ends as shown. 
The vertical stresses in the first two panels are the same as before. In 
the third, fourth, and fifth panels the inclined upper chord resists part 
of the vertical shear and the remainder only is shared between the 
diagonal web members. Converting the vertical stress of 200 tons in 
AB into its corresponding horizontal stress,—horizontal stress in 
AB = 200 X fg = 250 tons. 

This is also the horizontal stress in BC. The vertical stress in BC 
= 250 x = 50 tons. Vertical shear in panel EF = 224 — (2 x 48) 
= 128 tons. Of this 50 tons is resisted by BC, leaving 128 — 50 
= 78 tons to be equally divided between HC and 1IF if of equal 
inclination as is usual. Hence vertical stress in HC = + 39 tons and 
in HF = — 39 tons. 

Horizontal stress in HC = 39 X yg = 43*3 tons. 

Hence, „ „ CD = 250 4 - 43*3 = 293*8 tons, 

and Vertical „ CD = 293*5 X 5 * = 29*8 tons. 

Vertical shear in panel FG = 224 — (3 x 48) = 80 tons, of which 
29*5 tons is resisted by CD, leaving 80 — 29*3 = 50*6 tons to be 
equally divided between KI) and KG, giving 25*5 tons for vertical stress 
in KD and KG. The remaining top chord and diagonal stresses are 
obtained similarly. Those for the other members are then readily filled 
in by summation. Thus, stress in HE = 24 + 48 = 72 tons tension. 
Stress in HB = 39 + 39 + 72 = 150 tons tension. Stress in FK = 
48 — 39 = 9 tons tension. Stress in KC = 25*5 + 25*8 -f 9 = 59*6 
tons tension. The stresses in the right-hand half of the girder have 
been obtained similarly by working from Y towards the central panel 
where the stresses check. 

Stresses in Parallel Lattice Cantilever with Symmetrical Load. 

—The stresses in parallel cantilevers are readily obtained by the method 
of the previous examples. Assuming the loads indicated in Fig. 182, 
the vertical stresses are written down on the left-hand half of the 
girder, commencing with the 60 tons load at the outer end, and 
terminating with the supporting leg L, in which the compression is 
100 tons, or half the total load, which is here symmetrically disposed 
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about the centre. The horizontal stresses in the diagonals (for bars at 
45°) are shown on the right-hand half, from which the boom stresses 
readily follow. The upper boom is, of course, in tension, and the lower 
in compression. There will be no stress in the dotted diagonals of the 
central panel, these coming into action under an unsymmetrical load. 



The lower dotted members, if the girder be supported on a braced pier 
as shown, will be required to resist longitudinal displacing forces, such 
as end wind pressure and longitudinal racking force, caused by the 
application of brakes to a rolling load traversing the girder. These 
forces would, in the absence of members m } m> tend to rack the 
structure as shown in the smaller figure. 

Stresses in Parallel Cantilever with Unsymmetrical Load.—In 
Fig. 183 the same cantilever is taken with greater loads on the lower 
joints of the left-hand half. Proceeding as before, the vertical stresses 
may be written down for both halves until arriving at the upper points 
A and B. Inserting then the corresponding horizontal stresses in all the 



diagonals outside the points A and B, the boom stresses are summed 
up working from the outer ends towards the pier. The stress in AC is 
thus found to be 312 tons of tension, and that in BI), 210 tons. Next, 
the combined horizontal pulls of 210 and 00 tons in BD and BE 
respectively will create a tension in AB of 300 tons. As this is 
insufficient to balance the combined horizontal pull of 342 + 142 
= 484 tons exerted by AC and AG, the difference = 484 — 300, or 
184 tons, will give the horizontal tension in AF, which thus comes into 
action as a tie, whilst HB remains lax. The 184 tons of horizontal 
stress in AF will be accompanied by a vertical stress of 184 tons (if 
inclined at 45°), inserting which, the remaining vertical stresses may be 
computed. At A the downward pull on the upper end of strut 
AH = 142 tons in AG +184 tons in AF, which, with the 2 tons load 
at A, make up 328 tons of compression in AH. Adding the 12 tons 
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load at H, the compression in the pier leg HK = 328 + 12 = 340 tons. 
At B the downward pull of 90 tons in BE, together with the 2 tons 
load at B, causes a compression of 92 tons in BF. Lastly, at F the 
vertical uplift in tie AF is 18 4 tons, whilst the downward forces are the 
thrust of 92 tons in BF + the 8 tons load at F, or 100 tons. The 
resultant uplift is, therefore, 184 — 100, or 84 tons, which must be 
resisted by 84 tons of tension in the pier leg FL. This leg, for the 
loading in question, would therefore require to be anchored down by 
foundation bolts capable of resisting 84 tons of tension. 

The loads on a large cantilever would greatly exceed those assumed 
above, and would result in an excessive uplift or tension in the pier 
legs, according as one or the other half of the girder were the more 
heavily loaded. In order to avoid such excessive uplift on the 
foundation, the legs forming the supports may be placed further apart, 
as in Fig. 184. The modification in the stresses will then be as follows. 



Assuming the same loads, but placing the supports at Cr and E instead 
of at II and F, the reactions in the two legs GK and EL are first found 
by taking moments about either. 

Taking moments about G, and denoting the panel width by unity, 
the moment of the loads to the left of G = 100 x H 14(2 + 1) = 342. 

Moment of loads to right of G = (50 x (5 + 10(5 + 4 + 3 + 2) 
+ 14X1 = 514. 

The excess of the right-hand moments = 514 — 342 = 172, which, 
tending to pull down the portion of the girder to the right of G, will 
have to be resisted by an upward thrust in leg EL, applied at a 
leverage GE = 3 panel lengths. 

Hence, compression in EL = = 57^ tons. 

The total load on the girder = 25(5 tons, .*. compression in leg 
OK = 25(5 - 57* = 198‘* tons. 

Commencing again with the vertical stresses, on reaching point C, 
the upward thrust in GO = 198| tons in GK — the 12 tons load at 
G = 18(5§ tons. This is partly resisted by the downward pull of 128 tons 
to the left of C + the 2 tons load at C = 130 tons. The difference of 
186§ — 130 = 5(5f tons, will lie resisted by the vertical tension in tie 
CH. It will be noticed the inclined member in this panel has been 
reversed as compared with the previous example. If the member AG 
be retained it would take a vertical compression of 5(5§ tons, whilst CG 
would take 130 tons compression instead of 18(5if tons. The tie from 
C to H is the preferable arrangement. The remaining vertical stresses 
call for no special comment. The horizontal stresses in the booms, 
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assuming the diagonals inclined at 45°, are summed up as usual. The 
figures for* the horizontal stresses in the diagonals, having the same 
value as the vertical stresses, have been omitted in Fig. 184 for the 
sake of clearness. 

Stresses in Lattice Girders of Variable Depth.— In girders of the 
types shown in Fig. 102, Nos. 4, 5, 8, 12, 13, and 14, the curved or 
inclined boom resists a portion of the vertical shearing force, so that 
the inclined ties and struts are not called upon to resist the whole 
shear, and the variation in depth of any particular girder will determine 
what proportion of the total shear is borne by the booms or flanges, 
whilst the remainder only will be resisted by tne web members. It is 
impossible, therefore, to write down the vertical stresses in the lattice 
bars merely from an inspection of the loads, as in the case of parallel 
girders, and a slightly modified method of analysis becomes necessary. 

Stresses in Hog-backed Lattice Girder with Symmetrical Load.— 
Fig. 1 85 represents the elevation of one half of a girder of 80 feet span 
having 8 panels of 10 feet breadth, a central depth of 12 feet, and end 
depth of 6 feet, carrying the loads indicated on upper and lower joints. 
Under symmetrical loading only one half of the girder need be con¬ 
sidered. 



The reaction at each end = 4 x 2 4* 3 x 24 4- £ X 24 = 02 tons. 
Bending moment at G = (92 - 1) x 10 = 910 foot-tons. 

i* „ H = 01 x 20 - 26 X 10 = 1560 foot-tons. 

» „ K = 91 x 30 — 26(20 + 10) = 1050 foot-tons. 

if it L = 01 x 40 — 26(30 4* 20 + 10) = 2080 foot-tons. 

The curve of the upper boom being drawn in from A to E, the 
depths intercepted at G, H, and K are 8£, 10£, and 11^ feet respectively. 
Dividing the B.M. at each section by the vertical depth of the girder, 
the horizontal boom stress is obtained. Thus— 


Horizontal stress in AB = 

„ „ BC = 

j> fj CD = 

„ „ DE = 


B.M. at G 
depth BG 
B.M. at II 
depth Off 
B.M at K 
depth DK 
B.M. at L 


010 
: W 

1560 

104 

1050 

Hi 
. 2080 
12 


= 107*1 tons. 


= 151*0 


= 160*6 


= 173 


depth EL 

These horizontal stresses are now written against the respective 
members, with a plus sign to denote compression, whence the horizontal 



LATTICE GIRDERS 


239 


stresses in the diagonal ties at once follow. Thus, the horizontal 
compression of 1071 tons in AB can only be caused by the hori¬ 
zontal pull applied by the tie AG, since the member AF is vertical and 
has no horizontal component of stress. The horizontal tension in AG is 
therefore 107*1 tons. Similarly the increase of horizontal compression 
from 107*1 tons in AB to 151 tons in BC is caused by the horizontal 
pull of tie BH = 151 — 107*1 = 43*9 tons. Also horizontal tension in 


CK = 169*G - 151 = 18-C tons, and in DL = 173*3 - 169*6 = 3*7 
tons. The lower boom stresses now follow, being summed up as in 
a parallel girder. The vertical stresses in the ties are next required, and 
are obtained by multiplying the horizontal stress by the ratio 
vertical length 


horizontal breadth 


for each tie. Thus— 


Vertical stress in AG = 107*1 



107*1 



= 64*2 tons. 


BH = 43-9 x ~ = 43-9 X = 37-3 
Gil 10 

CK = 18-0 x = 18-C X = 19-2 
IlK 10 

DL " » IX KE- »•’*$- w 


These stresses are written vertically against the respective members. 
The stresses in the verticals easily follow. In AF the compression is 
of course equal to the reaction of 92 tons. At G the vertical uplift of 
64*2 tons in AG is partly balanced by the downward pull of the 24 tons 
load at G, leaving a compression of G4*2 — 24 = 40*2 tons in BG. 
Similarly compression in CH = 37*3 — 24 = 13*3 tons. At K the 
vertical uplift in tie CK is only 19*2 tons, whilst the load to be 
supported at K is 24 tons. The difference = 24 — 19*2 = 4*8 tons is 
therefore taken by I)K in tension. At the centre L the uplift in both 
ties DL and ML = 4*3 + 4*3 = 8*6 tons, and the load supported at L 
is again 24 tons. The difference 24 — 8*G ~ 15*4 tons is therefore 
taken by EL in tension . 

It should be noted that whether the vertical DK is in compression 
or tension depends on the outline given to the upper boom. A very 
slight increase of depth at CH, say to 10^ instead of 10^ feet, would 
result in a horizontal stress in BC of 14G*2 tons and in CK of 23*8 
tons, giving a vertical stress in CK of 25*4 tons. This being greater 
than the 24 tons load at K would result in DK being subject to 1*4 
tons of compression instead of 4*8 tons tension. 

It remains to convert the horizontal stresses in the ties and inclined 
segments of the upper boom into the corresponding inclined or direct 
stresses. This is done in each case by multiplying the horizontal stress 

inclined length , , . 

in the member by the ratio horizontal breadth - The inclined lengths 

may be calculated or scaled off, provided the elevation of the girder is 
carefully drawn to scale. The inclined lengths are as follows :—AB, 
10*3 ft. ; BC, 10*2 ft. ; CD, 10*1 ft. ; DE, 10*02 ft. ; AG, 11*66 ft. ; 
BH, 13*12 ft. ; CK, 14*38 ft.; DL, 15*24 ft. Hence direct stresses are. 
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AB = 1071 X 
BC = 151 X 
CD = 169*6 x 
DE = 173*3 x 


10*3 

10 

1103 

tons. 

AG = 

1071 

X 

11*66 

To 

= 124*8 

102 __ 

154-0 


BH - 

43*9 

X 

13*12 

= 57*6 

10 ~ 






10 


10*1 

171-3 


CK = 

18*6 

X 

14*38 

= 26*7 

10 






10 


10*02 _ 

173-7 


DL = 

3*7 

X 

15*24 

= 5*6 

10 





To 



Any condition of unsymmetrical loading may be treated in the same 
manner by calculating the bending moment at each panel point through¬ 
out the girder, as exemplified in the following case. 

Stresses in Cantilever of varying Depth with Unsymmetrical 
Load. —Fig. 186 represents the outline of a cantilever girder supported 
on piers 100 feet apart and overhanging 250 feet on either side. Each 
arm contains five panels of 50 feet horizontal breadth. The loads 
indicated are assumed as acting at the various panel points and re¬ 
present closely the state of loading for a steel girder of these dimen¬ 
sions, forming one of a pair for carrying a double line of railway, 
when the left-hand half from P, up to and including joint N is loaded 
with the rolling load plus dead load, whilst the right-hand half is 
assumed to carry dead load only. 


B.M. 




>» 








at A = 47 x 50 = 2350 foot-tons. 

B = 47 x 100 + 103 x 50 = 9850 foot-tons. 

C = 47 X 150 + 103 x 100 + 109 x 50 = 22,800 foot-tons. 

D = 47 X 200 + 103 X 150 + 109 X 100 + H3 x 50 
= 41,400 foot-tons. 

E = 47 X 250 + 103 X 200 + 109 X 150+113x100 + 117x50 
= 65,850 foot-tons. 

F = 22 x 250 + 53 x 200 + 59 X 150 + 63 x 100 + 67 x 50 
= 34,600 foot-tons. 

G = 22 x 200 + 53 X 150 + 59 X 100 + 63x50 = 21,400 foot-tons. 
H = 22 x 150 + 53 x 100 + 59 X 50 = 11,550 foot-tons. 

K = 22 x 100 + 53 x 50 = 4850 foot-tons. 

L = 22 x 50 = 1100 foot-tons. 


In the following table are entered the bending moments, depth of 
girder at each panel point, and horizontal stresses in booms, obtained by 
dividing the B.M. by depth of girder. The horizontal stresses in 
diagonals are obtained by successive differences of the horizontal 
stresses in the boom segments, and the vertical stresses in diagonals by 
multiplying the horizontal stress by the ratio, 


vertical height of diagonal 
horizontal breadth of diagonal. 


The resulting stresses are indicated on Fig. 186, the compression in 
any vertical being obtained by subtracting the load at its lower end 
from the vertical tension in the diagonal tie attached at that point. 
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At 


A 

B 

C 

D 

E 

F 

G 

H 

K 

L 


B.M. Id foot- 

Depth. 

Horizontal stress in boom 

Horizontal stress in 

Vertical Btresa 

tons. 

Feet. 

segments in tons. 

diagonals. 

in diagonals. 

2,350 

9,850 

40 

55 

AB, 58*8 
BC, 179-1 

PA, 58-8 

OB, 120-3 

RC, 146-6 

132-3 

205-2 

22,800 

70 

CD, 325-7 

SD. 134-3 

241-7 

! 41,400 

90 

DE, 460-0 

TE. 

88-8 

2131 

65,850 
| 84,600 

120 

120 

EF + EM, 548-8 
EF, 288*3 

EM, 260-5 

FV, 50-5 

416-8 

121-2 

21,400 

! 90 

FG, 237-8 i 

GW, 72-8 

1311 

' 11,550 

70 

GH, 1650 

HX. 76-8 

107-5 

4,850 

55 

HK, 88-2 

KY, 

60-7 

66-8 

1,100 

40 

1 

j KL, 27-5 

1 

LZ, 

27-5 



The compression of 288*3 tons in MV is obtained by summing up 
from Z inwards or is taken directly from the calculation, being 

= The compressive stress in MN = it ^ == 5 ^*8 

tons. The difference 548*8 —288*3 = 200*5 tons gives the horizontal 
tension in EM which comes into action when the left-hand cantilever 
arm is the more heavily loaded, NF being then inoperative. The 
pressures on the supports are, for the 

left-hand pier = vertical compression in EN + load at N 
= 836*7 + 108*0 = 044*7 tons, and for the 
right-hand pier = compression in FM — vertical uplift in EM 
+ load at M 

= 298*0 -312*6 + 58*0 = 44*3 tons. 

These may be verified if desired, by taking moments about either 
pier. The following table gives the calculated inclined lengths of the 
sloping ties and segments of the upper boom, from which the tabulated 
direct stresses have been calculated as follows. Direct stress in any tie, 
say SD, 

SD 103 

= horizontal stress x grp = 134*3 x ^ = 276*6 tons. 

Direct stress in any segment of the upper boom, say DE, 

, . . DE . ^ ^ 58*3 r _ . 

= horizontal stress x = 460*0 x - 7 ^- = 536*3 tons. 

The horizontal and vertical stresses in members which are themselves 
horizontal or vertical, constitute of course the direct stresses for those 
members. The direct stress in any sloping member of any girder may, 
if preferred, be obtained as follows. 

Let H = horizontal stress. V = vertical stress, then direct stress 
= Vtf 8 + V a . In large girders, the lengths of the longer struts as CS, 






24 2 


STRUCTURAL ENGINEERING 


DT, NM, and EN being unavoidably great, these members would be 
stiffened by t auxiliary struts ss, shown by dotted lines, in order to 



reduce their tendency to buckle. Such members, however, do notenter 
into the calculations for the primary stresses. 
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Direct Stresses in Inclined Members of Cantilever Girder 

in Fig. 186. 


Member. 

Horizontal stress. 

Inclined length. 

Horizontal length. 

Direct stress. 


tons. 

ft. 

ft. 

tons. 

PA 

58*8 

64-0 

50 

75-3 

AB 

58-8 

52-2 

50 

61-7 

BC 

179-1 

52-2 

50 

188-0 

CD 

325-7 

63-9 

50 

361-1 

DE 

460-0 

58-3 

50 

636-3 

FG 

237-8 

58-3 

50 

277-2 

GH 

165-0 

53-9 

50 

177-8 

HK 

88-2 

52-2 

50 

921 

KL 

275 

52-2 

50 

28-7 

LZ 

27-5 

640 

50 

35-2 

OB 

120-3 

74-3 

50 

178-7 

RC 

146-6 

86-0 

50 

252-1 

SD 

134-3 

1030 

50 

276-6 

TE 

88-8 

130-0 

50 

230-8 

EM 

2G0-5 

156-2 

100 

406-9 

FV 

50-5 

130-0 

50 

131-3 

GW 

72-8 

1030 

50 

149-9 

HX 

76-8 

860 

50 

132-1 

KY 

60-7 

74-3 

50 

90-2 


General Method for Rolling Load Stresses in Girders of Constant 
Depth.—The calculation of the maximum stresses caused by a rolling 
train load passing over a bridge span is considerably simplified if the 
actual axle loads be replaced by the “ equivalent distributed load,” that 
is, by a uniformly distributed load which would produce at least as 
large bending moments or shearing forces as the actual axle loads of the 
type of train in question. 

The following method is conveniently applicable to the most 
generally employed types of single triangulation bridge girders. Let 
Fig. 187 represent the outline of an N-girder of eight panels. The 
“ equivalent distributed rolling load ” will be specified as so many tonB 
per foot run (see Table 22). The “ panel rolling load ” will therefore 
= equivalent distributed rolling load x panel length. As this value 
will be variable for different types of locomotives and varying panel 
lengths, it is convenient to assume a “ panel rolling load ” of one ton 
and afterwards to multiply the stresses resulting from unit panel load 
by the actual panel load for any particular case. 

Considering a rolling distributed load equivalent to one ton per 
panel advancing from A towards K, let the load advance until panel 
point B is loaded with one ton. In this position seven-eighths of a ton 
of vertical shear will be transmitted through diagonal 1 —B acting in 
tension, to abutment A, and one-eighth of a ton of vertical shear through 
all the remaining diagonals acting in compression to abutment K. 

These values are entered along the first horizontal line of the table 
beneath Fig. 187, the negative sign indicating tension and the positive 
sign compression. If panel point C be loaded with one ton, six-eighths 
of a ton of vertical shear will be transmitted through diagonals 2—0 
and 1 —B as tension, to A, and two-eighths of a ton through the 
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remaining diagonals as compression, to K. The completion of the 
table as the unit load occupies successively the different panel points is 



I Vertical Components of 8tress in Diagonals. 

Position of ! 

Unit Load. | j i , I 



l—B 

2—C 

3-D 

4— E 

5—F 

6-G 

7-H 

8-K 

At B . . 

- 1 

+ 4 

+ i 

+ J 

+ l 

+1 

+ 4 

+ 4 

c . . 

_ fi 

8 

-1 1 

4* R 

+ 1 

4- i 

+ ? 

+ 3 

+ 1 

E . . 

-5 

fi i 

s 

-g 

+8 

+ 3 

+ 3 

+ 3 

+ 3 

,, E . . 

-1 

-i 1 

-t 

-i 

+ f 

+ 4 

+ i 

+ 4 

F . . 

- 3 

-3 

-1 

-i 

-8 

+ 8 

+ 8 

+ 8 

„ G . . 

-3 

-8 ! 

-8 

-I 

- 8 | 

-n 

+ ? 

1 +8 

H . . 

i -1 

_ri ! 


- 4 

- J ! 


1 ~ I 1 

1 +L 

— Total . 

; -3} 

“ | 

— ^8 

-n 

_ ■< 

I 

s 

i -l 

6 

4- Total . 

0 

■ + 4 ! 

+ 3 

+ * 

+ il 

4- lg 

; 4-2^ 

+ »i 

Alg. Total 

-3J 

- 2 M 

- 15 

_ l 

‘2 

+ 5 

+ 15 

' 

, 

i 

+ 3J 


simple. The algebraic sum of the quantities in any vertical column 
from the top down to any particular panel point will evidently give the 
vertical component of stress in the diagonal at the head of that column 
at the instant when the load occupies the panel points in question. 
Thus, when the distributed load extends from A over panel points B, C, 
and I), the vertical stress in diagonal 2—C = + £ — i = — ^ ton * 
and in diagonal 6—G = + g + f 4* § = 4- £ ton. It will be noted 
that the signs of all the quantities above the stepped line are positive 
and those below the stepped line negative. It is readily seen, therefore, 
that in order to produce the maximum rolling load stress in 1—B, all 
the panel points must be loaded, when the vertical stress in 1—B would 



- 3* tons. Also to produce the 


maximum vertical stress in 3—D, the points D, E, F, G, and H must 
be loaded, this stress then being = —- — -= — l^tons. 


If the points B and C be also loaded the negative stress of l£ tons in 

3—D would be diminished by — ~~~ = + § ton. It is evident 

8 

there are specific positions of the load which produce the maximum 
tensile and compressive stresses in the diagonals and these positions are 
defined by the stepped line separating the positive and negative quan¬ 
tities. The totals of the negative and positive quantities in each column 
are figured at the foot of the table, as also the algebraic totals. 

The negative totals give the vertical components of the maximum 
tension which the rolling load may produce in any diagonal. The 
positive totals give the vertical components of the maximum com- 
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pression which the rolling load may produce in any diagonal. The 
algebraic totals give the vertical components of the stresses in the 
diagonals when every panel point is loaded, that is, when the rolling 
load covers the span. 

In order to compute the actual maxima stresses in the diagonals it 
is only necessary to multiply these positive and negative totals by the 
actual “ panel rolling load,” and to convert the resulting vertical 
stresses into their corresponding inclined or direct stresses. It will 
be noticed that all the diagonals, excepting those in the two end panels, 
undergo reversal of stress due to rolling load only, according as the 
load approaches from one or the other end of the span. 

A similar table may quickly be constructed for a girder of other 
than eight panels, and for practical use only one-half of the table is 
required, since the totals are the same to right and left of the centre 
but with the signs changed. When the diagonals 5F, 6G, 7H, and 
8K are reversed as in an actual girder, the signs of the vertical stresses 
pertaining to those members are thereby changed and the totals to right 
and left of the centre become identical both in sign and magnitude. 

The maxima stresses in the upper and lower chords occur when 
the rolling load covers the whole span, increasing from zero to the 
maximum as the head of the rolling load moves from A to K or from 
K to A. The rate of this increase upon which the impact allowance 
partly depends is governed by the speed of the advancing load. There 
is, of course, no reversal of stress in the chords. 


/ 2 3 



Rolling Load Stresses in Verticals. —The stresses in the vertical 
members, excepting the two end ones 1A and 9K, also undergo reversal 
during the passage of the rolling load. The maximum values are 
readily deduced from the totals of the above table. 

In Fig. 188 the maximum tension is assumed to occur in diagonal 
8—D when the rolling load extends from K up to a point P such that 
panel point D is fully loaded whilst C is unloaded. Actually this is 
not possible with a uniform load, since any portion of the load as PD 
which enters the panel CD is necessarily partly carried by the panel 
point C in advance of D. For the present purpose P may be regarded 
as the centre of panel CD. 1 The vertical stress in 8—D at this 
instant is 1£ tons tension. The vertical 8—C receives this downward 
pull of 1£ tons applied at its upper end and therefore suffers a 
compression of 1| tons, which is transmitted as tension through 2—C, 
compression through 2—B, tension through 1—B and compression 
through 1—A to the abutment A. Hence the vertical next in 
advance of the head of the load receives its maximum compression 
simultaneously with the occurrence of the maximum tension in the 
diagonal attached to its upper end. 

1 See chapter on Influence Lines, p. 276. 
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Again, when the load extends from A to P, diagonal 3—D receives 
its maximum compression, the vertical component of which (from the 
table) is f ton. Tnis vertical uplift exerted on the upper end of 3—C 
applies a tension of f ton to 3—C. These occurrences may be sum¬ 
marised thus :— 

Load. Diagonal 3—D. Vertical 3—G. 

From K to P Max. vert, tension = 1| tons. Max. comp. = lj tons. 

„ A to P „ „ comp. = | „ „ tension = f „ 

The application of this method to the calculation of the combined 
dead and rolling load stresses in a bridge girder will now be shown. 

Example 31 a. —An S-girder of 128 feet span, 16 feet depth, andhaving 
eight panels of 16 feet ividth , carries a dead load of £ ton per foot run 
due to floor and track supported on lower panel points and £ ton per foot 
run due to weight of girder , divided equally between upper and lower 
panel points. The equivalent rolling load is 2 tons per foot run carried 
on lower panel points. Required the maximum and minimum stresses in 
the members . 

Dead Load per panel on upper panel points =j 8 ff x 16 = 5 tons. 

„ „ „ lower „ „ =(t + tg) X 16 = 17 tons. 

R a = R k = 1(7 X 17 + 7 x 5 + t X 3) = 80 tons. 


Dead Load Stresses. 


3 
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Fig. 189. 


Dead Load Stresses.—The dead load stresses, taken out in the usual 
manner, are shown on Fig. 189, and are transferred to the “dead 
load ” column_ of Stress Sheet after multiplying the figured diagonal 
stresses by V2. 

Maximum and Minimum Rolling Load Stresses in Chords.—The 
maximum stresses in the chord members due to rolling load occur 
when the rolling load covers the whole span. The minimum stresses 
are zero since no reversal occurs. 

Panel rolling load = 16 X 2 = 32 tons. 

Fig. 190 shows the stresses caused by a load of 32 tons imposed on 
each lower panel point. Only the chord stresses from this figure are 
transferred to the Stress Sheet, since the diagonal and vertical stresses 
are not the maximum stresses for those members. 

Maximum and Minimum Rolling Load Stresses in Diagonals.— 
The negative and positive totals in the foregoing table apply to a panel 
load of one ton. The actual panel rolling load is 32 tons. Hence,— 
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Max. stress in IB = -3| x 32 x V 2 = - 158*4 tons. 
Min. „ 3 B = o 

Max. „ 2C = - 2f x 32 x V 2 = - 118*8 „ 

Min. „ 2C = + i x 32 x V 2 = + 5*7 „ 

Max. „ 31) = — 1| x 32 x \f 2 = — 84*9 M 

Min. „ 3D = + 3 X 32 x V 2 _= 4- 17*0 „ 

Max. „ 4E = - II x 32 x V 2 = - 56*6 „ 

Min. „ 4E = + 5 X 32 x V 2 = + 34*0 „ 

Rolling Load Stresses. Span fully loaded\ 


t 2 3 4 5 +256 +240 +/92 +H2 



ABODE -240 ~/92 -U2 O 

\ \ \ \ \ \ \ \ 

£ 32 32 32 32 32 32 32 


Fig. 190. 



Stresses in Counterbrace 51) and Central Vertical 5E.—The 
maximum and minimum stresses due to the combined dead and 
rolling loads are obtained by taking the algebraic sum of first the 
dead load stress and maximum rolling load stress, and secondly the 
dead load stress and minimum rolling load stress for each member. 
The resulting stresses are entered with their proper sign in the two end 
columns of the Stress Sheet. It is now evident that the stresses in the 
chord members fluctuate between higher and lower values of the same 
kind of stress. In diagonals IB, 2C, and 31) the stresses fluctuate 
between higher and lower values of tension. In diagonal 4E the 
maximum stress is 72-2 tons of tension, whilst under the worst position 
of the rolling load for creating compression in this member, the 
incidental compression of 34 tons is more than sufficient to neutralise 
the 15*6 tons of permanent tension caused by the dead load. Hence 
during the passage of the rolling load from A up to and fully loading 
panel point D, the stress in 4E first rapidly diminishes from 15*6 tons 
of tension to zero and then changes to compression which rapidly 
increases to 18*4 tons. An instant later panel point E also becomes 
loaded when the rolling load stress in 4E is seen to be (from Table, 


//2 
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Stress Sheet. 


Member. 

Dead Load. 

Rolling Load. 

Combined Load. 

Max. 

Min. 

Max. 

Min. 

1—2 

+ 77 

+ 112 

0 ! 

+ 189 

+ 77 

2—8 

+•132 

+ 192 

0 

+ 324 

+ 132 

3-4 

+ 165 

+ 240 

0 

+ 405 

+ 165 

4—8 

+ 176 

+ 256 

•0 

+ 432 

+ 176 

A-B 

0 

0 

0 

0 

0 

B—C 

- 77 

- 112 

0 

- 189 

- 77 

C-D 

- 132 

- 192 

0 

-324 

- 132 

D-E 

- 165 

- 240 

0 

- 405 

- 165 

1—B 

- 108*9 

- 158-4 

0 

- 267*3 

- 108-9 

2—0 

- 77-8 

- 118-8 

+ 5-7 

- 196-6 

- 721 

8—D 

- 46-7 

- 84-9 

+ 17-0 j 

- 131-6 

- 29-7 

4—E 

- 15*6 

- 56-6 

+ 340 • 

i 

- 72 2 

+ 18-4 

0 if c.b. 

5—D 

0 

- 18-4 

0 

- 18-4 

0 

1 —A 

+ 80 

+ 112 

0 

+ 192 “ 

+ 80 

2 —B 

+ 60 

+ 84 

- 4 

+ 144 

+ 56 

3—G 

+ 38 

+ 60 

- 12 

+ 98 

+ 26 

4—D 

+ 16 

+ 40 

- 24 

+ 56 

- 8 

0 if c.b. 

5—E 

+ 5 

+ 13 

0 

+ 18 

+ 5 


Fig. 187) = 32 X ( + 8 + i + f — f) X V2 = + 11*3 ton8 > ^ 
still compression. But this compression of 11*3 tons is more than neu¬ 
tralised by the permanent tension of 15*6 tons due to the dead load, so 
that during the short interval of time occupied by the head of the load 
in reaching some point just beyond E the member 4E is restored to a 
state of tension. It will be realised that these fluctuations of stress in 
4 E take place very rapidly. Whilst the head of the load travels from 
A to just beyond E, say a distance of 70 feet, the stress in 4 E passes 
through the following changes. 


Head of advancing load. 

Stress in 4E. 

At A 

15*6 tons tension. 

Between B and C . . . 

. . . 10-0 „ „ 

» C „ D . . . 

. . . 1*3 „ compression. 

„ D „ E . . . 

• • • 18*4 „ „ 

„ E „ F ... 

. . . 4*3 „ tension. 


After which the tension in 4E continues to increase until the load 
covers the whole span. So long as the load covers the span, the stress 
in 4E remains sensibly constant, but again increases as the tail end of 
the load passes from X to panel D—E, at which instant the maximum 
tension of 72*2 tons occurs. Finally, as the tail end rolls off from panel 
D—E to K the stress falls from 72 2 tons tension to 15*6 tons tension. 

For a load travelling at 60 miles an hour, the time period during 

which the stress in 4E changes from 15*6 tons tension to 18*4 tons 

compression and back again to 4*3 tons tension would be only about 

seven-ninths of a second, whilst the time occupied by the complete 

cycle of fluctuations of stress in the case of a train 500 feet long would 

, ,500 4-128 _ . . , 

be only-^-= 7*14 seconds. 
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The actual stresses caused by the load travelling at high speed 
would moreover be greater than those indicated, which are merely the 
result of considering several individual static positions of the load. 1 

The diagonal 4E may either be built as a compression member 
capable of resisting both the tensile and compressive stresses indicated, 
or if consisting of two flat bars incapable of resisting compression, a 
counterbrace 5D will be inserted capable of resisting 18*4 tons of 
tension. The stress in the main tie 4E then fluctuates between 
72*2 tons tension and zero, and the stress in the counterbrace between 
zero and 18*4 tons tension. The central vertical 5E which under the 
dead load takes 5 tons compression will, at the instant either counter¬ 
brace is in full extension, be required to resist also the downward 
vertical pull of the counterbalance on its upper end. Hence maximum 
rolling load compression in 

5E = vertical component of maximum stress in 5D 
= 18*4 — J 2= 13*01 tons. 

The reversal of stress in 4D from + 56 tons to — 8 tons is not of 
great moment, since this member is necessarily a strut, and will there¬ 
fore satisfactorily resist a small amount of tension, whilst if a counter¬ 
brace be inserted this reversal will not take place. 

Bowstring Girders.—The bowstring girder consists of one curved 
and one straight boom with verticals and diagonals. In the upright 
type, Fig. 162, No. 12, the curved boom is in compression and the 
horizontal boom in tension. These stresses are reversed if the girder 
be inverted as in Fig. 162, No. 13. The upright form is employed for 
through spans and the inverted form for deck spans. If the outline of 
the girder be made parabolic, then the horizontal stress in the curved 
boom is uniform throughout under the action of a uniformly distributed 

load. In Fig. 191, the parabola ACB _ 

represents the B.M. diagram for a J*—* 

uniformly distributed load. If the \ 

depth cd of the girder be everywhere / 
proportionate to the ordinates of the A 
parabola ACB, then the B.M. CD, at 
any point, divided by the correspond- a 
ing girder depth cd , will give a con- “ Fig. 191 , 

stant quotient for the horizontal flange 

stress whatever section be considered. This being the case, there is 
evidently no stress in the diagonal bracing, since the horizontal boom 
stress does not increase from panel to panel and the diagonals do not 
therefore apply any increment of horizontal stress to the booms. The 
diagonals being in a state of no stress, it is obvious that the whole of the 
shearing force is borne by the curved boom. The verticals under a 
uniform load simply act as suspenders for the panel loads applied at 
their lower ends and are in tension. The horizontal boom adb resists 
the outward thrust of the ends of the curved boom and is subject to a 
tensile stress equal in amount to the constant horizontal compression in 
the curved boom. These conditions of stress will obtain very closely in 

1 See Impaot Formulae, p. 49 
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girders of circular outline provided the circular curve does not deviate 
far from the parabola. In girders the outlines of which are not 
parabolic there will, however, be small stresses in the bracing, the 
magnitude of which will vary with the extent of deviation of the 
outline from the parabola. Under an unsymmetrical system of loads, 
for which most practical girders must be designed, the diagonals will 
suffer considerable tensile or compressive stresses according to their 
direction of slope, as will be seen from the following examples. 

Stresses in Parabolic Bowstring Girder under Uniform Load.— 
Fig. 192, represents a bowstring girder of 80 feet span having 8 panels 
of 10 feet width, a central depth of 10 feet, and carrying 2 tons and 
8 tons respectively at each upper and lower joint. The depths of the 
girder at B, C, and D are respectively 4*875, 7*5, and 9*875 feet, being 
the correct values of the parabolic ordinates. The reaction at A is 85 
tons. Then 


B.M. at B = 35 x 10 = 350 ft.-tons. 

„ C = 35 x 20 - 10 X 10 = G 00 ft.-tons. 

„ I) = 35 x 30 — 10(20 + 10 ) = 750 ft.-tons. 

„ E = 85 X 40 — 10(30 + 20 + 10) = 800 ft.-tons. 

350 

Horizontal boom stress in AB = 7 -;- = 80 tons. 

4*3/ *> 








BC = 

CD = 

800 


DE = 


10 






Since the horizontal compression in each segment of the upper boom 
is 80 tons, no increment of horizontal stress is applied by the diagonals, 
whence their stress is zero. The outward thrust of 80 tons in AB 
creates a tension of 80 tons in AF and this stress is passed on unaltered 
throughout the lower boom, since the diagonals do not affect it. The 
stress in each vertical is 8 tons of tension. Finally, the inclined lengths 
of AB, BC, CD and DE are respectively 10 * 9 , 10*4, 10*2 and 10*02 feet, 
whence the direct stresses are 


and 


• * T , 10*9 

in AB = 80 x ~y ( y = 87*2 tons. 

10*4 

„ BC = 80 x jo = 83 ' 2 * 

10-2 

.. CD = 80 x ]0 = 81-6 „ 

„ de = 80 x = 80-ic „ 


It will be noticed the greatest direct stress occurs in AB near the 
support, whereas in parallel girders the greatest boom stress is in the 
central panels, and further, that the direct stress in the curved boom 
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being only slightly greater near the ends than at the centre, the cross- 
section adopted for AB may be used throughout the boom with little 



sacrifice of economy, whilst the practical advantage is considerable. 
For the same reason, the parabolic girder is a more economical type 
than the parallel girder, span for span. In a large span, the dead 
weight of the girder creates a considerable proportion of the total B.M 
In the parallel type the heaviest portions of the booms are near the 
centre, that is, in the most disadvantageous position for creating B.M., 
and therefore stress, in the girder. In the bowstring girder, the weight 
of the booms being practically uniformly distributed, or actually a little 
greater towards the supports, the B.M. and stress due to dead weight is 
relatively less. The bracing of bowstring girders is also usually lighter 
than that of parallel types. 

Stresses in Parabolic Bowstring Girder with Unsymmetrical Load. 
—In Fig. 193, the girder of the previous example is supposed loaded 



with an additional 12 tons at panel points F, G, H and K. 

The reaction at A = Jx U (upper loads) + 20 (£ + § + §+!) 
+ 8 (§ + £ + £) = 68 tons, and at S = 118 — 68 = 50 tons. 


B.M. 

n 

n 

55 

55 

55 

51 


at F = 68 x 10 = 680 ft.-tons. 

G = 68 X 20 - 22 x 10 = 1140 ft.-tons. 

II = 68 x 30 - 22(20 + 10) = 1380 ft.-tons. 

K = 68 x 40 - 22(30 + 20 + 10) = 1400 ft.-tons. 
P = 50 X 30 - 10(20 + 10) = 1200 ft.-tons. 

Q = 50 x 20 - 10 X 10 = 900 ft.-tons. 

R = 50 X 10 = 500 ft.-tons. 


Dividing these bending moments by the depths at the corresponding 
sections, the horizontal boom stresses marked in the figure are obtained. 
At B the horizontal stress of 155*4 tons in AB is not balanced by that 
of 152 tons in BC, therefore the diagonal BO must exert a horizontal 
thrust of 155*4 —152 = 3*4 tons. Similarly CH and DK are found to 
be in compression to the extent of 4*8 and 7*2 tons respectively. The 
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horizontal thrust of 128 tons in LM increases to 140 tons in EL, so 
that the, increment of 140 —128 = 12 tons must have been applied by 
a horizontal tension of 12 tons in diagonal LIv. Similarly 8*0 and 5*7 
tons of tension respectively are found to exist in MP and NQ. These 
horizontal stresses are converted into the corresponding vertical stresses 

as usual, by multiplying them by the ratio, j ^^ h ^ tl l of each 


diagonal. 

The stresses in the vertical members then follow. BF obviously 
acts as a suspender for the 20 tons load at F. At G, the load of 20 
tons -f the vertical downward thrust of 1*5 tons in BG, together 
produce a tension of 21*5 tons in CG. At H, 20 + 3*G = 23-6 tons 
tension in DH. At K the downward forces are 0*8 tons vertical 
thrust in DK + 20 tons load, making 2G*8 tons, which is partly 
resisted by the vertical tension of 11*3 tons in LK, leaving 2G*8 —11*3 
= 15*5 tons tension, in EK. Similarly LP takes 2 tons and MQ, 5*5 
tons of tension, whilst NR simply suspends the 8 tons load at R. The 
direct stresses in the diagonals and upper boom segments are obtained 
as in previous examples and are as follow :— 


Upper boom. 

AB = 160-4 tons, cornpn. 
BO =158-8 
CD =150-1 
BE = 140-8 „ 

EL = 140-8 „ 

T/M = 130-5 „ 

MX = 124-8 

NS = 124-6 


Diagonals. 

BG = :>•? tons, compn. 
CII = G*0 „ 

DK = 94) 

LK = 1G*o tons, tension. 
MP = lo*0 „ 

NQ = 0*2 


With a single system of diagonals inclined as in Fig. 193, each 
diagonal will be subject to both tension and compression under varying 
positions of the unsymmetrical portion of the load. If the diagonals be 
reversed in direction, then for the same arrangement of loads as in Fig. 
193, the horizontal and vertical stresses will be as indicated in Fig. 194. 



c- IV ■. ' U 

-155 4 & - 152-0 20 


Fig. 194. 


Here, again, the diagonals may be subject to either tension or com¬ 
pression according to the position of the unsymmetrical load. 

The B.M. at each section is as before and the horizontal stresses in 
the boom segments and diagonals readily follow. 

Stresses in Bowstring Girder with Crossed Diagonals in every 
Panel.— A third arrangement, and one frequently adopted, is to cross¬ 
brace every panel with flat tie-bars capable of resisting tension only. 
Assuming the same loads and dimensions as in the two previous 
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cases, the horizontal and vertical stresses would then be as indicated 
in Fig. 195. 

In this case the diagonals being incapable of resisting compression, 
become lax under any tendency of the load to create compressive stress 
in them, whilst those diagonals inclined in the opposite direction come 
into action for resisting the tension. Thus, in Fig. 195, the dotted 
diagonals which would suffer compression if of suitable section to resist 
it, are in a state of no stress, whilst the full line diagonals are put in 
tension under the disposition of loads considered. The dotted diagonals, 



of course, come into action when the right-hand portion of the girder 
is the more heavily loaded. It is a mistake to cross-brace every panel 
with two diagonals capable of resisting compression since the bracing is 
then redundant , and an indeterminate amount of compression exists in 
one diagonal and an indeterminate amount of tension in the other, 
making it impossible to accurately compute the stresses. 

Effect of Uniform Rolling Load on Parabolic Bowstring Girder.— 
In each of the three preceding cases, the first four panel points from the* 
left-hand support were supposed loaded with 12 tons over and above 
the symmetrical dead load in Fig. 192. This additional load may be 
regarded as a uniform rolling load which has advanced from the left 
abutment up to the central panel. The maximum horizontal stress in 
the diagonals occurs in KL, Figs. 193 aud 195, or in EP, Fig. 194, that 
is, in the diagonal of the panel immediately in advance of the rolling 
load, and is equal to 12 tons of tension or compression according to the 
inclination of the diagonal. If the load be supposed to advance another 
panel so that P now becomes loaded with an additional 12 tons, and a 
similar analysis of the stresses be made, the diagonal MP will be found 
to be the most heavily stressed, and further, the amount of the horizontal 
stress in MP will again be 12 tons. This result is peculiar to the bow¬ 
string girder of parabolic outline and may be stated as follows. Under 
the action of a uniform rolling load advancing from one abutment, the 
maximum horizontal stress in any diagonal occurs when the head of the 
load reaches the panel in which the diagonal is situated, and the amount 
of the maximum horizontal stress is the same for every diagonal in the 
girder. When the rolling load covers the whole span, the loading is 
again symmetrical and the ft.M. at the centre of the span due to 12 tons 
of rolling load on each lower joint, is then 

= 42 x 40 - 12(30 + 20 + 10) = 960 ft.-tons. 

Dividing this B.M. by the central depth of 10 ft., the horizontal 
boom stress at the centre, due to rolling load covering the span 
= £S£ = 96 tons. It was shown above that the maximum horizontal 
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stress in each diagonal, as the rolling load reached it, was 12 tons. 
The number of panels is 8 and - 8 - = 12; or stated generally, the maximum 
horizontal stress in each diagonal 

= Maximum horizontal boom stress when rolling load covers the 
whole span 4- number of panels. 

This relation furnishes a ready method of calculating the maximum 
stresses in the diagonals due to the passage of a uniform rolling load. 
A strictly mathematical investigation gives the maximum horizontal 
stress in each diagonal 

_ Maximum horizontal boom stress 
Number of panels + 1 





The discrepancy is due to the fact that it is impossible to fully load 
any one panel point with a uniform load without, at the same instant, 
partially loading the next panel point in advance. In the above 
analysis the assumption is made that the panel point at the head of 
the advancing load is fully loaded, whilst the next panel point in 
advance is unloaded. This could only be effected by a uniform load 

extending from, say, A to B in Fig. 
196, together with a concentrated 
load at B equal to half the panel 
length of uniform load, in which 
case B is fully loaded, whilst C is 
unloaded. The diagonal BI) then suffers its maximum horizontal stress. 
As this represents more closely the practical condition of loading, 
especially in the case of train loads on bridges, where the uniform train 
load is headed by the heavy concentrated axle loads of the engine, the 
results are more nearly correct than if a perfectly uniform load be 
assumed throughout. 

It is common practice to construct the upper boom with an actually 
curved outline. In designing the cross-section of the various segments, 
B it should be noted there, will be both bending and 
r- direct stress to provide for. Thus in Fig. 197 the 
calculated direct stress P acts along the straight 
dotted line AB. If the boom be curved, the B.M. 
at its centre = P x d, the case being similar to that 
of a deflected column in compression. The intensity 
of compressive stress is thereby augmented on the 
under side of the boom, and slightly relieved on the 
upper side. The weight of the boom segment itself sets up a small 
amount of B.M. acting contrarily to that of P d, and so tends to equalize 
the stresses at upper and lower faces. Although the employment of 
curved booms is theoretically disadvantageous, the practical advantage 
resulting from greater facility of construction, especially in riveted 
girders, more than compensates. 

Stresses in Inclined Girders. —Girders in inclined positions are 
frequently employed for footbridges, supports for inclined conveyers 
and hoists, and for communication bridges between a quayside and 
floating landing stage. In the latter case the inclination of the girders 
may vary between wide limits due to a considerable tidal range. 



Fig. 197. 
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Unless the inclination is appreciable the difference between the stresses 
in the inclined position and those obtaining when the girder is hori¬ 
zontal will not be serious, and most bridge girders on inclines usually 
prevailing on railways may safely be designed as horizontal spans. On 
rack railways the incline may be as steep as 1 in 4. The stresses in 
bascule and rolling lift bridges are subject to wide variations between 
the horizontal and raised positions. 



into a normal component ON and a longitudinal component OL. The 
normal components will create stresses in the members due to traverse 
bending action on the inclined span AB, and will set up normal reactions 
N a and N„, the values of which will be determined by the magnitude 
and distribution of the normal components of load. The longitudinal 
components will modify the stresses in the lower chord (in this case) and 
will set up longitudinal reactions L A and L B , the values of which will 
depend upon the manner in which the girder ends are supported at 
A and B. 

If both A and B are fixed, say by pin bearings on bolted down 
shoes, reactions L A and L B will be indeterminable since a minute difference 
of fit at A or B may bring the whole of the longitudinal loading as a 
thrust against A or as a pull against B. Moreover, the question of 
temperature stresses would be introduced. One end of the girder 
should be allowed to move freely in some pre-determined direction, so 
that the longitudinal reactions may be defined and made automatically 
adjustable. 

Fig. 100 shows the possible methods of support practically avail¬ 
able. In Fig. 109 a, the lower end A has a fixed pin bearing and the 
upper end B is free to slide or roll in a direction parallel to the girder. 
The reaction R B is normal to the girder and R A is drawn through 0, 
the intersection of W and R B . The magnitudes of R A and R B are 
obtainable by the triangle of forces and L A the longitudinal component 
of R a = W L . The whole longitudinal loading W L comes on the lower 
bearing A as a thrust. There is no longitudinal reaction at B, and 
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there will be a uniform augmentation of pressure through the lower 
chord from B to A, which will reduce the tension due to the normal 
loading to a greater extent in the lower than in the upper panels. It 
is here assumed that the load is applied at the lower panel points or on 
the lower flange in the case of a plate girder. 



In Fig. 199 b y A is free to move longitudinally and B is a fixed pin 
bearing. R A is normal and the longitudinal reaction L 1{ balances the 
whole longitudinal loading W L which comes on B as a pull. There is 
thus an augmentation of tension throughout the lower chord from A to 
B which will increase the tension due to the normal loading to a greater 
extent in the upper than in the lower panels. These effects will be 
appreciated in studying Examples 31 b, o, and d. 

In Fig. 199, c , B is a fixed pin bearing and A is free to slide or roll 
horizontally. R x is therefore vertical. N A and L A are respectively the 
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normal and longitudinal components of R A . Under symmetrical or 
uniform loading, W passes through the centre of span C and N A = N B 
= £W N , whence L A = L B = |W L and R B is also vertical and equal to 
R a and from the geometry of the figure R A = R B = iW. 

In Fig. 199, d , A is fixed and B is free to move horizontally. The 
same relations hold for the reactions. The fixed bearings are pre¬ 
ferably placed on the immovable support should the other end be on a 
floating stage. 

Fig. 200 shows the case for unsymmetrical loading. The resultant 
load W intersects the span line at P, whence N A : N B :: PB : PA. R A 
and R b are vertical and therefore L A : L B :: PB : PA. 

Example 31b.— In Fig. 201 AM represents one main girder of an 
inclined bridge supported as in Fig. 199, c. The girder is hinged at M to 
fixed bearings and is supported at A on saddles free to move horizontally 



on a floating pontoon . In its lowest position it is inclined 1 vertically to 
4 horizontally . Inclined span 100 feet. Depth 12 ft. 0 ins. Flooring 
and live load supported on lower chord . Panel load 10 tons . Required 
the stresses in the members . 

It will be convenient to suppose each lower joint loaded with 4 tons 
acting normally to the girder and 1 ton acting longitudinally. This 
will correspond to a vertical load at each joint of V 17 tons. The 
resulting stresses will then require multiplying by 10 -r VI? = 2’425 
to give those due to a vertical panel load of 10 tons. The normal 
reactions at A and M each equal 18 tons, and the stresses due to these 
and the normal loads of 4 tons are written down as for a horizontal 
girder, leaving out for the moment the lower chord stresses. 

The longitudinal reactions for this method of support will be 4*5 
tons at M acting away from the girder and 4*5 tons at A acting to¬ 
wards the girder. The lower chord stresses may now be summed up. 
The reaction 4*5 tons at M creates a tension of 4*5 tons in LM. At 
L there is a longitudinal pull to the right of 14*4 tons in LY and 
4*5 tons in LM = 18*9 tons. The 1 ton of longitudinal load at L 
acting to the left balances 1 ton of this, leaving 17’9 tons for the 

K 
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tension in KL. A similar reasoning at K, H, etc., deduces the stresses 
as figured. The direct stresses in the diagonals are obtained by multi- 

f ~i - ‘ normal components by 

= 1*28. Thus, direct stress 

18 x 1-28 = -23*04 tons, 
s shown in Fig. 201 are 
\ a vertical load of -y/17 tons 
Multiplying them all by 

25, the stresses due to a 

of 10 tons are obtained, 
figured in the table on 
side by side with them are 
tresses for the same girder 
same loading when lifted 
izontal position. The inf¬ 
erences occur, of course, in 
chord. If the load were 
carried on the upper 
joints the upper chord 
segments would be most 
affected by the inclina¬ 
tion. Also in that case 
the reactions would be 
slightly unequal, since 
the resultant load line 
would be nearer A than 
M. 

Example 3lc. Case 1. 
—Fig. 202 shows the out¬ 
line of a bascule bridge 
girder raised to an inclina¬ 
tion of 3 vertical to 1 
horizontal. Suppose each 
lower chord joint loaded 
iviih lion acting normally 
and 3 tons acting longitu¬ 
dinally to the girder . This 
. corresponds with a vertical 
* panel load of */\0 tons. 
The stresses due to the 
normal loads are m itten 
down in the usual manner 
working from D to Jl 
For stress in BC take 
Fig. 201. moments about A. 

Longitudinal component of stress in CB X CA = 1x20(6 + 5 + 
4 + 3 + 2 + 1). CA = 40 ft. .*. Longitudinal component of stress in 
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CB = 10-5 tons tension, whence longitudinal component in BA = 4*5 tons 
to balance the 15 tons combined pull in BE and BF. The longitudinal 
stresses in upper chord readily follow. The compression in the lower 
chord is cumulative from D to A. Thus— 

Compn. in DC = 1 (from DK) + 3 (longitudinal load) = 4 tons. 

„ GH = 4 (from DG) + 2 (from GL) + 3 (load) = 9 tons. 

„ HM = 9 (from GH) + 3 (from HN) + 3 (load) = 15 tons, etc. 



Stress in CA.—Normal component of balance weight applied 30 ft. 

from Ax 30 = lx 20 (6+ £> + 4 + 3 + 2 +1). 

whence, Normal component of balance weight = 14 tons, 
and Longitudinal „ „ „ =14x3 = 42 tons. 

Actual balance weight = 14 x a/10 tons. 
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The longitudinal component acta through the trunnions at A and 
does not influence the stress in CA. Consider the normal component. 
The 14 tons at W is equivalent to ^ X 14 = 10*5 tons at P and ^ 
X 14 = 3-5 tons at A. 

The 10-5 tons at P would create a normal component of 10*5 tons 


Member. 

Olrder 

incllied 

1 to 4. 

Girder 

horizontal. 

| 

AB 

4-10*9 

0 

BO 

-26*4 

-360 

CD 

- 56-0 

- 64-0 

DE 

- 779 

-84-0 

EP 

— 919 

-96 0 

FCx 

1 - 94 4 

- 96 0 

OH 

! - 85*2 

- 84-0 

HK 

! - 68-1 

-640 

KL 

j - 43-4 

- 36 0 

LM 

- 10-9 

0 

OP and XY 

+ 34 9 

4-360 

PQ „ WX 

4- 621 

4-64*0 

QR „ VW 

, 4- 81-5 

4-84-0 

RS „ UV 

1 4- 93-2 

4- 96*0 

ST „ TU 

' 4- 97 0 

4- 100-0 


Member. 

Girder 

inclined 

Girder 

horizontal. 


1 to 4. 

OA and YM 

4- 43-7 

4- 45-0 

PB „ XL 

4-34-0 

4- 35 0 

QC „ WK 

4-24 3 

4-26*0 

RD „ VH 

4- 14-6 

4 - 15-0 

SE „ UG 

4- 4-9 

4 - 5 0 

TP 

0 

+ o 

OB and YL 

- 55-8 

- 57-6 

PC „ XK 

- 43-4 

- 44-8 

QD „ WH 

- 310 

- 32 0 

RE „ VG 

i - 18-6 

- 19 2 

SP „ UP 

j - 6-2 

— 6*4 


This Table refers to 
Example 31 b. 


tension in a direct tie PC if inserted. However the quadrant CAP 
may be constructed, this stress will be transmitted through it as shear 
and will create a normal pull on CA of 10*5 tons, which together with 
the normal component of 10-5 tons in CB (CB being inclined 45°) 
causes a compression of 21 tons in CA. 



Stress in PA. —The direct stress in PA is given by the difference 
between the longitudinal component of the balance weight, 42 tons, 
which in this position tends to stretch PA and the longitudinal com¬ 
ponent of 10*5 tons in the virtual tie PC which tends to compress PA. 

Hence, longitudinal stress in PA = 42 — 10 5 = 31*5 tons tension. 
PA is also subject to bending stress due to the balance weight being 
distributed over part of its length. 
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Pressure on Trunnion Bearings at A.— Normal pressure = 21 tons 
pressure from CA 4- 3J tons (share of balance weight) — 4*5 tons 
(normal upward pull in AB) = 20 tons. This checks with (6x1) 
+ 14 = 20 tons total normal load on girder. Longitudinal pressure 
= 33 tons from QA — 4*5 tons (longitudinal upward pull in AB) 
+ 31*5 tons (downward pull in AP) = 60 tons. This checks with 
(6 X 3) + 42 = 60 tons total longitudinaMoad on girder. Vertical 
resultant pressure on bearings = 20 x V10 = 63-25 tons. If there 
should be a panel load at A it should be added, but such load would not 
affect the stresses in the girder. 

Cask 2.—Fig. 203 shows the stresses in the girder when just 
attaining the horizontal position but before the end D is actually in 
contact with the abutment. 

The girder is now acting as a horizontal cantilever. The evaluation 
of the stresses will be readily made if the reasoning of the last case has 
been carefully followed. 

Case 3.—Fig. 204 shows the stresses in the girder when the end I) 
is resting on the abutment and the stress in CB relieved by blocking up 


c 



the quadrant and balance weight. ABKD is then acting as a simply 
supported span carrying dead load. 

The stresses in the above three cases are the dead load stresses for a 
panel dead load of VlO tons. For any_other panel load w tons, these 
stresses will be multiplied by {tv \/10)* If additional live load be 
imposed at each panel point, the live load stresses will be those set up 
in the simply supported girder ABKD and the resultant stresses will be 
the algebraic sum of the live load stresses and the dead load stresses of 
Case 2, if the balance weight is freely acting on the tail end, or the 
sum of the live load stresses and the dead load stresses of Case 3 if the 
balance arm is blocked up until the stress in CB is zero. 

The resultant dead load in the above cases passes through the 
trunnion axis, so that when lowered with balance weight free the girder 
is still delicately balanced and the minimum of power is required to 
rotate it. The line of action of the resultant dead load may be arranged 
to fall a short distance to the right of A, so that a small pressure is 
exerted on D when the bridge is lowered. This increases the power 
required for operating but prevents chattering as the live load rolls on 
and off at D. 
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Example 81c. — Fig. 205 represents the outline of an inclined elevator 
girder for raising material from the hoot C and delivering to a hopper or 
conveger at D. Inclination 2 vertical to 3 horizontal. The girder is sup¬ 
ported on fixed pin hearings at B and horizontally rolling or sliding 
hearings at A. 

Suppose each lower joint, Fig. 206, loaded with a normal load of 
3 tons and a longitudinal load of 2 tons, corresponding with a vertical 
panel load of ^13 tons. Resultant load W = 14^13 tons. The line 
of action of W divides the distance between supports in the ratio of J) 
to 7. Hence R A = {^ W = 22*05 tons and R B = W = 28*35 tons. 
Total normal load = 14 x 3 = 42 tons. Normal reaction at A = fa 
X 42 = 18^ tons. Normal reaction atB = fa x 42 = 23g tons. Total 



longitudinal load = 14 x 2 = 28 tons. Longitudinal reaction at A 
= fa x 28 = 12^ tons and longitudinal reaction at B = ^ x 28 = 15| 
tons. 

In Fig. 206 the normal stress components due to the normal loading 
are first written down and converted into the corresponding longi¬ 
tudinal components, which for diagonals inclined at 45° are equal. 
From these the chord stresses are summed up in the usual manner. 
Fig. 206 shows the resulting stresses. For any other panel load w tons 
these stresses will be multiplied by (w -f- yM3). In designing a girder 
of this type a reasonable allowance should be made for the longitudinal 
tension in the elevator chains or belt which will apply additional com¬ 
pression throughout the loaded chord. 

Design for Lattice Crane Girder. —The preceding methods will now 
be applied for obtaining the maxima stresses in the members of the 
lattice crane girder shown in outline in Fig. 207, and in detail in 
Fig. 208. Lattice girders for travelling cranes are usually of the 
Warren type with intermediate verticals for reducing the panel spans 
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of the upper boom over which the crab travels, and which are therefore 
subject «to bending moment in addition to direct compression. In this 
example, the span is 46 ft. 6 in., depth of girder 5 ft., and breadth of 
panels 5 ft. The useful crane load is 70 tons, weight of crab assumed 
as 18 tons, and weight of each main girder 10 tons, of which 1 ton is 
apportioned to each upper joint, the remaining 1 ton being divided 
between the end supports, and consequently not appearing in the 



Fig. 207. 


calculations for the stresses in the lattice members, since it does not 
contribute to the bending moment. The distance between centres of 
crab axles is 10 ft. The load lifted will be doubled and treated as 
equivalent dead load. Then equivalent crab load = 70 X 2 + 18 
= 158 tons, i.e. 1 — = 39*5, say 40 tons per wheel. It should be noted 
that by doubling the crane load an outside allowance is made for shock 
due to possible slipping of the tackle, and in designing the sectionaJ 
areas of members a relatively high working stress may be taken. 

The following table shows the stresses caused by placing the crab 
in five different positions ; first, with the left-hand axle over point A, 
and right-hand axle over I), afterwards moving it 5 ft. at a time, so 
that the left-hand axle comes successively over C, D, F, and G. The 
transit over the right-hand half of the span will give rise to similar 
stresses in corresponding members, and need not be tieated. As the 
method of calculation for each position is a repetition of the one before, 
it is here stated for one position only of the load, namely, when the 
left-hand axle is at D, and right-hand axle at G. 


Stresses in Members of Lattice Crane Girder. 




Direct stress when left-hand axle of crab is at, 


Member. 

1 A 

c 

D 

F 

G 

XA 

+ 82*0 

4- 72*3 

4- 62-3 

4- 52-2 

4- 26-7 

AD 

+ 74*4 

4-1007 

+ 86-6 

4- 72-4 

4- 58-2 

DG 

•f 90*0 

4-139-1 

4-147-8 

+ iS6'4 

4-125-0 

XB 

- 67*3 

- 58-5 

- 50-0 

- 41-9 

- 33-9 

BE 

-102-7 

-120-4 

-1377 

-114-9 

- 92-1 

EH 

- 76*3 

-116-8 

-156-9 

-156-9 

-1569 

AB 

- 15-5 

- 63 2 

- 54-3 

- 45 3 

- 36-2 

BD 

4- 39*9 

4- 27-8 

4- 7 2 ‘l 

4- 59-9 

4- 47-8 

DE 

4- 179 

- 26-4 

- 14-3 

- 58-5 

— 46’4 

EG 

- 19-3 

- 31-5 

4- 12-8 

4- 0-7 

+ 45*0 

BC 

+ 10 

4- 41 0 

+ 1-0 

4- 10 

4- 10 

EF 

4- 10 

4- 41-0 

4- 10 

4- 41*0 

4- 10 
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53*1 tons. 

172*6 ft.-tons. 
3*59 ft. 

48*1 tons. 

Vertical stress in XB = 48*1 x §f" = 13*6 tons tension, 28 in. and 
99 in. being respectively the vertical height and horizontal length of 
XB. Since the downward vertical pull in XB and thrust in XA 
together make up the reaction of 53*1 tons, vertical compression in 
XA = 53*1 - 13*6 = 39*5 tons. 

Writing these vertical stresses against XB and XA, Fig. 207, the 
remaining vertical stresses for this position of the load are easily 
written down. Thus, at A, 1 ton of the vertical compression of 
39*5 tons in XA is due to the dead load at A, leaving a vertical tension 
of 38*5 tons to be applied by AB. The 1 ton of dead load at C is 
transmitted down CB as compression, so that at B there is an uplift 
of 38*5 + 13*6, exerted by ties AB and XB, = 52*1 tons — 1 ton due 
to the thrust in BC, giving 51*1 tons as the vertical down-thrust or 
compression in Bl). At 1) the 41 tons of load creates 41 of the 51*1 
tons compression in BI), whence the remaining 10*1 tons is due to the 
vertical tension in DE. The other vertical stresses will be readily 
followed, care being taken not to omit the loads transmitted down the 
intermediate verticals from top to bottom joints. The stresses beyond 
G are not required for insertion in the table, but are followed through 
in order to check with the reaction at Y. On arriving at L, the 
vertical thrust of 33*9 tons in KL + 1 ton in LM = 34*9 tons. This 
represents the combined vertical tensions in LN and LY. The separate 
tensions in these members are not required, as they will not be the 
maxima stresses. They may be found, if desired, from the B.M. at N 
in a similar manner as adopted for the stresses in XB and XA. Adding 
the last 1 ton load at N, the pressure on Y = 34*9 -f 1*0 = 35*9 tons. 
The total load on girder = 89 tons, and reaction at Y = 89 — reaction 
at X = 89 — 53*1 = 35*9 tons, which of course agrees with the 35*9 
tons pressure applied by members NY and LY. The inclination of 
the lattice bars, excepting XA and XB, is 45°, and the horizontal 
stresses equal the vertical stresses for bars AB, BI), DE, and EG. The 
horizontal stress in XB and XA has already been calculated, and equals 
48*1 tons. From the horizontal stresses the flange stresses are readily 
computed, and finally, the direct stresses for the inclined members are 
obtained in the usual way. 

Direct stress in XB = 48*1 x = 50 tons, 

„ XA = 48*1 x = 62*3 tons, 

103 in. and 50*5 in. being the inclined lengths of XB and XA 
respectively. The direct stresses in AB, BD, I)E, and EG = horizontal 
stresses x The direct stresses are entered in column D of the 

K 2 


Reaction at X = jjjjof + jjjjof 40 + 4£ = 

B.M. at A = 53*1 X 3J = 
Vertical depth of girder at A = 
172*6 

Horizontal stress in XA or XB = irky = 
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table, and the stresses due to the other positions of the crab being 
similarly calculated and inserted, the maxima stresses are indicated 
by the figures in heavy type. 

Fig. 208 shows the sections adopted, and general arrangement of 
the girder. The upper boom from C to G consists of one horizontal 
plate 1G” x |" two vertical channels 9" x 3£" X 25*39 lbs., and two 
vertical plates 7£" x f". From C to the end of the girder the two 
vertical plates are suppressed. The C.G. of the section is 3*7 in. from 
the upper surface, moment of inertia = 498*4, and modulus of section 

498*4 

for compressive stress at upper surface therefore = = 135. The 


segments of the upper boom act as beams when the rolling load travels 
over them, and are subject to bending stress in addition to the direct 
compression indicated in the table. With 40 tons midway between two 


40 X 5 

panel points, the B.M. = —.— = 50 


foot - tons = 600 inch - tons. 


This, it will be noted, is an outside estimate, since the continuity of 
the upper boom will tend to diminish the B.M., which is here calculated 
as for a simply supported span of 5 ft. 

Therefore compressive stress due to bending only = fff = 4*45 tons 
per square inch. 

Total sectional area = 34*3 sq. in. Maximum direct compression in 
segment DG (from table) = 156*4 tons. Hence direct compression per 

sq. in. = = 4*5G tons, and total compressive stress per square inch 

at upper edge of section due to bending and direct compression = 4*45 
+ 4*56 = 9*01 tons. Remembering that the rolling crane load was 
originally doubled, this stress represents the outside maximum which 
may occur under a sudden shock, due to a possible slip of tackle whilst 
slinging the load. Glider normal working conditions the maximum 
compression in the top boom will not exceed 5 to 5£ tons per square inch. 
The compression members here are all relatively “ short columns,” and 
no reduction in working stress is necessary on the score of slenderness. 

The lower boom consists of two vertical plates 8" x §", two 
angles 7" x 3£" x 17*81 lbs. with 7 in. leg vertical, and two horizontal 
plates 3£" x i". Sectional area = 24 sq. in. Maximum stress 

= 156*9 tons in EH, and maximum stress per sq. in. = = 8*7 

lo 


tons, after deducting G sq. in. for six l in. rivets—four in the vertical 
and two in the horizontal portion of the boom. Each vertical member 
suffers 41 tons of compression as an axle passes over it. These consist 
of two 7'' x 3" x 17*5G lbs. channels, back to back. Sectional area 

41*0 

= 10*32. Maximum working stress = — —^ = say 4 tons per square 

inch. Diagonal EG has the same section as the verticals. Its maximum 
stresses are 45 tons compression and 31*5 tons tension, and maximum 


working stress = - ~~ 


= 4*4 tons per square inch compression. Diagonals 


AB, BD, and DE all have the same section, consisting of two 7" X 3" 
channels, with one 7" X £" plate between. Maximum stress in 
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AB = 63*2 tons tension. Gross sectional area = 13*82 sq. in., and 
deducting, say, 5 rivet holes, four through gusset plates and one 
through webs of channels and sandwich plate, nett sectional 

63*2 

area = 11 sq. in., giving a maximum working stress = y - = 5*8 tons 

per square inch. In BD maximum compression =72*1 tons,and maximum 
72*1 

working stress = , = 5*3 tons per square inch. DE, with a maximum 

tension of 58*5 tons, is obviously of ample section. In XB the vertical 
angles and horizontal plates only are carried through, the two 8" x £" 
vertical plates being suppressed on the left of joint B. The maximum 
tension is 67*3 tons. The gross section is 14 sq. in., and deducting 6 
rivet holes, nett section = 10*5 sq. in. Maximum working stress 
67*3 

= yjTg = 6*4 tons per square inch. The short strut XAis enclosed between 

two deep f in. gusset plates, to which it is riveted throughout its length. 
A considerable proportion of its stress will therefore be transmitted by 
the gusset plates. Its maximum stress is 82 tons. The strut, apart 
from the gussets, consists of two 7" X 3" channels, having a sectional 
area of 10*32 sq. in. As sufficient rivets are provided to pass quite half 
the stress to the gussets this section will be ample. The riveted 
connections have been designed on a basis of 3 tons single shearing 
resistance per § in. rivet, and a maximum bearing stress of 10 tons per 
square inch. All gussets are £ in. thick. On the cross-section a light gantry 
is shown on the right-hand side, carried by a lattice girder 2 ft. 6 in. 
deep, bracketed out from the main girder. 

Practical Arrangement of Details of Lattice Girders.—Fig. 209 



Fig. 209. 


illustrates sections most commonly employed for the booms of lattice 
girders. 

Sections A and B are used for the flanges of light girders in roof 
construction, or for parapet girders having webs of closely spaced 
intersecting flat bars. These girders are now practically obsolete for 
large spans. C is the usual flange section for girders of medium length. 
The bracing consists of flats, channels, angles, or tees riveted on either 
side of the vertical web plate P. The compression booms of large span 
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girders are generally of section E, the number of vertical and horizontal 

f lates being increased according to the sectional area required. Section 
) is occasionally employed for the compression boom in light girders, 
the channels being laced together top and bottom. For the tension 
boom any of the above forms inverted may be used, whilst section F, 
consisting of vertical plates with or without the dotted angles, is very 
generally employed, and possesses the advantage of not accumulating 
dirt as does the trough section E. The tension booms of pin-jointed 
trusses consist of several flat eye-bars placed side by side as in Fig. 
214. The bracing bars of lattice girders are of flat section in the 
case of ties, and angle, tee, or channel section for the struts of small 
girders. In larger girders the struts may be of rolled beam section, or 
any of the column sections indicated in types 1, 7, 10, and 11, Chapter 
V. Type 10 is most commonly employed in English practice, whilst in 
pin-jointed girders of American design the struts are almost invariably 
formed of two channels laced together as in Fig. 214. 

Fig. 210 shows the usual arrangement of details adopted in English 
practice for riveted main girders of bridges. The figure shows the 
elevation and cross-section of one panel of a main girder for a double¬ 
line railway bridge of a type suitable for spans of from 120 ft. to 150 
ft. The upper boom A is of trough section similar to Fig. 209, E, a 
joint being indicated at J. This joint is a full butt, with internal and 
external covers to both horizontal and vertical plates. An alternative 
arrangement is to make the horizontal and vertical plates break joint, 
which however makes the work more difficult to handle in the shop. 
The under side of the boom is laced as shown at L, and the boom 
is stiffened transversely by plate diaphragms d, d . The lower boom B 
consists of two parcels of vertical plates, the arrangement of a joint in 
this boom being indicated at P. One or two plate diaphragms similar 
to d in Fig. 209, F, are usually inserted iu each panel, whilst angles as 
shown dotted in Fig. 209, F, are often provided. If the girder be 
finished with a vertical end post, these angles are necessary in the end 
panels to allow of the vertical plates being laced together in order to 
resist longitudinal compression due to application of brakes. The 
vertical struts V are of four angles, back to back, with flat lacing bars. 
The ties T are of two or four flats, according to the section required, 
and are here shown butt-jointed to the gussets g, g, with double covers. 
This joint is often lapped, but the butt joint is preferable. The 
riveting should be arranged with one rivet only on the leading section 
of the tie-bar, to avoid weakening the tie by more than one rivet 
hole. The cross-girders G are attached to the lower ends of the 
verticals V, which pass through the lower boom and carry a pair of 
suspension plates S, between which the web of the cross-girder is 
riveted. The vertical angles forming the strut are also carried through 
and riveted to the cross-girder web. This is probably the most 
desirable method of attachment of cross-girders, and its adoption is a 
strong argument in favour of the open type of lower boom. Other 
advantages are that the centre of gravity of cross-section is at the centre 
of depth, and the boom does not accumulate dirt and water. In Fig. 
209 the centres of gravity of the various boom sections are indicated at 
eg . It is important in setting out the skeleton lines intended as the 
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axes of the members of a lattice girder that these lines intersect at the 
centres of gravity of cross-section of the members, otherwise secondary 
bending stresses will be set up in the region of the joints. In Fig. 210 
the chain dotted line x-x f drawn on the upper boom in elevation, is 



projected from the c.g. of the boom section, indicated by the small 
circle on the cross-section. This line is sometimes referred to as the 
gravity line or gravity axis of the boom, and it will be seen that the 
centre lines or axes of the ties and struts all intersect on this line. The 
details of jointing in larger girders with double systems of bracing are 
similar to those just mentioned. 

Fig. 211 shows a vertical section through the end post or strut of 
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a girder similar in type to that of Fig. 210. The end post P consists 
of two side plates, one transverse plate, and eight angles arranged as 
indicated on the horizontal cross-section. The upper boom may be 
either lap- or butt-jointed to the end post. It is here shown lap-jointed, 
and the end tie T is connected to gusset plates G, packing being required 
as shown by the dotted shading. The two vertical plates of the lower 
boom B are riveted to the lower end of the post P, and laced together 
top and bottom by lacing bars L, L, for the length of the first panel of 



Fig. 211. 


the girder. The lower end of the end post carries a base or bolster 
plate, which is bolted to the upper casting C of the deflection bearing. 
The inner and outer faces of the end post are covered by end plates E, 
having hand-holes H for convenience of painting the interior. 

End Bearings for Girders. —Girders exceeding 70 feet span should 
be provided with pin and roller bearings to allow of free deflection and 
expansion and contraction under changes of temperature. The usual 
arrangement is a combined roller and pin bearing B, Fig. 212, beneath 
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one end, and some form of pin bearing P, under the other end of the 
girder. Considerable variety exists in the detailed design of bearings. 

, I j Figs. 211 and 213 show two 

irUP Il'x" TJ j , i m common types. In Fig. 211 the 

\\ jrrc j^|]J // girder is carried on two steel cast- 

1 ° N vJ I i wV ° ® ant * niachined 

L - . | rir - — _ concave and convex surfaces re- 

' | spectively. In Fig. 213, which 

is the more usual type employed 
^ in English practice, the upper 

Fig. 212. .casting C bears on a steel pin 

carried by the intermediate casting 
D, which transmits the load to the nest of rollers R, these again resting 
on a lower casting L. The rollers should not be less than 4 in. 
diameter, and vary from 4 in. to 12 in. The safe load on rollers may 




Fig. 213. 


be 1000 Jd lbs. per lineal inck.of shearing between rollers and castings. 
HenceTaTbearing having, say, eig ht roll ers of 9 in. diameter and 2 ft. 
long, may be safely loaded with— 

2 J. jXjjL*. 1^2.^ 9 = 257 tons. 

2240 

The lower casting should be at least the same depth as the rollers, 
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and its base area increased if necessary to distribute the pressure over 
a suitable area of masonry. The pressure between lower bed-plate_and 
masonry should not exceed 400 lbs. per square inch. Built-up pedestals 
are sometimes employed instead of castings, but the riveting is usually 
cramped and difficult. The rollers are carried in a pair of light bar 
frames, and either the rollers or castings are flanged to prevent lateral 
movement. 

Girders of less than 70 ft. span should have a steel bolster plate not 
less than | in. thick, or a casting 2 in. to 3 in. thick attached to the 
lower flange under the end of the girder, such bolster or casting sliding 
on a second cast bed-plate bolted to the masonry. One end only of 
the girder is free to slide, the other end being suitably prevented from 
moving longitudinally by a flange or stop on the bed-plate or by sub¬ 
stantial bolts. 

Fig. 213 also shows the detail of plating at the end of a bowstring 
girder of 200 ft. span. The construction is clearly indicated, and calls 
for no special remark. 

Fig. 214 shows the detailed arrangement of one panel of a pin- 
connected truss of 160 ft. span. The upper boom A consists of two 
vertical plates and four angles laced together at upper and lower faces. 
The lower boom consists of eye-bars E, the number and sectional area 
being proportioned to the stress in each panel. The diagonal ties T 
are also eye-bars, two or four being employed as required. The members 
meeting at each panel point are assembled on a steel pin, the diameter 
varying from 4 in. or 5 in. in small spans, to 9 in. or 10 in. in large 
spans. Joints J in the upper boom are usually placed near the pin 
instead of at centre of panel. The vertical struts V', V, in girders of 
moderate span consist usually of two channels laced together on inner 
faces. A horizontal section through strut V' is shown at S, from which 
the assemblage of the members meeting on the lower pin P will be 
readily traced. The right-hand view is an end elevation and part 
vertical section through strut V, and shows the connection of a cross¬ 
girder G to the inner face of the strut, as well as the overhead transverse 
or sway bracing B. A diaphragm plate D is inserted in the plane of 
the web of the cross-girder between the two channels forming the strut 
V. The panel width, here 20 ft., being considerable, the cross-girders 
are much more heavily loaded than when spaced at 7 ft. or 8 ft., and 
require a correspondingly greater depth. They are cut away at X to 
clear the pin end and internal eye-bars of the lower boom. This 
necessitates the employment of a hitch plate H, which is riveted to the 
U-plate fitted between the lower ends of the channels of strut V. The 
hitch plate is required to resist the tendency of the horizontal diagonal 
wind braces to bend the lower end of the strut inwards. These wind 
braces are omitted in the figure, but are attached to the hitch plate, 
which is so shaped as to form a junction plate or gusset for the 
horizontal wind ties. A similar arrangement obtains at Y, where the 
sway bracing B is cut away to clear the upper boom. The upper system 
of horizontal wind braces are attached to the upper boom. The use of 
pin connections obviously modifies the section of boom which may be 
adopted. The upper boom plates bear edgewise on the pins, and in 
order to obtain sufficient bearing area, a considerable portion of the 
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upper boom section is made up of vertically disposed plates, especially 
in the case of very large girders. Fig. 209, Gr, shows the section of 
the upper boom of the 439 ft. 9£ in. spans of the Bellefontaine bridge, 1 
which in the central panel is made up of one horizontal plate 43" x J", 
two vertical inside plates 25£" x two vertical outside plates 
23,1" x f", four side plates 12" x f", eight angles 6" x 4" x £", and 
four horizontal flats 4" x 1". The pins are 9 in. diameter, so that 
this disposition of plating gives 5G^ sq. in. of bearing area on the 
pin. Further consideration of pin-jointed trusses is beyond the scope 
of this work, but a comparison of Figs. 210 and 214 will illustrate the 
noticeable differences in detailed design of pin-jointed and riveted 
girders. 

Fig. 215 shows the construction of a lattice girder such as commonly 
used for foot-bridges over railway tracks. The boom sections are 



similar to Fig. 209, C, whilst the bracing consists of flat bars F, 
riveted at the intersections with washers for packing. Angle, tee, or 
channel stiffeners S are riveted to the web bracing and fitted well up 
to the flanges at suitable intervals. Parapet girders of deck bridges 
in open country are usually of this type. For bridges over town streets 
open-work parapet girders are generally prohibited. 

1 Engineering , Sept. 20, 1895. 














CHAPTER VIII. 


INFLUENCE LINES. 

An influence line or diagram may be defined as a line or diagram 
plotted usually on a horizontal base line, the ordinates of which 
indicate the extent to which a reaction, shear, moment or stress in a 
member of a girder is affected or influenced during the passage of a 
concentrated rolling load across a span. 

If it be desired to estimate exactly the stresses caused by a system 
of concentrated loads such as the axle loads of a locomotive, in the 
members of a girder, instead of replacing the axle loads by an equivalent 
distributed load, the method of influence lines may be adopted which 
considerably reduces the labour of calculation. Some of the simpler 
and more generally useful cases of influence lines will now be 
considered. 

Influence Line of Reaction.—The simplest example of an influence 
line is that for finding the reaction at either end of a simply supported 
span. 



In Fig. 216 let AB represent a 40-ft. span. Suppose a concentrated 
load of one ton to roll from A to B. When just entering the span at 
A the whole weight is borne by the abutment A. Set up AC to 
represent one ton to any convenient scale. When the load is at D, 
5 ton is borne by A and \ ton by B. When at E, * ton is the reaction 
at A and when at F, R A = ? ton. On reaching B the reaction at A is 
zero. It is obvious the ordinates at D, E, and F represent and \ 
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ton to the scale of AC. The line CB is the reaction influence line 
for the support A. Similarly making BG = 1 ton, the dotted ordinates 
at D, E, and F indicate the reactions at B when the load occupies 
those successive positions. AG is the reaction influence line for 
support B. 

If instead of 1 ton, a load of 5, 8, or 12 tons traverses the span, the 
reactions will be five, eight, or twelve times the value of the respective 
ordinates scaled from the unit diagram. Thus the reaction at A due 
to 12 tons at W = £ x 12 = 7*5 tons. If several axle loads at fixed 
distances apart traverse the span the reaction at A or B is readily 
obtained for any desired position of the loads. 



Fig. 217. 


In Fig. 217 the axle loads of an Atlantic locomotive and tender 
are shown on a 100-ft. span with the leading bogie axle 10 feet from A. 
Scaling off the ordinates, reaction at A = (8 x 0*00) 4- (8 x 0*84) 4- 
(20 X >78) 4- (18 X 0*71) + (12 x 0*63) 4- (H X 0*54) 4- (H X 0*48) 
X (14 x 0*41) = 08*26 tons. Total load = 105 tons, whence R B = 
105 - 68*26 = 36*74 tons. 

Maximum Rolling Load Reaction on a Cross-girder.—The maxi¬ 
mum rolling load on a cross-girder due to the worst position of axle 
loads on the longitudinal girders in the adjacent panels, is quickly 
obtained from the reaction influence line. 



In Fig. 218 let A, B, and C be three consecutive cross-girders 
15 feet apart, and suppose the given axle loads to roll over the span 
from A to C. Make BD = 1 ton. AD is the reaction influence line 
for the support B of span AB, and CD the reaction influence line for 
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support B of span BC. Placing the load P at B and the other loads 
in their resulting positions shown by full lines, reaction at B 

= 16 x 1 = 16*00 tons, due to load at B 

+ 18 x 0*6 = 10*80) 

+ 17 x 0-18 = 2*27 ) ” 

+ 8 x 0-67 = 5*36 ( 

+ 8 X 0*26 = 2*13) ” 


loads on AB 


BC 


R b = 36 56 tons 


It is possible that a greater reaction at B may result if the loads 
be moved to the right until axle Q arrives at B. The loads are then in 
the positions shown by the dotted lines, the leading 8 tons load having 
rolled off the span BC. R B then 


=18x1 = 

+ 17 X 0-53 = 
+ 16 x 0 60 = 
+ 8 X 0*26 = 


18*00 tons due to load at B 
1) 01 „ „ „ on AB 


9*60) 
2*13) ” 


loads on BC 


R b = 38*74 tons 

It is evident the second value must be the maximum, since if the 
load S be advanced to B a much greater reduction of the reaction due 
to loads P and Q will take place than may be balanced by the increase 
of reaction due to S. Hence the axle Q must be placed over cross¬ 
girder B to give the maximum reaction. It should be noted that one 
of the loads must, be placed at B to give the maximum value. If the 
loads be arrested in some intermediate position, then on moving the 
group to right or left of that position, either an increase or decrease of 
reaction will take place, and such increase or decrease will continue until 
a load arrives under the highest point D of the influence line. It is 
further unnecessary to try different positions at random. The position 
which gives the maximum reaction may be readily located as follows. 
The slope of line Al) determines the rate at which the ordinates 
increase over the span AB, and the slope of DO determines the rate at 
which the ordinates dr reuse over the span BC, for a movement of 
loads from left to right. In this case the slopes Al) and DC are equal 
since the spans are equal. Hence if two equal connected loads on 
opposite sides of BD be moved either to right or left, the increase of 
reaction due to one will be exactly balanced by the decrease due to the 
other, since each moves through the same distance. But if a greater 
load be approaching B whilst a less load is receding from B there will 
be a net increase of reaction at B for this direction of motion. 

Hence if P be supposed at B and a slight movement of the group 
of loads takes place towards the right, the loads become separated 
into two groups, Fig. 219, one of 32 tons gross moving under DC and 
tending to decrease R B , and the other of 35 tons gross moving under 
AD and tending to increase R B . Since the rate of increase per unit of 
load equals in this case the rate of decrease, the net result of a left to 
right movement will be an increase in the reaction. Continuing the 
movement until Q arrives at B a still further slight movement to the 
right may be imagined in order to ascertain if the reaction will continue 
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to increase after Q has passed the point B. The right-hand group of 
loads influencing the decrease now totals 18 + 16 4- 8 = 42 tons (the 
leading 8 tons having now rolled off the span), whilst the left-hand 
group influencing the increase comprises only the 17 tons load. The 


o 



Fig. 219. 


result of moving Q to the right of B is therefore to cause a decrease in 
the reaction, and evidently Q must be arrested at B for the position of 
maximum reaction. 

Influence Line of Bending Moment.—The reader should carefully 
appreciate the following theorem before proceeding to influence lines 
for moments. 


D 



a p a q 

Fig. 220. 


In Fig. *220 let AB be anv span. Place a load of 1 ton at any 
point P. 

BP BP 

Reaction at A due to 1 ton at P = - x 1 = ton. Bending 

A B AB 

BP 

moment at P due to 1 ton at P = ^ x AP ft.-tons. 

BP 

Make CP = ^ x AP. Then AOB is the bending moment diagram 
for a load of 1 ton at P. 

Now place another load of 1 ton at any other point Q. Reaction at 

A duo to 1 ton at Q = ^ x 1 = ^ ton. 

Alt AB 

Bending moment at ^ due to 1 ton at Q = -^9 x AQ ft.-tons. 
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BO 

Make DQ = ~~ x AQ to the same scale as used for Ch 

» Ad 

Then ADB is the bending moment diagram for a load of 1 ton at 
Q. Consider the section at P. There is here a bending moment CP 
due to the 1 ton load at P + an additional bending moment EP due to 
the 1 ton load at Q. It may be proved that the intercept FQ of the 
ordinate through Q on the original diagram ACB is equal to EP. In 
other wotds, the total bending moment at any section P = the moment 
at P due to the load at P + the ordinate at Q to the bending moment 
diagram of P. For loads other than 1 ton, the ordinates are multiplied 
by their respective loads. 

To prove FQ = EP. 

n . EP DQ „ AP AP BQ 

From similar triangles Jp = XQ* ’’’ EP ~ AQ X D< * = AQ X AB 

AP x BQ 

X AQ = — aiT "'' (substituting value of DQ from above). 


FQ _ CP 


Again from similar triangles g^ = gg 


BQ 


-OT---FQ-BFXCP- 


bq.. bi 


Bl* 


* AB 


AP x BQ 


X AP = —^—— (substituting value of CP from above), whence 
FQ = F.P. ^ 

ACB is called the Influence Line of Moments for section P. 


Bending Moment at any Section of a Girder due to a Group ot 
Axle Loads in any Position.—In Fig. 221 let AB be a 50-ft. span. 
Required the bending moment at a section P, 20 ft. from A, due to the 
given loads in the position indicated 


c 



Place 1 ton at P. R A = 22 — 0 6 ton. 

Bending moment at P due to 1 ton at P = O'G x 20' = 12 ft.-tons. 
Make PC = 12 ft.-tons to scale. ACB is the influence line of moments 
for section P. The figured heights of the ordinates give the bending 
moments in ft.-tons at P due to a 1 ton load at each of the five 
positions. Multiplying the ordinates by the loads, the total moment 
at P = (8 X 8-4) + (8 X 12) + (16 X 10) + (18 x 7‘6) + (17 X 4*8) 
«* 541‘6 ft-tons. 
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Position of Loads for Maximum Bending Moment at any 
Section. —In the last example, to determine the position of the loads 
for maximum bending moment at section P and the value of the 
maximum moment. 

Slope of AC = $ = 0*6. Slope of BC = ^ = 0 4. Hence relative 
slopes of AC and Bu are as 3 to 2. 

Starting from the position shown in Fig. 221 let the loads be moved 
slightly to the left. The ordinates of the two 8 tons loads will decrease 
at the relative rate 8, whilst the ordinates of the 16, 18, and 17 tons 
loads will increase at the relative rate 2. Hence, 

Total relative decrease of moment = (8 + 8) X 3 = 48 

„ „ increase „ = (1G + 18 + 17) X 2 = 102 

A movement of the group towards A will therefore cause a net increase 
of moment at P. Advance the 16 tons load to P and imagine a slight 
r nrther movement to the left. The loads 8, 8, and 16 tons are now 
moving under the slope AC and are influencing a decrease of moment 
at P at the relative rate 3, whilst the 18 and 17 tons loads are in 
fluencing an increase of moment at P at the relative rate 2. 

Total relative decrease of moment = (8 + 8 + 16) X 3 = 36. 

„ „ increase „ = (18 + 17) X 2 =70. 

Thus a further movement of the 16 tons load beyond P towards A 
will cause a net decrease of moment at P. The position for maximum 
moment at P is therefore when the 1G tons load is at P. Drawing the 
new ordinates (dotted) for the remaining loads when the 16 tons load 
is at P and scaling off their lengths, the maximum bending moment at 
section P = (8 x 5*4) + (8 x ;>) + (16 X 12) + (18 X 3*6) + (17 X 
6-8) = 595*6 ft.-tons. 

Note.—I f these loads are able to traverse the span in the reverse 
order, as, for example, after having been rotated on a turn-table, it will 


c 



be found that the 18 tons load at P will give the maximum moment 
at P and its value will then be 604*6 ft.-tons. 

Bending Moment at any Section due to advancing Distributed 
Load. —A uniformly distributed load may be regarded as an infinitely 
large number of concentrated loads so close together that their 
ordinates coalesce and constitute an area. The bending moment due 
to a distributed load is then measured by the area of the portion of 
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the influence diagram vertically over the load. In Fig. 222 let AB be 
a span of GO feet, and suppose a distributed load of 2 tons per foot run 
to advance from A towards B. Consider the section P, 24 feet from 
A. Construct the influence diagram for section P as before, by placing 
1 ton at P. R a = ££ ton and bending moment at P = $ x 24 
= 14*4 ft.-tons Make PC = 14*4. 

Suppose the distributed load to have advanced to D, say 10 feet from 
A. The bending moment at P due to this position of the load = area 
ADE x load intensity = £AD X DE x 2. The area must be computed 
in the proper units. DE is measured to the scale of PC and AD to the 
scale of the span AB. The resulting product of JAD x DE will be 
the bending moment at P due to a load of 1 ton per foot run or of 
unit intensity , since the influence diagram was constructed for unit 
load at P. For a load of 2 tons per foot run, the result will be multi¬ 
plied by 2. Thus, 

Area ADE = £AD x DE = \ x 16 x 9*6 = 76*8 ft.-tons for a 
load of 1 ton per foot run, and 

Area ADE X load intensity = £ x 16 x 9*6 x 2 = 153-6 ft.-tons 
for a load of 2 tons per foot run. 

When the load has advanced to F the moment at P = area ACGF 
X 2 ft.-tons. Obviously the moment at P will continue to increase as 
the area over the load increases. If the load be long enough to cover 
the whole span, the maximum moment at P occurs when the head of 
the load reaches B and will then = area ACB x 2 = i x 14*4 x 60 
X 2 = 864 ft.-tons. 



Maximum Moment at any Section due to a Distributed Load 
shorter than the Span.— Let AB, Fig. 223, be a span of 128 feet 
traversed by a distributed load of 1£ tons per foot run, extending 
over a length of 60 feet. Let P be any section say 48 feet from A. 
Place 1 ton at P. R A = ~ ton and bending moment at P = T 8 ^ 
X 48 = 30 ft.-tons = PC. ACB is the influence line of moments 
for section P. The position of the load which creates the maximum 
moment at P is obtained by locating the horizontal length DE 
= 60 feet which is intercepted by CA and CB, and projecting to 
G and F. The moment at P for this position of the load = area 
GDCEF x load intensity. The area GDCEF is evidently the maximum. 
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since a small movement gQc = fV of the load to the left (or right) 
results in a smaller area gdCef over the load, the strip eEF/ cut off at 
F being greater than the strip dDQg added at G. DE is located by 
making AH = 60 feet and drawing HE parallel to AC. 

Maximum moment at P = area GDCEF x li 

= area (GDEF + CbE) x 1£ ft.-tons. 

Gl) scales 16 bare, its exact value being 15f£. 

.*. Maximum moment at P = (15if x 60) x 1£ 

+ (J- X 14 t V X 60) x = 2067*19 ft.-tons. 

Influence Lines of Stress. —Influence lines of stress may be con¬ 
structed to indicate the fluctuation of stress in any member of a braced 
girder due to the passage of a specified system of loads. Such may be 
drawn to show the influence of the moving loads on the stress in an 
upper or lower chord member or in a tension or compression member 
of the web bracing. 

Influence Line of Chord Stress.— In Fig. 224 let the girder AB be 
128 feet span and 15 feet deep. Consider any member of the upper 


k g c D 



chord, say Cl). The stress in CD at any instant = bending moment 
at section DE -r depth of girder. 

If a 1-ton load roll from A to B it will create the maximum bendiog 
moment at E and consequently the maximum stress in CD on reaching 
the point E. Placing 1 ton at E, I1 A = g ton. Bending moment at 
E = -g x 48 = 80 ft.-tons, and stress in CD = = 2 tons compression. 

In the lower figure make PQ = 2 tons. AQB is the influence line of 
stress for CD. The ordinate of this diagram at any point measured 
to the scale of PQ gives the stress in CI) when a load of 1 ton is at that 
point. The diagram is used in exactly the same manner as the preceding 
ones. Thus, suppose it be required to ascertain the maximum stress 
which may be created in CD by the locomotive and tender indicated by 
the given axle loads advancing from B towards A. The relative slopes 
of QA and QB are as 5 to 8 

From inspection of the loads it is probable that the 20 tons or 22 
tons load at P may produce the maximum stress in CD. Place the 
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20 tons load at P and imagine a slight movement towards A. The 
ordinates of the 7, 18, 19, and 20 tons loads will be decreasing at the 
relative rate 5 and the ordinates of the remaining loads increasing at 
the relative rate 3. Hence, for movement to the left, 

Total relative decrease of stress = (7 + 18+19 + 20) x f> = 320 
„ „ increase „ = (22 + 21 + 13 + 15 + 15 + 15)x3 = 303 

A movement to the left from this position therefore causes a net 
decrease of stress in CD. Again placing the 20 tons load at P 
imagine a slight movement towards B. Loads 7, 18, and 19 tons are 
now influencing an increase of stress at the relative rate 5 and loads 
20, 22, 21, 13, 15, 15, 15 are influencing a decrease at the relative 
rate 3. Hence for movement to right, 

Total relative increase of stress (7 + 18 + 19) X 5 = 220 
„ „ decrease „ = (20 +22 +21+ 13 +15 + 15 +15) 

X 3 = 363 

That is, a net decrease of stress in CD occurs whether the loads be 
moved either to left or right of the position in which the 20-tons load 
is at P. This is therefore the position for maximum stress in CI). 

Note.—I n moving the loads to right or left of an assumed position, 
be careful to notice whether one or other of the end loads rolls off the 
span as a succeeding: load is brought beneath the peak of the diagram 
for examination. This frequently occurs on small spans. Also note 
that the above numbers 220, 363, etc., do not represent any concrete 
units. They are simply comparative values indicating the occurrence 
of an increase or decrease of stress for a supposed movement. 

Having ascertained the required position of the loads, the maximum 
stress in CD is obtained as follows. Mark the positions of the loads on 
the span with the 20 tons load at P. Draw the ordinates and scale off 
their values to the scale of PQ. Much labour will be saved if such 
diagrams are drawn fairly large on squared paper. 

Maximum compression in CD = (7 X 1*3) + (18 x 1‘58) + (19 x 
1*79) + (20 X 2) + (22 x P88) + (21 X 1*75) + (13 X 1*55) + 
(15 X 1*28) + (15 x M0) + (15 X 0*93) = 259*40 tons. 

Influence Line for EF.—Since, in an N-girder, the bending 
moment at E +• depth DE = either the compressive stress in CD or 
the tensile stress in EF, the influence diagram already drawn for CD 
also applies to EF, the values of the ordinates indicating tension instead 
of compression. Thus, the position of the loads which causes the 
maximum compression of 259’46 tons in CD will at the same instant 
cause a maximum tension of 259*46 tons in EF. Similarly the influence 
line for GC will also serve for HE and that for KG for LH. 

Influence Line of Chord Stress in Girder of Variable Depth.—In 
girders of variable depth the same influence line does not apply to two 
chord members as CD and EF. The position of the unit load for 
maximum stress in either CD or EF is again at E (Fig. 225) but stress 
in EF = bending moment at E +- DE, whilst stress in CD = bending 
moment at E *+ perpendicular distance EP. 

In Fig. 225 AB = 90 ft. DE = 14 ft. and EP = 13*6 ft. Placing 
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1 ton at E, R A = § ton. Bending moment at E = § X 30 = 20 ft.- 
tons. 

Stress in CD = 20 -4- 13*6 = 1*47 tone compression. 

» EF = 20 -r 14*0 = 1*428 tons tension. 



Fig. 225. 


In the lower figure, AKB is the influence line of stress for CD and 
ALB that for EF. 

Influence Line of Chord Stress in Warren Girder.— (a) Through 
Bridge Girder , with rolling load on lower joints, Fig. 226. For maximum 
stress in any lower chord member, say CD, the unit load must be 
placed in the vertical plane PQ, which position gives the maximum 
bending moment at P, whence maximum stress in CD = bending 
moment at section PQ-4- depth d. But the 1-ton load at Q rests on 
the rail bearer bridging the interval between cross-girders C and D 
and is actually applied to the main girder as two concentrated loads of 
0*5 ton each at tne points C and D. The bending moment at PQ and 
therefore the maximum stress in CD is slightly less than if the whole 
load of 1 ton were applied on the main girder at P or Q. Let the span 
= 120 feet and depth = 18 feet. Suppose 1 ton actually applied at Q. 
Ra = ton. Bending moment at Q = x 30' = 22*5 ft.-tons, and 
stress in CD = 22*5 -4-18 = 1*25 tons tension. 

To construct the influence line for CD make EF = 1*25, join FA 
and FB and project C and D to G and H. The influence line for CD 
is then AG11B. 

In moving a group of axle loads to and fro under a diagram of this 
character having two peaks at G and H, the position of the loads 
which produces the maximum stress in CD will be such that a load 
must he under one or other of the peaks G or H. The relative slopes 
of AG, GH, and HB will be required. In this example, calling the 
panel length unity, 
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Slope AG = - vertical to 1 horizontal = £ = {f 
„ GH = (1£ — §) vertical to 1 horizontal = -fe 
„ HB = l£ vertical to 4 horizontal = jg 
that is the relative slopes are as 8, 1 and 1. 

Taking the locomotive and tender in Fig. 224, let it be required to 
find the position for maximum stress in CD. As a first trial place the 
20 tons load at D under the peak H. Move the loads slightly to the 
left. 

Relative decrease of stress = (7 4* 18 -f It) + 20) x 1 = 64 

„ increase „ = (22 + 21 + 13 + 15 + 15 + 15) X 1 

= 101 

Hence this movement causes an increase of stress in CD. 



This increase will continue until, after 3 feet of travel, the 7 tons 
load arrives at C under the peak G. A further slight movement to the 
left now brings the 7 tons load beneath AG of slope 3, the 18, 19, and 
20 tons loads are still moving beneath GH of slope 1, whilst the 22 
tons load has not yet arrived at D. 

Relative decrease = (7 x 3) 4- (18 + 19 + 20) X 1 = 78 

„ increase = (22 + 21 + 13 + 15 + 15 + 15) x 1 = 101 
Further movement to the left, therefore, still influences an increase. 
Continuing the movement, 22 tons arrives at D under the peak H 
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when the 7 tons load has passed 2 feet beyond C. As this position 
creates a new maximum value, again move the loads slightly to the left 
to ascertain if a further increase will take place. 

Relative decrease = (7 x 8) 4* (18 *f 19 4- 20 -f 22) x 1 = 100 
„ increase — (21 4- 13 4- 15 4- 15 4- 15) X 1 = 79 

Hence, the stress in CD will decrease if the 22 tons load passes to the 

left of D. Ruling in the ordinates for this position (22 tons at D) and 
taking off their values to the scale of EF = 1*25 tons, the maximum 
stress in CD = (7 X 0*75) 4- (18 x 0*9) 4- (19 x 0*97) 4- (20 x 104) 4- 

(22 x Ml) 4- (21 X 1*04) 4- (13 x 0*98) + (15 x 0 78) 4- (15 X 0*68) + 

(15 x 0*58) = 147*41 tons tension. Fig. 226 shows the position of the 
loads and their ordinates. 



( b ) Warren Girder—Through Bridge—Influence Line for an 
Upper Chord Member, say KL. Fig. 226. 

The maximum stress in KL occurs simultaneously with maximum 
bending moment at section XY. Hence, place unit load at Y. The 
1-ton load is actually applied to the main girder at Y, since at this 



point there is a cross-girder. R B = § ton. Bendinsr moment at XY = 
2 x 40 ft.-tons, and stress in KL due to unit load at Y = |- X 40 4- 18 = 
1*48 tons compression. Making MN = 1*48 tons, AMB (shown dotted) 
is the influence line for KL. Its ordinates represent compressive stress 
and those of AGHB tension. The relative slopes of MA and MB are 
obviously 1 to 2. The application of this influence line introduces no 
new feature. 
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(c) Warren Girder—Deck Bridge.—In Warren girders used foi 
deck ( bridges, with the load imposed on the upper chord joints, the 
above cases ( a ) and (ft) become reversed, and the influence lines 
for lower and upper chord members are of the types shown in 
Fig. 227. 

(< d ) Warren Girder with Verticals—Through Bridge, Fig. 228.— 
The unit load at E is here applied directly to the main girder in the 
vertical plane EF by means of the suspender EF which transfers the 
load to F. The influence line for PQ is ACB having only the one peak 
C. The influence line for RS is ADB. 

(e) Warren Girder with Verticals—Deck Bridge, Fig. 228 — 

ADB is the influence line for RS, its ordinates denoting compression, 
and ACB „ „ PQ, „ „ tension. 



Influence Lines of Shear Stress. —Influence lines of shear stress are 
required for estimating the maximum vertical shear stress iu the webs 
of plate girders, or the m iximnm stresses in the web members of braced 
girders due to particular positions of the rolling load. 

Influence Line of Shear in a Girder with Solid Web.— Consider 
the span AB in Fig. 221). 

A load of 1 ton at position 1 causes a positive shear = PI at section 
P. A second load of 1 ton at position 2 causes a positive shear = P2 
at P ; and a third load of 1 ton at position 8 a positive shear = P2> at P. 
If all three loads be on the span together the total positive shear 
at P =P1 + P2 + P3 = the sum of the ordinates under the loads. 
These ordinates are cut off by the line BC which envelops the individual 
shear force diagrams due to the three loads, AC being = 1 ton. If a 
fourth 1-ton load be placed at position 4 to the left of P, it will cause 
a negative shear = P4 at P. P4 = the intercept under the load 4 cut 
off by AD, the enveloping line of the negative portions of the shear 
force diagrams. The diagram AElB, shown by heavy lines, is the 
influence line of shear for the section P. With all four loads acting 
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the total shear at P = PI + P2 + P3 — P4. For other than unit loads 
the ordinates will be multiplied by their respective loads. 

Position of Loads for Maximum Shear at any Section. —In 
Fig. 230 let AB = 50 feet, and P be the section 20 feet from A. The 
positive shear at section P due to the group of loads advancing from 
B to A evidently continues to increase until the leading load arrives 
at P, since the ordinates of all the loads are increasing up to this point. 
As the leading load of 6 tons passes P, its ordinate changes from +PD 
to -CP = a total fall of 1 ton, which causes a sudden reduction of 
the positive shear = 6x1 tons. 



Fig. 230. 


As the motion continues until the 18 tons load arrives at P the 
6 tons load has moved 7 feet to the left and has reduced its negative 
ordinate from PC to EF, equivalent to an increase of positive 
shear = x 6 tons. The net effect of the movement of the 6 tons 
load from P to E is therefore to decrease the shear at section P by 
— 6 + (io X 6) tons. In the same time the other loads have aU 
moved 7 feet on the positive side of the diagram, thus causing an 
increase in positive shear at P = (18 + 20 + 19 + 10) x tq tons. 
The total change of shear at P for the 7 feet advance is therefore 
(6 4- 18 + 20 + 19 + 10) x & — 6 tons = + 4*22 tons, which being 
positive, indicates that an increased positive shear occurs when the 

L 
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18 tons load is at P than when the 6 tons load is at P. Continuing 
the motion a further 6 feet to the left until 20 tons arrives at P, 
the farther change in shear at P = (6 + 18 + 20 + 19 + 10) X fa 
—18 = —9*24 tons, which bein^r negative, indicates a less positive 
shear for the 20 tons load at P than for the 18 tons load at P. 
Hence the position for maximum positive shear at P is when the 
18 tons load arrives at P. Placing the loads in this position and 
scaling off the ordinates, 

Maximum positive shear at P = (— 6 X 0*26) + (18 x 0*6) + (20 X 
0*48) + (19 X 0*38) + (10 X 0*22) = 28*26 tons. 

For maximum negative shear at P if the loads advance from A with 
10 tons leading, the negative shear increases until 10 tons arrives at P. 
The 6 tons load is off the span 6 feet behind A. A further movement 
of 8 feet towards B brings 19 tons to P, the 10 tons load has passed 
to the positive side of the diagram and the 6 tons load has advanced 
2 feet on to the span. Hence, 

Change in shear = ( - X 6) — (18 + 20 + 19 + 10)x&+(10xl) 
= —0*96 ton, 

that is, an increase of negative shear takes place. The negative shear 
for this position is obviously the maximum, since if 19 tons passes 
P a large increase of positive shear takes place. Hence, 

Maximum negative shear at P = ( - 6 x 0*04) — (18 x 0*18) — (20 x 
0*3) - (19 x 0*4) + (10 X 0*44) = - 12*68 tons. 

Influence Lines of Shear Stress in Braced Girders. 

1. Parallel Girder—Influence Line of Shear Stress in a Diagonal 
Tie.—In Fig. 231 consider the diagonal PQ. Let a load of 1 ton roll 
over the span from A to B. When the load reaches L, R A = | ton 
and vertical shear in panel LQ to right of the load = + £ — 1 = 
— \ ton. But this is the vertical component of the stress in PQ. For 
a member sloping in the direction PQ a negative shear causes 
compression. Hence, for 1 ton at L, direct compression in PQ = 
PO 

l ton X | ton x V 2 - Make EC = l x y/'2 ton. 

When the load is just entering the span at A there is no shear in 
the panel LQ. The shear stress in PQ therefore increases from zero 
with load at A to EC (compression) with load at L. 

Now move the 1 ton load across the panel LQ to Q. R A = * ton 
and vertical shear in panel LQ to left of load = + * ton. But a 
positive shear in this panel causes tensile stress in PQ the vertical com¬ 
ponent of which is \ ton. Hence, direct tension in PQ = | ton x 
PQ — — 

pL = | ton x V-* Make FD = § x ton to the same scale as 

used for EC. Join CD and DB. ACDB is the influence line of shear 
stress for PQ. The diagram is most quickly constructed by making 
PQ 

AG = BH = 1 ton x pp joining GB and AH and projecting the 
panel points L and Q to C and D. 
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By similar triangles EC = ~BH and DF = -AG. As the load moves 
from E to F the stress in PQ changes first from EC tons compression to 
zero at Z and then increases from zero to FI) tons tension when the 
load arrives at F. From F to B the tensile stress uniformly diminishes 
to zero, since with load at B there is no shear in panel LQ. 

In order to examine the influence of a group of moving loads on the 
stress in PQ, the relative slopes of AC, Cl), and DB are required. 
These are— 

Slope AC = EC vertical to AE horizontal = ^ to 1 = J 
„ CD = (EC + FD) vert, to EF hor. = (£ + 1) to 1 = § 

„ DB = FD vertical to FB horizontal = f to 4 = £ 


r p /v 



The relative slopes are therefore as 1 : 5 : 1, or generally if ?i = 
number of panels between A and B, as 1 : n - 1 : 1 

Position of Loads for Maximum Tension in PQ —Let the given 
loads, Fig. 231, advance from right to left. Leading 6 tons at F. 
Move to left— 

Relative increase = (6 + 1# + 20 4* 19 + 10) x 1 = 73 
„ decrease = G X 5 = 30 

Second 6 tons at F. Move to left— 

Relative increase = (18 + 20+19 + 10)xl =67 

„ decrease = (G + 6) X 5 =60 
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M2 

The tension in PQ therefore continues to increase after the second 
6 tons, load has passed F. Before the 18 tons load arrives at F, the 
leading 6 tons load reaches E. This load, which so long as it was 
moving under DC, was influencing a rapid decrease of stress in PQ, 
will, after passing E, contribute towards an increase of stress, since, 
whilst still causing compression iu PQ, its compression ordinate will now 
be decreasing . Placing the leading 6 tons at E and moving to 
the left— 

Relative increase = (6+18 4- 20 + 19 + 10) x 1 = 73 
„ decrease = 6x5 =80 

A further movement of 2 feet brings 18 tons to F. Let 18 tons pass 
to the left of F. 

Relative increase = (6 + 20 + 19 + 10) x 1 = 55 
„ decrease = (6+ 18) x 5 = 120 

Evidently a maximum value occurs when 18 tons is at F. Other 
maximum values may occur as other loads from the rear arrive at F, 
according as heavier loads have passed E, whilst lighter loads may be 
moving under DO ; but the greatest maximum may readily be identified 
by summing up the ordinates if doubt exists. Moreover, as more of 
the loads pass to the compression side of the diagram, the compression 
caused by them neutralises an increasing amount of the tension caused 
by the loads on the tension side. In this case no greater maximum 
occurs for a further movement of the loads, and with 18 tons at F the 
respective ordinates have the values in Fig. 231, and 

Miximum tension in PQ = (10 x 0*57) + (19 x 073) + (20 x 0*83) 
+ (18 x 0*913) + (6 x 0-26) - (6 x 0 20) = 51*70 tons. 

The maximum compression in PQ is obtained in a similar manner 
by advancing the loads in the same order, from left to right, over the 
compression side of the diagram. A brief inspection will show that the 
maximum compression occurs when the 10 tons load is at E and 
19 tons 4 feet trom A, its value being = — (0 236 x 10) — (0 08x 19) 
= - 3*88 tons, the minus sign indicating compression. 

Position of Uniformly Distributed Load for Maximum Stress in a 
Diagonal. —Referring to Fig. 231 a uniform load advancing from B 
must cover the span from B to Z in order to cause the maximum 
tension in PQ. The value of the maximum tension then = area ZDB 
X load intensity. If the head of the load passes Z, the load overlaps a 
portion of the negative area ACZ and the stress in PQ is reduced, being 
= area ZDB — negative area overlapped by load. The position of Z 
is readily found thus, EZ : ZF :: EC ; FD or as 1: 4. .*. EZ = \ EF 
s l x 12 ft. =s 2|feet. Hence, ZB = 57*6 ft. Area ZDB = ] x 57*6 
X 0*943 = 27*158. Suppose the load to be 2 tons per foot run, then 
maximum tension in PQ = 27*158 x 2 = 54*31 tons. 

Incidentally it may be noticed that a distributed load of 2 tons per 
foot run creates (in this diagonal) almost exactly the same maximum 
tension as the above axle loads. The maximum compression in PQ due 
to a distributed load occurs when the load covers AZ, and for a load of 
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2 tons per foot run = area ACZ x2 = |x 14*4 x 0*236 X 2 = 3*4 
tons. 

Position of Zero Point Z. —In Fig. 232 the influence lines for all 
the diagonals are shown. The points Z 0 , Z h Z 2 , Z 3 , Z 4 , and Z 5 are 
the points at which the head of a distributed load advancing from 
B must arrive to create the maximum tension in the corresponding 
diagonals. 

Points Zi % Z 2 , etc., are also the points where a rolling concentrated 
load causes no stress in the diagonal concerned. It will be seen that 
reversal of stress due to rolling load takes place in all but the two end 
diagonals. In a girder as built, the diagonals on the right of the 
centre are of course reversed and the ordinates of their influence lines 
also reverse their significance, the lower side of the diagram becoming 
the tension side and the upper the compression side. 

Referring to Fig. 231, EZ : ZF:: ZC: ZD or as AZ : ZB. That is, 
the point Z divides the panel EF in the same ratio as it divides the 



Fig. 232. 


span AB. A concentrated load W at Z rests directly on the longi¬ 
tudinal rail bearer EF and is transferred by the cross girders at E and 
F to the main girder, as two loads in the ratio of ZF and ZE respec- 

ZF ZB 

tively. Hence cross girder load at E = W x and R A = W x 
ZF ZB 

But= -g, .*. vertical shear in panel EF = R A - load at E = 0. 
for this position of the load. 

In Fig. 282 the positions Z v Z 2 , Z 3 , etc., of the head of a distributed 
rolling load for maximum stresses in the diagonals should be compared 
with the positions assumed in the general method for rolling load 
stresses given on p. 245, where the maximum stress in the diagonals was 
assumed to occur when the head of the equivalent distributed load 
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reached the centre of the panel in every case. The result is sufficiently 
closely correct in practice, but the influence line method is, of course, 
exact. The maximum tension in PQ by the approximate method is 
56*5G tons as against 54*7 tons by the exact method. The former 
approximate method (p. 245) gives exact results for a uniform load 
extending from B to Q (Fig. 231) and headed by a concentrated load 
at Q equal to half a panel length of distributed load. The results of 
the two methods coincide for the diagonals in the end panels. 

2. Parallel Girder—Influence Line of Shear Stress in a Vertical 
Strut.—At any instant the vertical component of the tension in PQ, 
Fig. 231, equals the vertical compression in PL. The influence line 
for PL is therefore similar to that for PQ, but having end ordinates 

PO 

AG and BH = 1 ton instead of ~ x 1 ton. 

P li 

Also the area ZDB becomes the compression area and ACZ the 
tension area. The influence line for MN with the same modifications 
will also apply to NQ, and that for LK to KA. 

3. Girder of Variable Depth—Influence Line of Shear Stress in a 
Diagonal Tie.—In Fig. 233 let AB be a girder of 90 feet span, 15 feet 
panel width, and having depths as figured. To draw the influence line 
for PQ. 

Place 1 ton at L, the position for maximum compression in PQ. 
To find the resulting stress in PQ cut the panel LQ by a section X—X 
and take moments about C, the point of intersection of NP and QL 
produced, of the forces to the left of section X—X. Point C falls 
37*5 feet from L. This distance is preferably calculated thus— 

pT pr in 

In similar triangles CLP and CQN, = - . But CQ = 

ci io 14 

CL + 15', .\gjT-j-jg = , whence CL =37*5 feet. CD, the per¬ 

pendicular distance of C from QP produced, is also required. 

From similar triangles CDy and PLC),™ - gj.ir. 
whence CD = 29*12 feet. 

Take moments about C. The stresses in PN and LQ have no 
moment about C. The other forces to left of X—X are R A acting 
upwards and tending to cause tension in PQ, the 1-ton load at L acting 
downwards and tending to cause compression in PQ, and the stress in 
PQ acting at the leverage of 29T2 feet about C. Call R A negative and 
the load at L positive. 

— (R a X 22*5) 4- (1 X 37*5) = stress in PQ x 29*12 
Iv A = £ ton for 1 ton at L. 

— 18*75 + 37*5 = stress in PQ x 29*12 
whence stress in PQ = + 0*644 ton, the plus sign denoting com* 
pression. 

On the influence diagram make GE = 0*644 ton. 

Now move the 1-ton load to Q, the position for maximum tension 
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in PQ. R a = § ton and there is no load to the left of X—X. Take 
moments about C 

- (R a x 22*5) = stress in PQ x 29*12 

- (§ X 22*5) = „ PQ X 29*12 

whence stress in PQ = — 0*515 ton, the minus sign denoting tension. 
On the influence diagram make HF = 0*515 ton. AEFB is the 



influence line for PQ. For maximum tension in PQ a distributed load 
must cover the length BZ, and the magnitude of the tension = area 
ZFB x load intensity For maximum compression in PQ the length 
AZ must be covered and maximum compression = area ZEA X load 
intensity. For a group of concentrated loads the diagram is used in the 
same manner as the preceding one for a parallel girder, having regard 
to the relative slopes of AE, EF, and FB. 

In this example the relative slopes are 

AE, 0*644 vertl. to 1 liorl. = 0 644 ) ( 5 

EF, (0-644 + 0*515) vertl. to 1 horl. = 1*159 \ or \ 9 

FB, 0-515 vertl. to 4 horl. = 0*129 ) ™ ( 1 

It should be noted that for a girder of variable depth AE ana FB 
lire not parallel. 








296 


STRUCTURAL ENGINEERING' 


4. Girder of Variable Depth—Influence Line of Shear Stress in a 
Vertioal Member. —Consider the member NQ, Fig. 238. To find the 
stress in NQ cut NP. NQ, and QM by section Y — Y and produce NP 
and MQ to meet at C, which is also the centre of moments for NQ. 
Place 1 ton at Q, the position for maximum tension in NQ. R A = § ton. 
Take moments about C of the forces to left of Y —Y. 

+ (R a x 22 - 5) — (1 x 52 5) = stress in NQ x CQ 
+ (§ X 22-5) - 52-5 = „ NQ X 52‘5 

whence stress in NQ = — 0*714 ton (tension). 

Now move the 1-ton load to M, the position for maximum com¬ 
pression in NQ. R a = £ ton and there is no load to left of Y— Y. 
Take moments about C. 

+ (R a x 22 - 5) = stress in NQ x CQ 
+ (1 X 22-5) = „ NQ x 52-5 

whence stress in NQ = +0-2142 ton (compression). 

In the lower diagram, make ST = 0-714 ton and UV 
ATVB is the influence line for NQ. 

The relative slopes of AT, TV, and VB are, 

AT, 0-714 vertl. to 2 horl. = 0-357 ) 

TV, (0-714 + 0-214) vertl. to 1 horl. = 0 928 \ 

VB, 0 2142 vertl. to 3 horl. = 0-0714 ) 


= 0-214 ton 


5 

13 

1 



CHAPTER IX. 


DEFLECTION . 

In all structures changes of length of the separate members are produced 
by the compressive or tensile stresses in the members, and although the 
change in length of any individual member is comparatively very small, 
yet the compounded elongations and contractions of the successive 
members produces an appreciable displacement of certain points in 
the structure. The vertical component of such displacement is termed the 
deflection of that point. The importance of the magnitude of the 
deflection will vary according to the class of structure under considera¬ 
tion. For bridges and girders in general, it is usual to specify a limiting 
ratio of deflection to span to ensure that no serious changes of length 
take place in any of the members, and the deflection under test loads is 
often measured for that purpose ; but such factors as the relative stiffness 
of the connections, workmanship, etc., may so alter the theoretical 
distribution of stress in the members that the deflection can in no¬ 
wise be assumed as a measure of the strength of the structure, or 
even an evidence that no member of the structure is being unduly 
stressed. 

However, in many structures such as the arms of swing-bridges, 
cantilevers, arches, etc., that are being erected by building out from 
the ends, it is of great importance to estimate to a close degree of 
accuracy the deflection that will occur, to ensure the seatings being 
placed at the correct levels, the overhanging ends meeting accurately, 
etc. 

Live loads produce greater deflections than static loads of the same 
magnitude owing to the dyuamic action of such loads. The deflection 
produced by a suddenly applied load to, say, a crane girder, would be 
double the deflection produced by a similar static load, but would be of 
only momentary duration, and as the vertical vibration ceased such 
deflection would be reduced to the magnitude of the static deflection. 
The increase in deflection produced by the live loads on bridges will 
vary according to the span, velocity of the moving loads, etc., and it is 
impossible to establish an exact law for these conditions, but by making 
due allowance for impact when calculating the stresses in the members, 
a close approximation to the deflection will be obtained. 

Deflection due to Static Loading— Providing the elastic limit is 
not exceeded, the change in length in any member will be—■ 

297 



298 STRUCTURAL ENGINEERING 


where 


Or if 
and 

then 



L = the original length of the member 
/ = the change in length of the member 
s = the intensity of stress 
E = the modulus of elasticity of the material. 
Sj = the total stress in the member 
A = the sectional area of the member 

/= LS, 

EA 


*1 


/, L and A, and S, and E, being measured in the same units. 

Consider the action of the force P applied gradually to the girder 
in Fig. 234 . To produce the changes in lengths of the members form¬ 
ing the girder a certain amount of work 
is performed. If A be the deflection 
of the point of application of P, the 
work performed during that deflection 
= iAP. As this is the only external 
work done, it must be equal to the 
total internal work done in the girder. The work done in straining 
any member is equal to half the product of the stress in the member, 

and the change in length = — • 


r 


Fig. 234. 


But 


_ LS, 
1 ~ EA 


Therefore the internal work performed on any member 


SfL 

2EA 


and the total internal work is the sum of the work performed on each 
member. 

q 2T 

Therefore i PA = 

a_ Lv^ L 

or PE- A 

S 2 L 

Calculating for each member and dividing the sum of such 

terms by the product of P and E, the deflection of the loaded joint is 
obtained. 

Let an additional load R be placed anywhere on the girder, and the 
stress in any bar which was stressed ^ under the action of P only, be 
now equal to Sg. The total work performed on such bar 

= mi + /,) 

where l = the change in length due to the load P 

l\ = >> » » ® 
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The work performed on the bar by P therefore 



The total internal work performed by P is the sum of the work 
done in the members 

_ < S&L 
* 2 HA 

Therefore *PA = 

„»d A = pe 5 ^ir 


where A is the deflection of the point of application of P. 

Since the load R has been assumed anywhere on the girder, the 
above expression is applicable to any system of loading, but attention 
must be paid to the signs of Sj and S. 2 , and the algebraic sum of the 


terms 


8&L 

A 


taken. 


If instead of considering the work performed by 


the whole force P, the work performed by a unit portion of such load 
be considered, the deflection will be obtained from the above expression 
by substituting for Sj the stress in the members due to the unit load 
and replacing P by unity. Let 8 be the stress in any member due to a 
unit portion of the load P. 


Then 


A = 


1 

E 2 A' 


The deflection of any other point in the girder may be obtained by 
substituting for 8 the stress in the members due to unit load at such 
point. 

Example 32. —To find the deflection at the middle of the span of a 
braced girder. 

Let Fig. 235 represent the girder and the static loads at the panel 
points. 



The stresses in columns 1 and 2 of the following table have been 
calculated by the methods described in Chapter VII., and E assumed as 
14,000 tons. In practice the sectional areas of the members are taken 
from the completed design. 
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Member. 

Stress, Sj. 

Stress, S. 

Length, L. 

Sectional 
area, A. 

S 2 SL 

A 


tuns. 


tons. 

It. 

so. in. 


AC 

- 0 


0 

20 

15 

4- 0 

AE 

-105 


- i 

20 

18 

58-33 

AG 

-180 


-1 

20 

30 

1200 

AK 

-225 


-H 

20 

38 

177-6 

BD 

4-105 


+ i 

20 

26 

40-4 

BF 

4-180 


4-1 

20 

45 

80-0 

BH 

4-225 


+4 

20 

56 

120-5 

BL 

4-240 


+ 2 

20 

60 

160-0 

MC 

4-105 


+ i 

20 

25 

42-0 

CD 

-105 s '2 


- i s'2 

20 J2 

24 

87-5 n / 2 

DE 

4- 75 


4- \ 

20 

20 

375 

EF 

- 75 s 2 


- K'2 

20 '2 

17 

88-2 n /2 

FG 

4- 45 


+ h 

20 

12 

37-5 

GH 

j - 45 v2 


- lv'2 

20 v'2 

12 

75 J 2 

HK 

4- 15 


+ h 

20 

5 

30 

KL 

I - 15 s /2 


- K'2 

20 s '2 

6 

50^2 

LN 

1 0 


0 

20 | 

5 

0 


L. 


Total for the half truss . . . 1,325 

,, wholo „ ... 2,650 

Multiplying by 12 to reduce L to inches 12 

v 5 ^ 1 = 31,800 

A 


A 


_ 3 1800 

p] — 14000 


in. 


Horizontal Displacement.—The horizontal displacement of any 
point in a structure may lie found by a similar method. If a unit 
horizontal load be applied at such point, the work performed by this 
load will be half the product of the displacement and unity. The total 
internal work will 



where S 3 = the stress in the members due to the horizontal unit load. 
Let H = the horizontal displacement 


Then 




1 -SAL 
2 E * A 


or 


II 


1 - SAL 
E ^ A 


Example 33. — To find the total displacement of the left-hand end 
P of the cantilever in Fig. 186. The outline of the girder is reproduced 
in Fig. 236. 

In the following table suitable sectional areas for the members have 
been inserted. In a bridge of this type, the superstructure would be 
securely fixed to one of the piers at M or N and allowed to slide 
horizontally on the other. It will be assumed in this example that N 
is the fixed point and horizontal movement may take place at M. This 
assumption in no way affects the vertical deflection of the point P, but 
has a direct bearing on the horizontal displacement. If M be fixed and 
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N capable of horizontal movement, the horizontal displacement of P 
includes the contraction of the member MN, but by fixing N the 
contraction of MN does not affect the horizontal displacement of P. 
It will be noticed that the stress in the membeis 1)T and ET due to 


E 



Fig. 236. 

the vertical unit load at P is opposite in sign to the actual stress in 

H SL 

those members, and therefore the values of will be negative and 

must be subtracted from the sum of the positive values in the other 
members. The unit horizontal load creates stresses in the members of 

S-S L 

the lower boom only, and the values of " for all other members wdl 
be zero. 


1 

Sectional 

Length, 

Total stre>8, 1 

Unit load 

s. 2 sl 

Unit load 

SgS.L 

Member. | 

area, A. 

L. 

Sj. ! 

stress, S. 

I 

A 

stress, S 3 . 

A 

NT 

1U. 

180 

ft. ; 

50 

tons. 

4-548-8 

tons. i 

+ 2-08 

+ 317-1 

t-'ii. 

1 

+ 152*4 

TS i 

153 

50 

4-460 

4-2-22 

+ 833*7 

1 

+ 150-3 

Sli i 

110 

50 

4-325-7 

+ 2-14 

4- 816-8 

1 

+ 148-1 

RO ; 

63 

50 , 

4-179-1 

4-1‘Sl 

+ 257-3 

1 

+ 142-1 

OP 

19 

50 ; 

+ 58-8 

4*1-25 

+ 193-4 

1 

+ 154-7 

ED ! 

120 

58-3 

-536*3 

-2 59 | 

+ 674-8 


— 

DC 

81 

53*9 

-351*1 

-2-31 ; 

+ 539-7 


— 

CB 

43 

522 

-188 

-1-89 

+ 431-3 

— 

— 

BA 

15 

62-2 

- 61-7 ; 

-1-305 

+ 280-2 

--- 

— 

AP 

17 

64 

- 75-3 ! 

-1-88 

+- 532-9 


— 

EN 

280 

120 

+ 886-7 

4-3-5 1 

+ 1255-1 

— 

- - 

DT 

42 

90 : 

+ 122-1 ; 

; -0-33 

- 86-3 

— 

— 

CS 

45 

70 ! 

+ 152-7 

1 4-0-14 

+ 33-2 

— 

— 

Bit 

30 

55 

+ 118-2 

! 4-0*46 

+ 99*7 

— 

— 

AO 

12 

40 

+ 48-3 

+ 061 

+ 98*2 

— 

—- 

ET 

39 

130 

-230-8 

; +0-36 

- 276-9 

— 

— 

DS 

48 

103 

-276-6 

-0*16 

+ 950 

— 

— 

CR 

42 

86 

-252 1 

1 —0-57 

+ 294-2 

— 


BO 

80 

74*3 

-178-7 

I -0-83 

+ 367*3 

— 

— 

EM 

100 

156-2 

-406-9 

-325 

, +2065*6 

— 

— 

NM 

180 

100 

+518-8 

, +2-2 

4 - 670*7 

— 







+8493-0 


+747-6 
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Vertical displacement of P 

. _ _ 8493-0 X 12 

“ A “ 14,000 

= 7-28 in. 


Horizontal displacement of P 
= H = 


747*G x 12 
14,000 
= 0*G4 in. 


Therefore when the bridge is loaded so as to produce the stresses 
in the members, the point P would be displaced to P b as shown in Fig. 

236, the scale for the displacements 
being greatly exaggerated. 

Beams with Solid Webs .—The 
deflection of beams having solid webs 
may be found by the application of 
the foregoing principles. Consider 
by a unit load placed at 


x 




Fir.. 237. 


the work done on any section x-x, Fig. 237, 
the point at which the deflection is required. 

Let s = the skin stress due to any system of loading, 
s x = the skin stress due to the unit load. 

Then the stress on an elementary strip situated at a distance \j x from 
the neutral axis and of area a 


= as ~ due to the total loads 

y 

= as unit load 
V 

Let l = the length of the strip. 

Then the extension due to the unit load 



The work performed by the unit load on the strip 


- it”T, 

_ ss/ij/jH 


X *, 


vj \ 

yv) 


The work performed on the whole cross-section 


2E 2 ' f 

But 5«//, 2 = the moment of inertia of the section = I. 

Let M = the bending moment at the section due to the total loads. 
m = „ „ „ unit load. 
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Then 


M// 
* = T 

*, = f 


2E 2 


dx 


Substituting these values in the above expression, the work per¬ 
formed on the section 

1 Mm l 
1 

The work performed by the unit load on the total length of the 
beam will be obtained by substituting dx for l and integrating. This 
internal work must equal the external work, or 

, A 1 /’Mm 

ia = 2V :J i 

. A I [Mm ; 

• Wt 

For beams having a constant cross-section throughout their length 
I will be constant, and 

A = -L f Minds 

rAJ 

Example 34. — To find the defection at the end of a cantilever of 
constant cross-section when supporting a load P at its outward end. 

Let / = the length of the beam in inches. Then at any section 
distant x from P M = - 

m = — x 

A.Jj/' 1 ’/.,.* 

= l F/ l 

El ;> 

The following general formulae for beams of constant cross-section 
may be deduced in a similar manner. 

Table 27.-—Deflection of Reams of Constant Cross-section. 


Maximum deflection. 




Cantilever. 


Single concentrated load atl 

_ Wi* 

tlie end.j 

3EI 

Uniformly distributed load) 

A = W A J 

over the entire length. . / 

8E1 

Beam simply supported at the 


ends. 

When b= 1 -, A - 

Single concentrated load at! 

2 48EI 

a distance b from one end j 

When 6>i. A = -b) /W-J) 

^ 2 9EIi 'V 3 

Uniformly distributed load'i 

a 5WZ* 

a — — 

over the entire length. . j 

884KI 
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where A = deflection in inches. 

, W = total load in tons. 

I = span in inches. 

E = modulus of elasticity in tons per square inch. 

I = moment of inertia. 

Beams of varying Gross-section .—If the moment of inertia of the 
cross-section of a beam is not constant throughout the entire length of 
the beam the deflection will be 



Mm 

T 


.dx 


For the plate girder of Fig. 238, in which the moment of inertia 
i of the central length is I, and for the 

| remaining portions U 

_ J ... , _ _ , _{l -Jl-jJ AE = 2 j‘ ^ dx + 2 f h M” 1 dx 

Fig. 238. l{ ° 

To find the deflection at the 


Fig. 238. 


centre if the girder carries a load of w tons per inch run. For any 
section distant x from one support 





CHAPTER X. 


ROOFS . 

Occasionally roofs are used as additional floors to buildings, or as 
water tanks, roof gardens, etc., in which case the upper surface requires 
to be horizontal. Such roofs—generally termed flat roofs —are supported 
by systems of parallel flanged beams whose design is similar to that of 
the floor beams already described in Chapter IV. and need not be 
repeated here. 

In the majority of roofs, however, the weather-resisting surfaces are 
inclined at a considerable angle to the horizontal, and it is the design of 
this type of roof it is now proposed to consider. The particular feature 
of this system of roofing is the specially shaped girder—known as the 
principal or truss —used to furnish the primary support between the walls 
or columns of the building. The principals are spaced at intervals along 
the length of the building and support a system of secondary members 
called purlins, which span the spaces between the principals and in 
turn carry the weatherproof covering. 

Slope .—In very large spans the rafters of the principals are some¬ 
times curved, but for small and medium spans they are usually made 
straight from the eaves to the ridge of the roof, and the covering 
thus lies on two inclined planes forming an inverted V shape. The 
inclination given to the slopes must be sufficient to throw off the rain 
without allowing leakage at the joints of the covering material. Thus 
the minimum slope is dependent to a great extent on the character¬ 
istics of the covering. For architectural effect very steep slopes may 
be adopted, but roofs so formed present large surfaces to the wind 
pressure, thereby necessitating specially strong principals, and require 
a proportionately larger amount of covering material. The proportions 
of rise to span most commonly employed vary between 1 to 4 and 
1 to 3. 

Roof Coverings.— The following are the most frequently used 
materials:— 

Slates form probably the most durable of all roof coverings and are 
not subject to the effects of heat, rain, or other atmospheric conditions, 
but their heavy weight necessitates very strong structural supports. 
They are secured by slating nails to battens or close-jointed boarding 
laid on the common rafters or purlins. The minimum pitch of roof 
required is about 1 to 4. 

Tiles, often used as substitutes for slates, are manufactured from 
clay, asbestos, and various compositions, many forms being on the 
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market. Each material has special qualities claimed for it by the 
manufacturers, to whose catalogues the reader is referred. Generally 
tiles do not possess to the same degree the durability of slates, but they 
form a somewhat cheaper covering. The method of laying and the 
minimum slope are similar to those of slates. 

Galvanized corrugated iron sheeting is used only on the lightest 
types of structures. Being manufactured in sheets of considerable 
size and easily fixed to the purlins by screws or hook bolts, the cost of 
material and labour is very low. Its great disadvantage is its com¬ 
paratively short life; the rate of decay through atmospheric causes is 
very rapid at the bolt holes and throughout the sheet when the 
galvanizing has worn off. Painting adds little to its life. It can be 
used on all slopes of 1 to 4 and upwards. 

Corrugated asbestos and other composition sheets are used as substi¬ 
tutes for galvanized iron and have the advantage of being immune 
from the rusting and galvanic action which causes the decay of the 
latter. They can be fixed in the same manner and used in all situations 
suitable to iron sheets. 

Felt tacked on to close-jointed boarding forms a very cheap type 
of covering, easily erected but not durable, is highly inflammable 
and easily damaged. In many localities the bye-laws prohibit its use 
on all except very small or temporary structures. It is laid with 
simple lap joints which are coated with mastic to render them water¬ 
proof. It is suitable for curved and low-pitched roofs. 

Lead, formerly used to a great extent on large flat roofs, is now 
seldom adopted owing to its weight and cost. It is very durable, but 
unsuitable for use on any but very low-pitched roofs owing to its 
tendency to creep down the slopes. It is laid on boarding in sheets 
running down the slope and the joints are formed by side laps over 
timber rolls. 

Zinc is another form of metal covering occasionally used, but whilst 
lighter and cheaper than lead, it does not possess such durable qualities, 
as it is very subject to decay and corrosion from atmospheric causes. 
It is laid iQ a similar manner to lead but on somewhat steeper slopes. 

Glass used in the slopes for lighting purposes is manufactured in 
sheets of varying size and thickness, the rough rolled plate quality of 
\ to £ inch in thickness being generally employed. Special glazing 
bars, made in timber or metal, are required to support it and to ensure 
weather tightness in the vertical joints. Lead flashing is used as 
covering to the horizontal joints between the glass and other materials 
in the slope. 

Purlins and Common Rafters.—As the roof covering does not 
possess the requisite strength to support itself between the principals, 
purlins, and in some cases common rafters (see Figs. 240, etc.), are 
introduced for this purpose. Common rafters act as secondary beams 
spanning the spaces between the purlins and are formed of deals 
spaced at about 12 inch centres. The required section of these rafters 
is determined by the principles of beam design described in Chapter IV. 

Where the principals are spaced at short intervals, say up to 14 feet, 
the purlins can usually be maae of solid web sections of either timber or 
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steel, bub for larger spans built-up sections in the form of plate or 
lattice girders or trussed members may be required (see page 313 for 
example of trussed purlin). 

Tiie purlin loads consist of the weight of the covering and purlin, 
together with the pressure exerted by the wind on one or other of the 
slopes. The dead load can be closely computed from the unit weights 
of materials given in Chapter II. The wind pressure is much less 
definite and as already explained in Chapter II. cannot, with any degree 
of accuracy, be stated for any given case. Empirical formulae have 
been devised from the results of observations on wind pressure, and it 
is common practice to make use of these when estimating the wind 
loads. The wind may impinge on the roof slope at any angle, but it is 
then guided up or along tne slope and during the change of direction 
creates two pressures, one being normal and the other parallel to the 
slope. The force on the roof members produced by the latter is very 



Fig. 239. 

small, being only the frictional resistance offered by the slope, and may 
be neglected when computing the stresses in the purlins. The normal 
pressure is resisted directly by the purlins and forms the live load to be 
considered when designing those members. In the following formula 
the normal pressure is dependent on the horizontal pressure, which will 
vary according to the exposed or sheltered situation of the structure. 
For all ordinary situations 40 lbs. per square foot is a very commonly 
adopted horizontal pressure and has been found in practice to give 
satisfactory results. 

HuVoris Formula . 

Let P N = normal pressure on the slope. 

P = horizontal wind pressure. 
i = inclination of the slope. 

Then P N = P(sin i) 1 * 84 <*>*»- 1 # 

Assuming P = 40 lbs. per square foot, the curve of normal pressures 
has been plotted—-Fig. 239. 
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Note.—A dead load due to the weight of snow lying on the leeward 
slope may be included in the dead load, but the purlins will be most 
severely stressed when under the action of the wind blowing on the 
slope under which they are situated. 

'The purlins act as beams and owing to the frequency of the joints 
may be considered as having free ends. The methods of calculating 
the stresses have been described in former chapters when dealing with 
beams and plate and lattice girders. An example of the calculation of 
the strength of a trussed purlin is given on page 313. 

Principals may assume a variety of forms and be constructed wholly 
of timber, wrought-iron or steel, or consist of a combination of members 
made from the different materials. 

Timber principals usually take one or other of the forms shown in 
Figs. 240 and 241. The former, known as a King Post Truss , is suit¬ 
able for spans of from 20 feet to 30 feet, and the latter —Queen Post 
Truss —for spans up to 50 feet. 

The loading tends to spread the rafter shoes, and to prevent this 
spreading effect from thrusting out the walls a horizontal tie beam is 
introduced. Apart from the secondary bending effect due to its own 
weight or that of a ceiling suspended from it, this member is purely in 
tension. The rafters are tenoned into it and the joints are further 
strengthened by screwed straps to prevent horizontal shearing of the 
ends of the tie. The vertical king and queen posts are tension 
members resisting the vertical components of the thrust in the struts, 
and also serve as suspenders to the horizontal tie beams to minimise the 
sag of those members. In king post trusses the horizontal components 
of the forces in the struts balance each other, and there is no tendency 
of the foot of the king post to move horizontally. The unbalanced 
thrusts of the struts in queen post trusses necessitate a strutting piece 
between the feet of the posts to relieve the lower joints of the posts of the 
horizontal forces. This strutting piece is spiked to the upper side of 
the beam. To form the tension joints between the posts and the tie 
beam wrought iron or steel straps are fixed around the beam and secured 
to the posts by gibs and cotters to ensure tight joints between the timbers. 
The heads and feet of the posts are enlarged to provide bearings for the 
rafters and struts which are tenoned into them. Straps are provided 
at the junctions of the rafters and posts to prevent opening of the 
joints if shrinkage of the timber occurs. The straining beam in the 
queen post truss acts as a strut between the heads of the posts into 
which it is tenoned. The struts are secured by tenons into the rafters 
and posts. 

The trusses are spaced at not more than 10 feet centres and the 
shoes rest on wall plates, which distribute the load along the length of 
the wall to avoid local crushing of the wall under the shoes. 

The purlins are checked on to the rafters and prevented from 
sliding down the slope by timber cleats spiked and notched to the 
rafters. The pole plates act as additional purlins but are supported 
directly over the walls by the tic beam on to which they are checked. 
The common rafters are spaced at about 12 inch centres. They are 
bevelled to fit against the ridge piece to which they are spiked and 




-jCeiling Joists^ 
Lath a Plaster- 
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chicked on to the purlins and pole plate. The ridge piece is supported 



Fig. 242a. 

by the common rafters and fits into grooves in the heads of the king 
posts. Battens or close-jointed boarding are nailed on to the common 
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rafters ,and support the slates or other covering materials. Ceilings 
may be suspended from the tie beams as shown in Fig. 241, the ceiling 
joists being nailed to the under sides of the ties. 

The sections of the different members of these types of trusses have 
been standardized and may be found in text-books dealing more 
particularly with building construction. 

Composite Principal. —Figs. 242 to 242c show the general eleva¬ 
tion and details of a principal of the composite type in which*the struts 
and rafters are made of timber and the ties of steel rods. This arrange¬ 
ment of material obviates the use of the very large timber sections 
necessary if timber be used in the ties. 



The principal has relatively few members, and for large spans the 
strut lengths of the rafters necessitate large sections for those members. 
The connections between the struts and ties are most readily formed by 
means of castings. At the ridge and shoes iron castings may be used, 
since the pull on the ties is resisted directly by the rafters and the 
castings are not subject to any tensional stress. At the internal joints, 
however, the castings are called upon to resist the pull of the ties, and 
for this reason steel are preferable to iron castings. A suitable strength 
for these steel castings is usually arrived at from the results of destruc¬ 
tive trial tests. Built-up steel connections composed of bent angles or 
channels and steel plates riveted together can be used as an alternative 
to the steel castings. 

The stresses in the various members of the principal are found in a 
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similar manner to that adopted for steel principals explained later. 
The timbers inserted between the struts add stiffness to those members 
but take no part of the primary stresses 



Section . End Elevation. 

Detail or Cast Steel Connection. 


Fig. 242c. 

The spacing of the principals in the above example was 26 feet 
centre to centre, thus necessitating the trussing of the purlins as shown 
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The method of calculating the strength of the different members of 
the purlin is as follows :— 

Loads:— 1-J" boarding . . = 4*5 lbs. per sq. ft. 

slates . . . = 8*0 ., „ 

normal wind pressure = 26*5 „ „ 

39*0 » 9f 

Say 40 lbs. per square foot of roof slope. 

Load on one purlin (at 7 feet centres) 

= 40 lbs. x 26 ft. x 7 ft. = 7280 lbs. 
weight of purlin (say) = 600 „ 



Fig. 242e. 


Say 70 cwts. 

The dead load P acting vertically can be 
resolved into two components P 1 and P 2 , as in 
Fig. 242 e, normal and parallel to the axes of 
the purlin section. The component P 2 is in this 
case resisted by the roof boarding acting as sus¬ 
pender from the ridge and balanced there by a 
similar force from the opposite slope. Thus the 
purlin is not called upon to resist transverse bending. 
The component Pi will be somewhat less than P, 
and if for simplicity of calculation the whole load 
P be assumed as acting normal to the slope, the 
resulting stresses in the purlin will be a little 
greater than if the more accurate load P, be used, 
but will not materially affect the member sections. 

Fig. 242 f is the frame and stress diagram 
of the purlin. The method of drawing these 


diagrams will be described later when dealing 
with stresses in the members of principals. The stresses in the ties 
A1 and A2 = 5*8 tons. 


Area of two diameter rods at the bottom of the screw threads 
= 0*84 square inch. 


Stress in rods 


3*8 

0*84 


= 6*9 tons per sq. in., which gives a factor of 


safety of about 4. 

The shear on the lugs of the end castings 

5*8 

= 2 ( 2-7^ x 2-5”) =: °' 4 ton P* r 8C 1* m * 

which is well within the safe limit of stress. 

The proportions of the remaining parts of the end castings have 
been designed to accord with the practical requirements of the foundry, 
and the stresses in the material are below theoretical requirements. 

The compression on the middle strut = 1*75 tons. 

To design this member by the principles described in Chapter V. 
would result in the sections being too thin for casting, and therefore the 
thicknesses of metal have been determined by foundry considerations. 


ROOFS 


315 


The timber beam has, in addition to a direct compressive stress of 
116 cwts. as found by the stress diagram, bending stresses due to the 
distribution of load on it between the panel points. 

Maximum bending moment 


if cwts. X 13 ft. x 12 
8 


= 682*5 cwt.-ins. 


Maximum stress due to bending 

- B.Mt. _ 682*5 x 6 
Mod. of sectiou ~ 4 x 10 x 10 


10 2 cwts. per sq. in. 


Compression due to direct load 


116 cwts. 
= 4" x 10"“ 


2*9 cwt. per sq. in- 


Combined maximum compressive stress 

= 10*2 4- 2*9 = 13*1 cwts. per sq. in. 

The beam is pitch pine the ultimate strength of which may be taken 
as 96 cwts. per sq. in. Therefore the factor of safety = = 7*3, 

which may be considered reasonable for this purpose. 



Fig. 242f. 

Steel Principals .—A typical example of a principal formed through¬ 
out of steel members connected by steel junction plates is shown in 
Figs. 250 and 251. This type of principal has the following advantages 
over the foregoing types: high resistance of the material, greater 
variety of sections from which to select, ease of forming the connections, 
greater reliability of the material and suitability for all spans. The 
arrangement and number of members of the frame depends to a great 
extent on the span to be bridged. Fig. 213 shows alternative frame 
diagrams for various spans. Very long struts necessitate correspond¬ 
ingly large member sections and unwieldy connections, whilst an undue 
number of members results in loss of economy owing to the cost of the 
numerous connections. An economical arrangement will generally be 
attained if the spacing of the strut connections to the rafters be made 
from about 8 feet to 10 feet. 

For spans up to about 100 feet V principals are generally adopted. 
For larger spans it is more economical to employ some form of principal 
with curved rafters, and so avoid the excessive height required by V 
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oofeet 



too feet 





Cantilevers 



Fig. 348. 
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principals. Two types of curved principals are shown in Fig. 243 at 
(a) and (b). The former is similar to a lattice girder, and the reactions 
will be similar to those of Y principals. ( b ) is an arch and requires 
either ties between the shoes or stiff abutments to resist the outward 
thrust due to the arch pressures. An alternative method of roofing 
large spans is shown at (c), where one or two systems of girders serve 
as the primary support between the walls of the building and a series 
of small span V principals are erected on the upper flanges of the 
girders. This system is 
known as Ridge and Fur - 
row roofing, and has to a 
great extent supplanted the 
different forms of curved 
rafter principals. 

Where conditions permit, 
principals are usually spaced 
at 12 feet to 14 feet centres. 

This ensures member sec¬ 
tions and connections of 
economical proportions and 
weights of principals that 
can be readily handled. If 
larger spacings are com¬ 
pulsory, trussed or built-up 
purlins will be necessary. 

Determination of p 

Stresses in Principals.— 

Principals are special types 
of lattice girders differing 
from those dealt with in 
Chapter VII. by reason of 
their shapes and the inclina¬ 
tion of the line of action of 
the live loads. The loading 
consists of the purlin re¬ 
actions and the weight of the 
principal itself. The former . , 

will be computed when de- // 

signing the purlins, and the 
latter can be estimated from <JF 
the formulae given in Chap- Fig. 244. 

ter II. and allotted equally 

between the panel points in the rafters. The purlin bearings, wherever 
possible,should be situated at the junction of the struts and rafters to 
avoid secondary bending in the rafters. 

Reactions .—Since the dead loads all act vertically the dead load re¬ 
actions at the shoes must also be vertical. For the ordinary Y principals 
these reactions can be ascertained by taking moments about either 
shoe, as when computing the reactions of a beam with simple end 
supports. 
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The line of action of the wind loads being inclined to the vertical 
tends to slide the principal horizontally on its bearings and necessitates 
one or both shoes being secured to the supports to resist such motion. 
Usually both shoes are bolted down, but for large spans one shoe 
should be allowed to slide on its bearing to allow of the principal 
expanding and contracting during changes of temperature. The 
reaction at a sliding bearing is necessarily vertical since there is no 
resistance to horizontal motion, and therefore the whole of the 
horizontal component of the wind load must be resisted by the fixed 
shoe. 

Where both shoes are fixed the reactions will be parallel to the 
resultant wind load. In Fig. 244(a) the wind pressure on the left- 
hand slope has a resultant P acting at the mid-point of the slope. 

Taking moments about the left-hand shoe— 


P x h = R 2 x / 2 

and since Ri + R 2 = F 

Ri = P - K 2 

Suppose the left-hand shoe be supported on rollers. The reaction 
Rx must now be vertical. By the principles of statics the reactions 
must intersect the force P at the same point. Producing Rj vertically 
the only point of intersection is at d , which must also l>e the point of 
intersection of R 2 and P. Joining d to m will establish the line of 
action of R 2 . The magnitudes of Ex and R 2 are found from the 
triangle of forces def. Set off de to scale to represent the force P. 
From e draw ef parallel to dm cutting dn at/. Then the sides of the 
triangle de, ef and fd represent the forces P, R 2 and R x respectively to 
the same scale. 

When the wind acts on the right-hand slope the same method of 
procedure may be adopted to find the reactions. The point of inter¬ 
section of the forces will now be d' and df and d'f will represent 
the directions and magnitudes of R* and Ii' 2 . 

Stress Diagrams. — The 
stresses in members of principals 
are most conveniently determined 
by the following diagrammatic 
method founded on the fact that 
if any number of forces acting 
in one plane and through one 
point are in equilibrium, they can 
be represented by the sides of a 
polygon. 

Let the five forces shown in 
Fig. 245a act in the same plane 
through one point and be in equilibrium. The force polygon is then 
constructed by commencing at the point a and drawing ab parallel to 
AB and in the direction of action AB, i.e. downwards. Make the 
length ab represent to scale the magnitude of the force. From b draw 
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be parallel to and acting in the same direction as BC. Make the 
length be to the same scale as ah equal to the force BC. Drawing cd , 
de and ea likewise parallel to and in the directions of action of the 
forces Cl), DE and EA respectively, it is found that the closing line 
ea terminates at the point a , thus forming a closed polygon. 

At each joint in the frame of a roof principal there are a number 
of forces acting which are in equilibrium and which can be represented 
by a polygon of forces constructed in the above manner. Consider the 
left-hand shoe of the frame shown in Fig. 245 when the principal is 



Fig. 245. 


subject to dead load only. At this joint there are four forces acting, 
viz. the reaction the panel load ^ , the force in the rafter Cl, and 

p 

the force in the tie 1 A, of which the magnitudes of R x and - - 

will have been previously ascertained when computing the dead loads 
and reactions. The polygon (0) has been constructed to represent 
these forces by commencing at a and drawing ab parallel to R x , making 
its length to scale represent the magnitude of the reaction. This force 
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acts upward from a to b. Taking the forces in clockwise order the 

P 

next force is the panel load 9 which is represented to the same scale as 

ab by be acting from b downwards and coinciding with the line ab 
(drawn at the side of ab for charness). The force Cl is represented 
by cl passing through c and lA by la passing through a , each parallel 
to the force it represents. From the polygon so formed the magni¬ 
tudes and directions of action of the unknown forces Cl and 1A may 
be determined. Since ab acts upwards and be downwards then, following 
the remaining sides in order, cl must act in the direction c to 1 and la 
in the direction 1 to a. Transferring these directions on to the frame 
diagram, it is seen that the force in Cl acts towards the joint, whilst 
1A acts away from the joint, thus indicating that the rafter thrusts on 
to the joint and is in compression whilst the tie pulling away from the 
joint is in tension. 

It will be observed that if the magnitudes of two forces only in a 
system of forces acting at a point be unknown they can be determined 
by the foregoing method. In most forms of principals it is possible 
by commencing at either end joint to proceed along the joints in such 
order that not more than two unknown forces are encountered at any 
one joint. In certain types of principals where this is impossible other 
methods, to be discussed later, must be employed. 

Having ascertained the stresses in Cl and lA the next joint to be 
considered is CD21—described by the surrounding letters and figures. 
The known forces are Cl acting towards the joint since the rafter is in 
compression, and the load P acting vertically downwards, whilst the 
unknowns are 1)2 and 21. By repeating the construction of the 
previous force polygon another polygon ^/21 is obtained from which 
the magnitudes and directions of the forces in 1)2 and 21 are deter¬ 
mined. Taking the remaining joints in the following order, DE32, 
A1234, 3EF4 and A4FG, for each a polygon can be constructed and 
the forces in the remaining members ascertained. For convenience in 
drawing, the polygons for the different joints may be incorporated 
in a single diagram as shown in the dead and live load diagrams. The 
closing line of these diagrams serves as a check on the accuracy of the 
drawing, since it must pass through two previously established points, 
viz. points 4 and «. The method of drawing the wind load diagram is 
similar to that for the dead load. In the figure the stresses produced 
when the wind acts on the left-hand slope are shown. It will be noticed 
that the points 3 and 4 on the diagram coincide, thus indicating that the 
wind pressure on the left-hand slope produces no stress in the member 
3-4. When the wind changes its direction and acts on the right-hand 
slope the magnitude of the wind stresses in the various members will 
undergo a change, and a second wind load diagram might be constructed 
for the changed loading conditions. In the present example this is 
unnecessary because of the symmetry of the frame and end conditions. 
The maximum wind stresses in the members of the left-hand half of the 
frame occur when the wind acts on the left-hand slope, and similar stresses 
are produced in corresponding members in the right-hand half of the 
frame when the wind acts on the right-hand slope. The total stress in 
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each member varies from a minimum when the dead load only is acting, 
to a maximum when the wind acts on one or other of the slopes. It 
is convenient for purposes of design to tabulate the forces in the 
members due to the various loading conditions in the manner shown 
on page 328. 

Design of Members of Principals. —The axis through the centre of 
gravity of tne section of each member, wherever possible, should lie on 
the frame diagram line so that all member axes at a joint pass through 
the same point, thus avoiding secondary bending stresses. The rivets, 
bolts or pins connecting any member at a joint should, for the same 
reason, be disposed so that their centre of gravity also lies as near as 
possible on the frame diagram line. In selecting the sections of the 
different members attention should be paid to the facilities offered by 
the different forms for connections, and in the case of the rafters the 
sections adopted should provide suitable bearings for the purlins. 

Struts. —The rafters are usually made of single angles or tees in 
light principals and of double angles or double channels in the heavier 
types of principals. Although the stress in the rafters varies from a 
minimum at the ridge to a maximum at the shoes, the section of the 
member is made continuous, as the cost of the additional joints, 
necessitated if a varying section be used, would absorb any saving 
there would be in cost of material if the sections be proportioned to 
the stress. The internal struts are generally formed of single or double 
angles, but double flats or channels, spaced by distance pieces and 
prevented from buckling outwards by bolts (see Fig. 129), can be 
adopted as alternatives. 

Where either single or double angle sections are used there is always 
an unavoidable amount of eccentric loading due to the impossibility of 
placing the rivets at the connections coincident with the axis of the 
member. To minimise this eccentricity the rivets should be driven 
as near the axis of the member as practical considerations will allow. 
The ends of all struts should be fixed by at least two rivets, even where 
theory demands only one, to obtain a certain amount of fixation of 
the ends. 

A series of tests 1 has recently been carried out on single angle 
struts fixed in a manner similar to those employed in roof principals, 
and the following conclusions were drawn from the results obtained :— 

(a) The resistance varies witli the method of fixing the ends. 
Where one rivet only is used at either end the resistance is approxi¬ 
mately equal to that of a round ended strut. If two or more rivets are 
used at either end a greater degree of fixation is attained with a conse¬ 
quently increased resistance of the strut. The authors of the paper 
referred to suggest that a “fixation factor /” be used when calculating 
the resistance of such struts. The values of / arrived at were :— 

For a single rivet at either end./= 1*1 

For two or more rivets at either end . . . / = 1*3 

In the tests the rivets were placed closer to the root of the angle than 

1 No. 218, Technological Papers, Bureau of Standards, Department of Com* 
meroe, Washington, U.S.A. 
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is usu^l in ordinary practice, and for this reason it would probably be 
safer to reduce the values of/to 1 and 1*25 respectively. 

This factor is to be used in conjunction with formulae for deter¬ 
mining the resistance of struts having “rounded ends”—see formula 
following. 

(b) “ It is believed that these values of end fixation factor are of 
importance in the design of structures where the end conditions approxi¬ 
mate to those used in the tests, no matter what formula the designer 
prefers to use.” 

(c) “Formulae of the Rankine-Gordon type represent the results 

fairly well for values of the slenderness ratio ^ up to about 150, but 

for longer columns the results are evidently best represented by the 
Euler formula.” 

Roof principal struts seldom exceed the ratio 150, so it would appear 



Pig. 246. 


admissible to use Rankine’s formula, page 152, after inserting the 
fixation factors. 


Then 


P = 


6-75 

1 ( l Y 

1 + 8,000 \fr) 


The above formula applies more particularly to single angle struts, but 
if used for double-angle members a rather larger factor of safety will 
result, since the eccentricity of loading is relatively smaller for such 
members. 


Struts formed of double sections should have intermediate con¬ 
necting rivets between the panel points to ensure that each of the 
angles, etc., has an equal unit area resistance to that of the combined 
member. 

Ties .—The tension members may be made of single or double flat 
bars. angles or round rods. Flat bars are readily connected to thq 
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junction plates, but lack lateral stiffness and are for this reason often 
supplanted by angles in the lower ties. Round bars require eyes or 
forks at the ends for connection purposes, and are thereby specially 
liable to defective workmanship. They also possess little resistance to 
bending, and therefore are unsuitable for use in long horizontal 
members. Single flats when riveted to single junction plates and 
single or double angle ties are always subject to eccentric loading—see 
Example 35—which must be taken into consideration in designing such 
members. 

The minimum sectional area of a tie is determined by dividing the 
maximum load on the member by the allowable working stress. As 
this minimum area occurs at a section in which rivet holes are situated, 
the gross area of the tie will be the minimum area required plus the 
area of the number of rivet holes in the weakest section. Where 
round bars with screwed couplings are used the area at the bottom of 
the thread must be used as the sectional area of the tie. The pro¬ 
portions of eyes and forks forged on the ends of tie rods have been more 
or less standardized by different authorities from results of destructive 
tests. Fig. 24G shows a commonly adopted standard of proportions, 
the dimensions of the eyes being given in terms of the diameter of the 
tie rod. 

The diameter d x of the pin and the thickness t of the eye or fork 
may be determined as follows:— 

Let P = pull in the tie in tons. D = diain. of tie-rod in ins. 
f, = safe shearing stress on the pin in tons per sq. in. 
ft = „ bearing „ „ 

d\ = diameter of pin. 

Assuming that the double shearing resistance of the pin is 1| times 
that of its single shearing resistance, and since the shearing resistance 
must equal the pull, 


or 


p = if(^ 2 /.) 


As the bearing resistance of the pin must also equal the pull 

P = d x tf b 
P 

or i= l~f 

Assuming / = f> tons per square inch 

.h = 8 „ 

. , . /. = 6 „ 
where/, <= intensity of stress in the tie, 




then 



= 0*83D 


and 
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P >/< 

From above t = -j-r = __ 

d if> d x f b 

= 0*7D 

The minimum area of the connecting plates k 
= (b —d>i)t x 

where b is the width of the plate. 

For the resistance of the plate in tension to equal the pull in the 
tie 

p = (j - d x )tf t 



Connection plates may be used either singly or in pairs. Where the 
principal members are formed of double sections, single plates will 
usually be the more convenient; but if single section members are 
employed, double connecting plates enable the rivets to be used in 
double shear, thus reducing the number of rivets required. The plates 
should not be less than | of an inch in thickness and gen erally will be 
proportioned to give a bearing resistance to the rivets equal to their 
shearing resistance. At any section of the plate its sectional area 
must be capable of transmitting the forces imparted to it by the rivets. 

The calculation of the required number of rivets or bolts in the 
connections follows the same principles as those described in Chapter IY. 
for beam connections. 

Example 35.— Design of a steel roof principal and purlins for a span 
of 70 feet and a spacing of principals of 12 feet. The covering to consist 
of slates laid on boarding and common rafters. One shoe of the principal 
to be fixed and the other free to slide horizontally. 

The members to be proportioned on the following allowable working 
stresses:— 


Purlins. 

Tension members . . 

Compression members 

Shear. 

Bearing. 


6 tons per square inch. 

6 >> 

safe stresses as determined by the Rankine 
formula on p. 152. 

5 tons per square inch for single shear; 

double shear 1* times single shear. 

8 tons per square inch. 


A suitable type of principal for such a span is shown diagram- 
matically in Fig. 247. Making the rise \ of the span the spacing of 
the purlins is found to be 9 # 8 feet and the area of slope supported by 
the intermediate purlins = 117T> sq. ft. 

Dead Load .—From the weights of materials given in Chapter II. the 
dead loads are:— 


Covering.16 lbs. per sq. ft. 

Approximate weight of principal ... 46 cwts. 

8now .87’6 cwts. per principal. 
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Wind Load .—From Fig. 239 the normal wind load for this slope 
= 23*5 lbs. per sq. ft. 

Purlins .—Load on intermediate purling :— 


n • 16 X 117" 6 - 

Covering = -—yy-- =16*8 cwts. 

Snow = i X 37‘5 = 4*7 „ 

Total . 27*5 „ 

(This load acts vertically.) 

Normal wind load = ~“~ypy—--- = 24*7 cwts. 


Component of the dead load acting normally to the slope 
= 21-5 X 0*88 = 18*9 cwts. 

Component of the dead load acting parallel to the slope 
= 21*5 x 0*44 = 9*5 cwts. 

Maximum bending moment on the purlin due to the combined 
loads acting normally to the slope 


(24*7 -f 18*9) x 12 ft. X 12 
20 x 8 


39*24 in.-tons. 


Maximum bending moment due to the dead load component 
acting parallel to the slope 


9*5 cwts. X 12 ft. X 12 
20 x 8 


= 8*55 in.-tons. 


Various forms of steel or timber purlins might be adopted and a 
consideration of their relative cost and availability would probably 
decide what form to use in practice. Here a steel channel will be 
adopted as furnishing a ready means of connection to the principal and 
common rafters. The depth of the purlin should not be less than ^ of 
the span or excessive deflection is probable. 


Try an 8" x 3£" x 22*7 lbs. channel. 

Modulus of section about axis parallel to slope = 15*94 
„ „ „ normal „ = 2*84 

, r . , 39*24 , 8*55 r t . , 

Maximum stress = -r = 5*5 tons per square inch. 


This stress is near enough to the maximum specified stress for 
practical purposes, and the section may be adopted. 

The channels can be obtained in 24-feet lengths, so joints will occur 
on alternate principals, and joints in neighbouring purlins can also be 
arranged so that they do not occur on the same principal. If a double¬ 
angle rafter be used the channels can be fixed directly to the rafters by 
bolts, and to provide fish plates at the joints and additional lateral 
stiffness 5" X 3i" X jj" angle cleats riveted to the rafters and bolted to 
the purlins can be employed 
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The«purlins at the shoes have only half the load of the intermediate 
purlins, and a single angle 7" x 4" x will be found to supply the 
necessary strength. The angle could be fixed to the rafters by angle 
cleats which would also act as fish plates at the purlin joints. However, 
there would be little saving by adopting the angle, so to avoid multi¬ 
plicity of sections this purlin will be made of a channel similar to the 
intermediate purlins. 

A timber ridge will form a suitable bearing for the common rafters 
and can be connected to the principal rafters by splayed angle cleats. 
The dead load in this case will act axially to the ridge, whilst the wind 
load will be inclined to the ridge axes. The ridge cannot deflect 
laterally without straining the common rafters and purlins on the 
leeward slope. The resistance offered by these members is more than 
sufficient to take the wind load on the ridge, since at such time they are 
not called upon to resist any other wind load. The ridge may there¬ 
fore be designed to resist the dead load forces only. 

The bending moment produced by the dead load 


21*5 X 12 x 12 

8 


= 887 in.-cwts. 


The depth of the ridge will require to be at least 8" to fit between the 
common rafters and the principal, and to provide bearings for the 
common rafters the width should not be less than 4". 

Using pitch pine, the ultimate moment of resistance 


9(1 cwts. x 8 x 8 x 4 


= 4096 in.-cwts. 


Factor ot safety = = 10 6 


which is more than ample, but for the practical reasons stated above 
cannot be reduced. 

The detailed design is shown in Figs. 250 and 251. 

Load on Principal ,—Dead load on each intermediate joint— 

Covering and snow load = 31*5 cwts. 

Weight of purlin = 2*0 „ 

Proportion of weight of principal = = 5*75 „ 

Total . . = 29'25 „ 

say 30 cwts. 

Wind load on each intermediate joint = 24*7, say 25 cwts. 

Stress Diagrams .—The stress diagrams for the dead load and for 
the wind acting on either slope, the left-hand shoe being supported on 
a sliding bearing, are drawn in Fig. 247. When drawing the diagrams 
a difficulty is met with when the joint D-E-5-4-3-2 is reached. Here 
there are three unknown forces, and the usual procedure provides for only 
two. The points 4, 5 and 6 on the dead load diagram may be obtained 
in the following manner. Select on the line e-b any point 5', and draw 
lines 5-6', 5-4',and 6-4' parallel to 5-6, 5-4, and 6-7 on the principal, 
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Table of Stresses. 


Member. 

Stresses. 

Length of 
struts. 

Dead load. 

Wind on left. 

Wind cn right. 

Total maximum 
t-tress. 


cwts. 

cwts. 

cwts. 

cwts. 

ft. 

C-l \ 

2G3 

123-2 

70-4 

386*2 

9-8 

D-2 

250 

123-2 

70-4 

373-2 

it 

Er-5 { 

237-5 

123-2 

70-4 

360-7 

It 

F-6 J 

223 

123-2 

70-4 

346-2 


G-8 \ 

223 

62-8 

132-8 

355-8 

It 

H-9 

237-5 

62-8 

132-8 

370*3 


K-12 [ 

250 

62-8 

132-8 

382-8 


Lr-13 J 

263 

62-8 

132-8 

395-8 

4-3 

1-2 

25-6 

26 

0 

61-6 

3-4 

54 

496 

0 

103-6 

8-6 

5-6 

25-6 

26 

0 

51*6 

4-3 

8-9 

25-6 

0 

24-4 

50 

4-3 

10-11 I 

54 

0 

50 

104 

8-6 

12-13 

25-6 

0 

24-4 

50 

4-3 

A-l 

236 

104-8 

64 

340-8 

— 

A-3 

202-5 

73-6 

64 

276 1 


A-7 

129 

11-2 

60 

189 

— 

A-ll 

202-5 

10-8 

128 

330-5 


A-13 

236 

10-8 

156-8 

392-8 


2-3 

33-5 

30-4 

0 

63-9 

~ 

4-5 

33-5 

304 

0 

63-9 

— 

9-10 

33-5 

0 

30 

63-5 

— 

11-12 

33-5 

0 

30 

63-5 

— 

4-7 

77-5 

632 

5-2 

140-7 

— 

6-7 

110-5 

94 

5-2 

204-5 

.... 

8-7 

110-5 

0*8 

96-8 

207-3 

— 

10-7 

77-5 

0-8 j 

69-2 

146-7 

— 


The total stress in any member varies according to the direction of 
the wind, the maximum stress being the sum of the dead load stress, 
and the larger stress produced by the wind acting on either slope. 
Although not subject to quite the same stresses, corresponding members 
in the principal have been made of the same section for symmetry. 

Principal Rafters .—In selecting the type of section for these members 
consideration must be paid to the facilities 
offered for the connection of the purlins and 
truss bracing. A double-angle section will 
most probably supply the necessary strut re¬ 
sistance and also afford suitable bearings for 
the purlins. If double sections be used for 
all internal members the connecting rivets will 
be in double shear with single junction plates 
only, and there will be no unduly large con¬ 
nections. In this example single junction plates 
will be adopted and made | inch thick through- 
fig. 248. out ^ fc k e gp^ing 0 f the double section 

members constant and to avoid packings wnerever possible. 


Hif-- 3 “H 
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Maximum load on the rafters = 19*79 tons. 

Strut length = 9*8 feet. 

As a trial section take two 5" x 3" x 0 3" angles, Fig. 428. 
Radius of gyration about XX == 1*6" 

„ * * YY = 1*23" 

Using formula given on page 322. Sectional area = 4*6. 

6*75 x 4*6 


safe load = 


1 + , 


1 




lTT 7 ^ 


8000 V 1*25 x 
= 18 tons. 


6 \2 
1*23/ 


This is less than the maximum load on the strut. Two 5" x 3" x 
angles have a safe load = 22*8 tons, which is rather more than is 
theoretically required ; but little loss of economy will result from their 
adoption. 

Using dia. rivets in the connections, the resistance of one rivet 

in double shear = 0*6 sq. in. x 5 tons x lj = 4*5 tons 

in bearing in plate = x -J-" X 8 tons = 3*5 tons 

The bearing resistance being the lesser will be used in calculating the 
number of rivets required. At the shoe the load = IT79 tons. 

19*79 

Rivets required = = 6 


At the ridge the load = 17*8 tons 


Rivets required = 


17*8 

3*5 


5 


The rafter angles should be riveted together at intermediate positions 
between the member junctions to reduce the 3trut length of the single 
angles, so that the safe unit load on the single angle will be, at least, 
equal to that on the double-angle section. 

Let r t = least radius of gyration of the double angles = 1*26" 

/• = „ ,, „ single angles = 0*0f>" 

1 X = length of strut of double angles = 9*8 feet. 

/ = „ single angle. 


Then 


from which 



P 





9*8 x 0 65 
1*26 


= 5*06 feet. 


Theoretically one intermediate rivet only is necessary, but in practice it 
is usual to space such rivets at about 3 feet centres, so two intermediate 
rivets will be used. 


m2 
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Struts 3-4 and 10-11. 

Load = 5-2 tons. Strut length = 8*6 feet. 
Try one 4" x 3" x §" angle. 

Least radius of gyration = 0*64". 


Safe load = 


6-75 x 2-48 

1 + 1 ( 103*2 y 

8000 \1‘25 x 0*64/ 


= 54 tons. 


This section is suitable. 

Using dia. rivets, resistance of one rivet 

in single shear = 0*6 sq. in. x 5 tons = 3 tons 
in bearing = £" x j}" X 8 tons = 2*6 tons. 


Number of rivets required = 


5*2 

2 : 6 


o 


Struts 1-2 and 5-6. 

Load = 2*6 tons. Strut length = 4*3 feet 

To provide the necessary width for riveting, one table of the angle 
should not be less than 2£ ins. Try one 2|” x 2" x f angle. 

Least radius of gyration = 0*42 in. 


Safe load =. 


6-75 x 1*54 


1 + 


( 


8000V 


51*6 \2 

1-25 X 0*42/ 


► = 4*4 tons 


This is in excess of requirements, but for practical reasons a smaller 
angle is undesirable. Using § in. dia, rivets, resistance of one rivet 
in single shear = 0*44 sq. in. x 5 tons = 2 2 tons 
in bearing = £ in. x j} in. x 8 tons = 2*2 tons. 

Number of rivets required = ^ = 2. 


Ties .4-13 and A- 11. The difference of loading on these members 


302*8 - 330*5 
20 


= 3*2 tons, and the difference of sectional area 


required = 



sq. in. 


If two angles or two flats be used for 


each member the difference of area of each flat or angle will be only 
0*27 sq. in. in the different members. The saving of this small 
difference would not repay the cost of the additional connection rivets 
and plates necessary if a change of section is made. The section 
adopted for A-13 will therefore be made continuous and used in both 
members. 

Maximum load = 19*64 tons. 


If two flats be used the minimum area required 


19 64 
6 


= 3*27 sq. ins. 


Allowing one in. diameter rivet hole through the double section, 
and making the flat thickness £ in. the area of the rivet holes 
= 2(}£ x £) = 0-94 sq. in. 

Gross area of tie = 3*27 4- 0*94 = 4*21 sq. ins. 

4*21 

Width of each flat = 0 ~~~r = 4 21 ins. 

z X J 
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The nearest rolled width is 4f ins., and this will be adopted. 

If angles be used in place of flats, the rivets being eccentrically 
placed with regard to the centre of gravity 
of the section will cause bending stresses in 
addition to the direct tension. To minimise 
the bending the rivets should be placed as 
near the neutral axis of the section as the 
forming of the rivet heads will allow. 

Try two 5" x 3" X 0-3" angles and place 
the rivets If ins. from the bottom edge of the 
section. Pig. 249. 


x-r=-“ 

•O'* 


WffAWZA 


~T 

_ , Wika 

U-3’ -JiV-S'-j 


Then the eccentricity = 0*1 in. 

Bending moment = 0T x 19 (»4 = 1*964 in.-tons. 
Modulus of section about X—X = 1*764 x 2 


1*964 

Maximum bending stress = i-764 x ^ = ^ ^ ^on P er 8C 1* ’ n# 

Note. —If the rivets had been pitched 2f ins. from the bottom edge 
the maximum tensile stress due to bending would 


2*75 - 1*65 
0*1 


X 0*55 = 6*05 tons per sq. in. 


The net sectional area of the angles 

= 2(2*3 - X 0*3) = 4*04 sq. ins. 

TV 19*64 . 0 . 

Direct stress = = 4*8 tons per sq. m. 

Maximum combined stress = 4*8 4- 0*55 = 5*35 tons per sq. in. 
Number of f in. diameter rivets required at the connections 

19-64 


Tie A- 7.—Maximum load = 9*45 tons. 

Using two f in. flats and one \ in. diameter rivet in the section. 

9*45 

Minimum sectional area required = - = 1*57 sq. ins. 


Area of two in. dia. holes = 2 x jjT x 1" = 0*7 


Gross area = 2*27 „ „ 


Width of flats = = 3 ins. 

- x * 8 

Number of | in. dia. rivets required in the connections 


9-45 

3*5 


= 3. 


Very often a single angle is used for the middle tie, but if the 
effect of the eccentric loading be considered a most uneconomical section 
results. A 5" x 3" x 0*3" angle has approximately the same sectional 
area as the two flats selected for this tie. 

Assuming the rivets to be coincident with the axis X—X through 
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the centre of gravity of the section—their most favourable position- 
then— 

Eccentricity of force = O’91 in. 

Modulus of section about Y—Y = 0*69 in. 

Bending moment = 9*45 X 0*91 = 8*6 jn.-tons. 

8*6 

Maximum stress due to bending = = 1*2*4 tons per sq. in. compn. 


9*45 

Direct stress = = 8*7 

VO _ 


tension. 


Max. combined stress = 8*7 „ „ compn. 

Y This section therefore would be too highly stressed, 

I and a single angle of the reaufrite strength would need 

g; to be much heavier and therefore less economical. 

^ It is desirable where angles are used as ties to employ 

t only double-angle sections. 

Ties 7-8 and 7-10. Again a continuous section 
for these members would be of practical advantage. 
&ZBZZZZZ& Maximum load = 10*36 tons. 

-'•U*' Adopting two £ in. flats with one |in. rivet in the 

^ U section, 

Minimum sectional area required 
Fig. 249a. 10 *36 

= jg— = 1*73 sq. ms. 

Area of two j| in. dia. holes = 0*7 „ „ 

Gross area = 2*43 „ „ 

Width of flats = =3*24 ins. 

2 x £ 

Say two 3| in. X £ in. flats. 

Number of \ in. dia. rivets required in the connections 

10*36 %> 

~ 3*5 “ ' 

An alternative section of two angles can be found by following the 
procedure of the design of ties A-13 and A-11. 

Ties 2-3 and 4-5. Maximum load =3*2 tons. For direct stress 

3*2 

only, the minimum sectional area required = --r = 0*53 sq. in. 

If a single flat be used there will be, in addition to the direct stress, 
bending stresses set up by the bending moment = 3*2 x l in.-tons, 
t which will cause the total stress to be very high owing 

*■ H to the small resistance to bending of the flat. It is, 

fr" i therefore, desirable and economical to employ a double 

I flat section to avoid the bending action. 

^ jf a i n . diameter rivets be used in the connections, 
^ the least width of flat should be 2 ins. to provide ample 

wA metal to the sides of the rivet holes, and a minimum 

thickness of metal of £ in. is desirable. 

■ Two 2 in. x £ in. flats have a net sectional area 

Fig * 249b. = 2(2 - if)£ in. = 0*89 sq. in. 

Number of £ in. diameter rivets required in the connections = 2. 


minimum 








Fig. 251, 
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A vertical suspender has been inserted from the ridge to the middle 
tie to prevent excessive sag in the tie. This suspender does not take 
any primary stress. 

The detailed design is shown in Figs. 250 and 251. The sliding 
shoe rests on a cast-iron bearing plate secured by rag bolts to a stone 
bearing block built into a wall. The wall is pocketed at the principal 
shoe. This shoe is formed by angles riveted to the frame members 
and to a shoe plate, the rivets on the underside of the plate being 
countersunk. The fixed shoe is connected to a plate girder valley beam 
by a junction plate riveted to the girder stiffener. The valley gutter 
rests on timber packings fixed to the valley girder by coach screws. 
Glazing is shown in the roof slope. The glazing bars are made of 
timber, notched on to and secured by wood screws to timber runners on 
the tops of the purlins. Patent metal glazing bars could, as an alterna¬ 
tive, be fixed by screws in a similar manner. 



Hipped eyids of roofs are supported by one-sided principals, as shown 
in the diagrammatic sketch, Fig. 252. The full lines show three such 
hip principals converging on to the ridge of the first full principal. 
In large spans small principals shown dotted at a and b may be intro¬ 
duced to reduce the span of the purlins. Each of these hip principals 
is in the nature of a trussed rafter forming a lean-to supported at the 
shoe by the wall and at the ridge by the first full principal. The ties 
marked c are introduced for lateral stability only and take no primary 
stress. The purlins transmit dead and wind loads to the hip rafters, 
the panel loading on which is equal to the purlin reactions. The 
reactions at the shoe and ridge bearings of the hip rafters can be found 
in a similar manner as for the reactions of fixed ended principals, the 
elevation of the ridge bearing in no wise affecting these reactions. 
The vertical components of the ridge reactions form an additional load 
on the first full principal, whilst the horizontal components will be 
distributed throughout the length of the roof by the ridge bar and 
resisted by the roof structure as a whole. The stresses in the members 
of the hip rafters can be found by the usual stress diagram method. 
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‘The connections of the hip rafters to the full principal are formed by 
bent plates. 

Cantilever Roofs .—Figs. 253 and 254 show the frame and stress 
diagrams for two single cantilever principals. The dead and wind loads 
can be estimated in the usual manner, and the stress diagrams drawn 
previous to calculating the reactions. 

In Fig. 253 the reaction Rj must be equal to and opposite in 
direction to the force in A5. Knowing, then, the resultant load P and 
the reaction R x , Il 2 must pass through x . In the stress diagrams Rj 
is represented by «5 and P by as , therefore eo must represent R 2 . 
The direction of R 2 is of course parallel to the line joining t, the inter¬ 
section point of P and Rj on the frame diagram, to the apex E 



Fig. 253. 


In Fig. 254, Rj will be equal to and opposite in direction to the 
resultant of the forces in the members A4 and 4-5, i.e. ao in the 
stress diagrams. Again, from the triangle of forces e5 represents 
the reaction R 2 . 

The signs of the stresses in the rafters and lower members corre¬ 
spond to those in the chords of any cantilever, being tensile in the 
rafters and compressive in the members AI, A3, etc. It will be noticed 
that the direction of-slope of the web members affects the individual 
magnitudes of the vertical components of the reactions, but the horizontal 
components remain constant. The horizontal components produce an 
overturning moment on the roof support, whicli must be resisted bv 
either the moment of resistance to bending of the column where such 
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is used, or by the stability of the wall to which the principals are fixed. 
Where the support consists of a column at each principal, the forces 
acting on any section X—X, Fig. 255, situated between R x and R 2 , 
are:— 

{a) The combined vertical downward pressures of the dead and 
wind load forces in the members at the apex = 

(b) The combined horizontal dead and wind load forces at the 
apex = K x . 

The former is a direct load on the column and the latter produces 
a bending moment on the section = ll x x Z x . The column must be 



designed to resist the combination of direct load and bending moment 

If A = area of column section, 

M = modulus of section, 

then the maximum stress on the section 

Vl | g l X h 

- A + M 

It is obvious that this stress increases from a minimum at the apex 
of the roof to a maximum at the lower principal connection to the 
column. 

At any section Y—Y of the column below Rj the direct load will 
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• be the algebraic sum of the vertical components of the stresses in the 
principal members at the connections to the column. These equal the 
total dead load plus the vertical component of the wind load, i.e. P + V 
as shown on the stress diagrams. The horizontal components of the 
forces at the upper and lower connections act in opposite directions and 
the bending moment on the section = H x x Z 3 — U 2 X Z 2 , where H x 
and H 2 are the horizontal components due to the combined dead and 
wind loads. The maximum stress on the section 

_ P + V H x x Z 8 - H 2 x Z 2 
“ A M 

The combined resultant of the dead and wind loads on the roof = R, 
Fig. 255, whose direction is inclined downwards towards the column. 
The bending moment on the column will therefore decrease towards 



the bottom of the column, and hence the maximum stress will occur at 
the level of the connection of the lower principal member. 

Where the roof principals are fixed jO a wall, the rafters and lower 
struts should be connected to distributing beams E and E x , Fig. 256, to 
prevent local failure of the brickwork and to bring the whole length of 
wall between the principals into action in resisting the overturning 
moment produced by the loads. The resistance to overturning will 
then be supplied by the weight of a length of wall eaual to the distance 
between the principals and any loading D there may be from floors, etc., 
resting on the wall. 

Let R = the resultant of the combined dead and live loads. 

W = weight of wall above any section Z—Z under consideration. 

D = weight of floors, etc. 
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Taking moments about the edge m of the wall:— 

Overturning moment = R x Z 4 

t 

Moment of stability = (W + D)^ 

For the wall to remain .stable, the moment of stability must be at 
least equal to the overturning moment. To prevent tension on the 
joints in the right-hand face of the wall, the resultant pressure must 
fall within the middle third of the thickness t , see page 390. 



The vertical component of the resultant pressure R* 

= D + W + vertical component of R 
=D+W+P+V 

Then the moment of this force about m must be equal to the sum of 
the moments of the individual forces about the same point. 

That is, -(R X Z 4 ) + (W + D)| = (W + D + P + \)x 

To avoid tension in the brickwork x must be at least equal to ^ and 
must not exceed §/. 

The horizontal component of R p is the horizontal shear on the wall 
section at Z—Z. 
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If the wall projects considerably above the apex of the roof, the 
wind pressure on such area will have a stabilising moment on the wall, 
and the critical conditions may then be when the wind is not acting. 
Under such conditions R = P and V = 0, and the foregoing equation 
reduces to 

- (P X Z' 4 ) + (W + D)| = (W +D + P)x 

The wall may fail by shearing at B due to the pull in the rafter or 
by overturning or crushing between B and B x . Below Bj the over¬ 
turning moment is constant when the wind is not blowing or a decreas¬ 
ing quantity under wind action, so then the critical section occurs at B x . 

Double Cantilever Roof \—Island platforms are often covered by a 
double cantilever roof supported by a central row of columns. The 
dead load is balanced about the column in whicli it produces no bending 
stresses. The wind acting on one slope produces a similar bending 
moment on the column to that produced by the wind acting on the 

single cantilevers of Figs. 253 to 
256. The members of the leeward 
cantilever are not stressed by the 
wind pressure. The stresses in the 
windward cantilever and the bend¬ 
ing moment on the column are 
found by the methods employed for 
single cantilevers. 

Principals with Curved Rafters .— 
The normal wind pressure on princi¬ 
pals supporting curved roofs, varies 
in intensity from a maximum at the 
shoe to a minimum at the ridge, 
owing to the slope presenting a 
decreasing resistance from the shoe 
upwards, to the horizontal wind force. Each panel load will be 
the product of the area of slope supported and the intensity of wind 
pressure, as given in Fig. 239, for a slope tangential to the curve 
at the panel point, and its direction of action will be normal to the 
tangent. Thus the panel point loads will be unequal and non- 
parallel for equal spacing of the panel points. The resultant of the 
panel loads can be found as in Fig. 258, where the loads to scale 
have been arranged end to end, the resultant being obviously equal to 
bg in magnitude and direction, since the sum of the vertical components 
of the loads = bx and the sum of the horizontal components = xg . The 
position of the resultant on the frame diagram can be obtained as 
follows : Select on Fig. 258 any point o about opposite the midpoint 
of the load line and join o to b, c ... g. From any point k on the 
line of action of the load BC, draw kl parallel to oc and terminating on 
the line of action of the load CD. From l draw Im parallel to od and 
terminating on the line of action of DE. Continue this process to p • 
Through k and p draw lines kr and pr parallel to oh and og respectively. 
These lines intersect at r, which is a point on the line of action of the 
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resultant load P. Drawing P, through r, parallel to bg , establishes the 
position of the resultant. 

If both shoes of the principal be fixed, the reactions will be parallel 
to the resultant load, ana their magnitudes can be determined by taking 
moments about either shoe •. 

P x s - R 2 x i = 0 


2 ~ t 
R x = P - R 2 

If one shoe only be fixed the reactions can be found by the method 
of Fig. 244. The dead load presents no difficulties, the panel point 



loads and reactions being determined as for \j principals. If the 
upper member be actually curved and not straight between panel points, 
there will be a varying amount of eccentric loading on that member, and 
the bending moment thus produced must be taken into consideration 
when designing the section of the member (see remarks, page 254, on 
curved upper chord of bowstring girder). 

Calculation of Stresses by the Method of Sections.— This method 
of. calculating the stresses in any frame is based upon the following 
principle, proved in mechanics : if a structure be in equilibrium, the 
algebraic sum of the moments of all the forces acting in one plane, and 
to either side of any section, about any point in that plane, must 
be zero* 
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Suppose the roof principal in Fig. 259 be subject to the vertical 
loads indicated in the figure. To find the stress in any member, say 
AB, draw a section X-X cutting such member. The forces acting to 
the left of the section X-X are : the reaction at A and the stresses in 
the members AB and AD, cut by the section. For these forces to be 
in equilibrium the sum of their moments about any point in the plane 
of the principal must be zero. By taking moments about any point b 
in AD, Fig. 259, c , the moment of the stress in AD will be zero, and 
there remains then only the unknown moment of the force in AB. 
The portions of the figure to the left of the sections XX, YY, and ZZ 
are reproduced to a larger scale in Figs, c, d , and e. 

Let S^, Sgo, S ad , etc. = the stresses in the respective members. 

Denoting all clockwise moments as positive and anticlockwise 
moments as negative, then for the stress in AB, taking moments about 
the point b , Fig. 259, r. 

21 X 6' + S aB x 2' 8" 


The above value of S AB being negative indicates that its moment 
about b is anticlockwise, and therefore the force in AB acts towards the 
joint at A. Hence the stress in the member AB is compressive. 

To calculate the stress in the member AD take moments about the 
point a , Fig. 215, c. 

21 X 4‘5 + S AD X 2-33 + S AB X 0 = 0 

.*. S AD = — 40*G cwts. 

The negative sign again indicates an anticlockwise moment. The 
force in AD will therefore act from the joint at A and be of a tensile 
character. 

To find the stress in the member BC take a section YY, cutting 
that member and the least number of other bars. The forces to the 
left of the section YY are : the reaction at A, the load at B, and the 
stresses in the members BC, BD, and AD, cut by the section. The 
forces in the members BD and AD acting through the point I), their 
moments about D are zero. The only unknown moment is therefore 
that due to the stress in BC. Taking moments about D, Fig. 259, d f 

21 X 15 - 14 X 7 \ + Sbc X 6 75 = 0 

= — 31*1 cwts. 

The value of being negative, the force in BC must act towards 
the joint at B, and therefore BC is a compressive member. 

To find the stress in BD. Take moments about A, Fig. 259, d . 

21 X 0 + 14 x 7*5 + S BD x 7*125 + S*, X 0 + S AD X 0 = 0 
S BD = — 147 cwts. 

The moment of S BD about A being anticlockwise, the member BD 
will be in compression. 


= 0 

= _ 21 X 6 
2*07 

= — 47*2 cwts. 
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To find the stress in CD. Take the section ZZ cutting the members 
BC, CD, DE, and DF. The forces on the left of the section are: 
the reaction at A, the load at B, and the stresses in the members BC, 
CD, DE, and DF. As the principal is loaded symmetrically, the 
stresses in DE and DF are equal to the stresses in BD and AD 



respectively. If the loading were not symmetrical the forces in DE 
and DF would be calculated in a similar manner to the forces in BD 
and AD. 

Taking moments about A, Fig. 259, c, 

21 X 0 + U X 7*5 + Src X 0 + S DE X 5*41 + S DF X 167 + S CD X 15 = 0 
14 X 7*5 4- 14 7 X 5-41 + 40*6 X 1*67 + S CD X 15 = 0 
S CD = - 16-8 cwts. 

The moment of S CD about A being anticlockwise, the member CD is 
in tension. 
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Wind load stresses for all the members may be obtained in a 
similar manner. 

It was shown in the wind diagram of Fig. 245 that no wind stress 
occurred in the member 3-4 when the wind acted on the left-hand slope 
of the roof. This is clearly demonstrated by the above method of 
calculation. Take a section XX, Fig. 260, and moments about the 



right-hand shoe, of all the forces acting to the right of the section— 

(R., -f- S A1 4- SJ x 0 4- S »_4 X o = 0 
S 3 _ 4 x e = 0 

that is, there is no stress in the member 3-4. 

Fig. 261 is another example of the graphical method of determining 



the dead load and wind load stresses in a roof principal. The com¬ 
pressive stresses are indicated by the heavier lines. 

In Fig. 262 are drawn the stress diagrams for a double cantilever 
roof. The dead load diagram presents no difficulties, but the bending 
action in the member 3-4 makes it impossible to obtain a closed wind 
load diagram of the direct forces in all the members. The magnitude 
of the bending moment at the lower end of the member 3—4 equals 
R X e. By calculating the horizontal force at the apex necessary to 
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balance this bending moment and plotting it at dH on the wind diagram, 
a closing point 4' is obtained. The stresses produced by the wind in 
the member 3-4 are, the direct compressive stress 3-4' and the stresses 
due to the bending moment dl' x /. All other stresses in the diagram 
are the direct stresses in the respective members. 




Wind Diagram Dead Load Diagram. 

Fig. 262. 


Three-hinged Arch Roofs .—Roofs of this description are frequently 
used for exhibition and other buildings requiring very large span roofs. 

The pins or hinged joints allow the apex 
of the roof to rise or fall when, owing to 
changes in temperature the expansion or 
contraction affects the length of the arch. 
The increase in stress in the members of 
rigid and two-hinged arches due to 
changes in temperature is considerable 
and very tedious to estimate, but the use 
of the third hinge at the crown allows of 
changes in the length of the arch without 
affecting the stresses in the frame. 
Suppose a vertical load W be supported by a three-hinged arch and the 
reactions be and Rg, Fig. 263. 

Let Vj and V 2 be the vertical components of the reactions. 

Then the vertical forces being in equilibrium 
W = Vx + V, 



346 


STRUCTURAL ENGINEERING 


Taking moments around the base hinges 

\Vr 

Wx = YJ or V 2 = — 

and W(i - x) = VJ or V, = W ^—^ 

Taking moments about the crown, of the forces to the right 

v a j = H x D.(1) 

where H = the horizontal component of either reaction. 

Substituting for V 2 

(W j)l = H x D 

. IT Wf 

‘' H 2D 

To produce equilibrium the horizontal components, H, of the 
reactions R x and R 2 must be equal. Let a = the angle of inclination 

of the reaction R 2 . Then tan <z = jy 

y 2D 

From the equation (1) above yj? = -j~ 

tan a = y 
2 

The reaction R 2 must therefore pass through the crown hinge. 
Knowing the lines of action of two of the forces acting on the arch, the 
direction of the third, R u may be obtained, since all three forces must 
pass through the same point. Producing R> through the crown hinge it 
cuts the load line at a. Joining the left-hand hinge to a gives the direction 
of R t . The magnitude of the reactions may be obtained graphically 
by a triangle of forces. 

The same construction holds good if the load be inclined to the 
vertical. Taking moments of the forces to the right, about the crown, 
Fig. 264, 




Fig. 264. 


Fig. 266. 


V 2 i= HxL) 

^ “ = E = 7 
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Ra must therefore pass through the crown. 

If each half of the arch be loaded, the reactions may be found 
graphically by treating each load separately and combining the 
reactions so found, Fig. 265. 

The reaction at the left support 

due to W, = R/' 

„ „ W = R/ 

The total reaction = R, 

The reaction R 2 is obtained in a similar manner. 

If the loads be equal and similarly disposed 
then V, = V 2 = W, = W 
and the vertical shear at the crown 

= v, - w, = 0 

The force on the hinge at the crown must therefore act horizontally, 
and the reactions and thrust at the crown may be found graphically as 
follows, Fig. 266. Through the crown draw a horizontal line to cut 
the load line in a. Join a to the base hinge. Then ab is the line of 
action of the reaction. The magnitudes of and H are again obtained 
by means of a triangle of forces. 



If the two halves of the arch be unequally loaded the thrust at the 
crown will be inclined, Fig. 267. Its direction and magnitude may be 
found by the following construction. Obtain the reactions R x and R 2 
by the above methods and draw the force diagram W„ AV 2 , R^ and R*,. 
The thrust on the crown is then equal to ab, the horizontal component 
of which equals the horizontal component of either reaction and the 
vertical component equals Wa — V 2 , or V, — W,. 

In Fig. 268 are drawn the dead load stress diagram for the left- 
hand half of a three-hinged arch and the wind stress diagram for the 
whole arch, the wind assumed acting on the right-hand slope. The 
positions and magnitudes of the resultants of the dead and wind loads 
are found by means of polar and funicular diagrams. The dead load 
on the two portious of the arch being equal, the thrust on the centre 
pin due to that load will be horizontal. The magnitudes of the reaction 
ab and the central thrust am are obtained on the dead load diagram. 
The dead load stresses in the members of the right-hand portion will be 
similar to the stresses in the corresponding members of the left-hand 
portion. Since the wind exerts no pressure on the left-hand half of 
the truss, the reaction R x , due to the wind, passes through the centre 
pin. R 2 passes through the right-hand pin and the intersection of 
and the resultant wind pressure. The reactions on the wind stress diagram 
are obtained by drawing parallels to Ri and R* from l and W, the ends 
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according to the direction of the wind. For example, the stresses in 
the member 10-A are— 

Due to dead load.compressive ; 

„ wind on the right.compressive ; 

„ „ left.tensile. 

The maximum compression in this member will therefore occur 
when the direction of the wind is right to left, and will be the sum 
of the dead and wind load stresses. The minimum compression or the 
maximum tension will be the difference of the stresses due to the dead 
load and the wind acting on the left-hand slope. The nature of the 
stresses in the other members of the same panel are given in the 
following table. 


Member. 


Stress due to 


Maximum 
{ compression 

Maximum 

tension 

Dead load. 

Wind on right 

Wind on left. 

= stresses in 
columns. 

= stresses in 
columns. 


1 

2 

3 



11-H 

compression 

tension 

compression 

1+3 

2-1 

10-11 

tension 

tension 

compression 

3 — 1 

1+2 

11-12 

compression 

compression 

tension 

1+2 

3-1 


Roof Details .—In Fig. 269 are shown details of a number of methods 
of attaching various coverings to the structural members of roofs. 
Glazing bars are usually fixed to timber purlin and ridge bars by means 
of copper screws, details A and B, and to steel purlins by copper bolts 
as indicated in detail C. Lead flashings preserve water-tightness at 
the junctions, and where the form of glazing bar necessitates a space 
between purlin and glass, wind bars of lead or other non-corrosive 
metal are employed to fill up such space. The glass is prevented from 
slipping down the slope by copper clips bolted to the glazing bars and 
bent under the glass. Details E and F are examples of the connection 
of skylight bars occurring in the middle of a roof slope covered with 
corrugated sheeting supported on steel purlins. The sheeting in each 
case is fixed to the purlins by hook bolts, as shown in detail D. The 
same detail also shows the ridge of such a roof with a pressed galvanized 
cover. Detail G is a suggestion for the apex of a northern light roof 
covered with glazing on the steeper slope, and slates on boarding on 
the opposite slope. Detail H is a common method of fixing weather 
boards to the eaves of a cantilever roof suitable for a station or loading 
platform. 

Fig. 269 a shows the general arrangement of a Warren girder roof. 
The area is spanned by parallel Warren girders having bays of 12' 6" 
to 16' 6" length and spaced 20' to 30' apart. The web members of 
the girders act as principal rafters, and intermediate principals are 
carried by the longitudinal beams B framed in between the main 
girders. These also carry the valley gutters V. The roof slopes 
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intersect the upper chord C of the girders, the roof covering being 
suitably trimmed and flashed around the chord. This type of roof 
finds much favour for machine shops where absence of columns and 
good lighting are specially desired. 







CHAPTER XI. 


MISCELLANEOUS APPLICATIONS AND TALL BUILDINGS . 

Design for Lattice Roof Girder. — Span 3G feet Depth 4 ft. 6 in. To 
carry the feet of principals of two adjacent roof spans of 50 feet. Rooj 
principals 12 feet apart. The general arrangement is shown in Fig. 
271, A The roof pitch is 1 to 2, and the loading is assumed as 
follows :— 

Covering and snow at 20 lbs. per square foot of area covered 
= 12 x 50 x 20 = 12,000 lbs. for one principal. 

Weight of principal = JDL^l + ^ = \ X 12 x 50(1 + ff) 

= 2712 lbs. 

Normal wind pressure on one roof slope per 12 feet length, at 25 lbs. 
per square foot = 28 feet (length of slope) x 12 x 25 = 8400 lbs. 
Reactions due to wind pressure 

at a = 8400 lbs. x ^ = 5787 lbs. 
and at b = 8400 - 5797 = 2613 lbs. 

The central girder b provides the smaller reaction for the right-hand 
roof span and the larger reaction for the left-hand span when the wind 
blows from the right. The total inclined wind load on girder b at the 
points of support of the principals is therefore the total normal wind 
pressure of 8400 lb*. On the outer girders at a and e the inclined wind 
load will be equal to the larger reaction of 5787, say 5800 lbs. 

The vertical component of the inclined pressure of 8400 lbs. 

= 8400 X = 8400 X cos 26$° = 8400 x 0-894 

= 7509, say 7500 lbs. 

The total vertical loading concentrated at points h and lc Fig. 271, B, 
is therefore for the central girder, 

due to covering and snow .... 12,000 lbs. 

„ two half principals .... 2,712 „ 

„ vertical wind load .... 7,500 „ 


22,212 lbs., say 10 tons. 

The principals at m and n being supported directly by the columns, 
do not affect the stresses in the girder. 

The weight of the girder will be assumed as 3 tons, distributed 

862 
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equally amongst the upper joints. The vertical loading and stresses 
are then as indicated in Fig. 270. 

The horizontal component of the normal wind pressure causes lateral 
bending of the girder, and although some portion of the lateral bending 
moment will be resisted by the longitudinal roof members and transmitted 


? ? 3 § 3 ? 

° +1006 * +/9 3J 0 +293! * +29*1 ° +29 6/ * 



by diagonal wind bracing (where provided) to the columns, the amount 
of the horizontal wind load so resisted is very uncertain, and it is only 
reasonable to make the girders strong enough to resist the whole. 

The horizontal component of wind pressure at h and £, Fig. 271, B, 
= 8400 x sin 26^° = 8400 x 0*446 = 3746, say 3750 lbs. = 1*67 tons. 
Hence lateral bending moment between h and k 


3750 x 12' x 12 
2240 


= 241 inch-tons. 


Flanges .—The flanges over the five central panels consist of two 
4^" x 3" x h" angles and two 12" x plates. The outer plate is 
suppressed over the two end panels. 

For the moment of inertia of the flanges about YY, Fig. 271, C, 

I y for one angle = 2*55, from section book ; 

.*. l v „ „ = 2*55 -f (3*5 x 3*75“) = 51*5 

I v „ four angles = 51*5 X 4 = 20G inch units. 

I Y „ four 12" x iT plates = ^ X f X 12 3 x 4 = 216 
Total I Y for both flanges = 206 + 216 = 422 


Stress due to lateral bending = 


241 Xj>" 
422 


3*43 tons per square inch. 


Sectional area of top flange — 16 square inches. Maximum com¬ 
pression in central bay = 20*61 tons, and compression per square inch 
20*61 

due to vertical loading = = 1*85 tons. Hence maximum intensity 


of compression in top flange due to vertical and lateral loading 
= 3*43 4* 1*85 = 5*28 tons per square inch. 

The net section of the lower flange after deducting four | in. rivet 
holes = 14* square inches, and maximum tension due to vertical loading 

29*61 tons _ ...... Al . , , 

= j pi2f)— ^ 2’1 tons per square inch. Adding the stress due to 


lateral bending, maximum intensity of tension in lower flange = 2*1 
+ 3*43 = 5*53 tons per square inch. The actual value is a little 
higher than this, since no rivet holes were deducted in calculating I y 
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for the lateral bending. These working stresses are sufficiently low to 
allow a fair margin for the impact effect of the wind pressure. It is, 
however, very improbable that the maximum wind pressure would ever 
be applied instantaneously. It will be noticed further that the maximum 
wind load has been assumed on the left-hand roof span, whereas this 
would be sheltered to some extent by the right-hand roof. 

The moment of inertia of the upper flange section about XX, Fig. 
271, I), works out at 29 units, and least radius of gyration = 

l 48 

= 1*35 in. The panel length is 18 in., whence - = = 3G, and average 


safe load on top flange supposing the ends rounded = 13,700 lbs. or GT 
tons per square inch. The average working stress is much below this, 
so that the flange is amply safe against buckling. 

Struts. —Struts 1 and 2, Fig. 271, 11, consist of two angles 
3i" x 2.J" X i" tied together by bolts and tube separators s, a, Fig. 271, 
E. The maximum compression = 11*32 tons. Assuming one-lialf 
resisted by each angle, compression in one angle = 5*GG tons. This is 
eccentrically applied since the angle is riveted to the gusset plate by one 
leg only. Fig. 271, F, shows the dimensions concerned. The eccentricity 
is 1*15 in., g-g being the axis through the c.g. of the angle section. The 


sectional area == 2*75 square inches, and direct compression 


5’GG 

275 


= 2*00 tons per square inch. B.M. due to eccentricity of load 
= 5*GG x 1*45 = 8*2 inch-tons, \ y for the section = 1*43, hence com¬ 
pressive stress due to bending 


8*2 X 0*7 
1 * 13 


4-0 tons per square inch 


and maximum intensity of compression = 2*0G + 4*0 = 6*06 tons per 
square inch. As the struts are not long relatively to the radius of 
gyration, this intensity is not excessive, and they are further stiffened 
by the separators. ►Strut 3, beneath the shoes of the principals, is 
combined with gusset stiffeners to give lateral rigidity, and to assist in 
transferring the lateral wind load to both flanges of the girder. It 
consists of four 2£" x 2i" x angles, with § in. gusset plates. Struts 
4 and 5 have very little compression to resist, but cannot well be made 
of smaller sections than 3" x 2#' X T f° r practical convenience in 
riveting. They may be subject to somewhat higher stresses under the 
action of a rolling gust of wind. 

Ties .—These have been proportioned for a working stress of G tons 
per square inch on the net section. Those in the first three panels 
from the column, having practically the same stress, will be designed 
for 15*09 tons. Using two flats, stress in one bar = 7*55 tons. Net 

sectional area = -•= 1*26 sq. in. Adding for one rivet-hole 

2" x £" = 0*375, gross section = 1*26 + 0*375 = 1*G85 sq. in. A 
3.y' x J" flat gives 1*75 sq. in. The ties in the three central panels 
have very little stress. Two flats 3" x have been employed. The 
central panel is counter braced. Fig. 271, H, shows the general 
elevation of half the girder, and G a part sectional plan with detail of 
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connection to a box section column. Sole plates 2' 8" x 12" x i" are 
placed 12 ft. from each column, to which the feet of the adjacent roof 
principals are bolted. The number of rivets arc arranged on a basis of 
4 tons shearing stress and 8 tons bearing stress per square inch 
respectively. The connection to the column is made through two 
vertical angle cleats 3" x 3" x bolted to the column by ten f in. 
through bolts. All gusset plates are £ in. thick. 

Design for Crane Jib.— Length , 45 ft. Load , 3 tons. To lift at 

//. per second and slew at 6 ft. per second , with 1 ft. per second 
acceleration for both lifting amt slewing {Fig. 272). Lowest position oj 
jib inclined 30° with the horizontal. Inclination of backstays 15°, and oj 
rope 20°. 

The nominal load lifted = 3 tons. Allowing 0*25 ton for the 
weight of chain, bob and hook, total weight lifted = 3j tons. This 
will be doubled to provide against shock due to possible slipping of 
tackle, giving an equivalent load lifted = (>£ tons. 

w v f -ij y 1 

Accelerating force in lifting = •- •' = —— = 0*1 ton. 

Maximum tension in chain = 6*5 + 0*1 = 6*6 tons. 

In Fig. 272, a, AB inclined 30° represents the jib, and AT t and AT 
the chain. Setting off AT, AT 1? each = 6*G tons, the resultant AR is 
obtained from the parallelogram ATRTj. Draw RB parallel to the 
backstay AS, and AB scaling 25^ tons gives the direct compression in 
the jib due to the tension in the two portions of the chain. 

Approximate Weight of Jib. —Adopting 2£" x 2£" x £" angles and 
2^" x flats for the bracing on upper and lower faces, and 2J" X 2£" 
X 0*3" angles and 2^" x £" flats for the side bracing, an approximate 
estimate of the weight of the jib runs out at 1*75 tons. 

Stress due to Weight of Jib. —With the jib in an inclined position, 
its own weight will give rise to both direct compression and bending 
stress in the main angles forming the section of the jib. In Fig. 272, 
A, set off AE = 45 ft., and draw the vertical CD through M the middle 
point of AE. Join EC. AC and EC give the directions of the 
reactions at the pulley and hinge ends of the jib respectively, due to its 
own weight. Note that the c.g. of the jib has been assumed at M. 
Although the lower half is wider and consequently somewhat heavier 
than the upper half, the additional weight concentrated around the 
pulley head will practically neutralize the effect of the greater weight 
of the lower half on the position of the c.g. 

Make CD = 1*75 tons and draw DF parallel to the backstay AS. 
CF = the reaction at the hinge E, and DF scaling 2*1)6 tons = pull in 
backstay due to weight of jib. DF is transferred to AG, and resolved 
along and perpendicularly to the jib, giving AH = 2*85 tons and 
HK = 0*77 ton respectively. The component AH acting along the jib 
represents the direct compression applied by the backstay due to weight 
of jib, whilst the component AK acting at right angles to the jib 
causes bending moment at any section. 

Considering the central section at M. The weight of the jib being 
distributed and not actually concentrated at M, the compression due to 
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its own weight will be cumulative from A towards E, consequently the 
weight of the upper half AM must be taken into account in calculating 
the compressive and bending stresses on section M. LN = £ weight of 
jib = 0*875 ton is resolved at LP and LQ. LP = 0*44 ton = the 
additional direct compression accumulated from A to M over and 
above that applied by the backstay. LQ = 0*7G ton = the component 
of the weight of AM causing bending moment at section M in the 
opposite sense to that caused by AK. Then at section M, direct com¬ 
pression due to weight of jib = AH 4- LP = 2*85 -f 0*14 = 3*29 tons, 
and bending moment due to weight of jib = 0*77 x 22*5' — 0*7(1 
X 11*25' = 8*77 foot-tons = 105*24 inch-tons. 

The section adopted at M is shown at Fig. 272, n, consisting of 
four steel angles 3^" x 3i" x 0*425". From the section book the 
sectional area of one angle = 2*8 sq. in. and I x = 3*22. 

Hence for the four angles I x = (3*22 +.2*8 x 10*95 2 ) x 4 = 1350. 

Stress due to bending = —^~ = ± 0*93 ton per square inch. 


Direct compression = 20*25 tons due to chain tensions + 3 29 tons 


due to weight of jib = 29*54 tons, or 


29*54 

11*2 


2*01 tons per square inch. 


The direct compression is slightly greater than this on account of the 
slight batter of the main angles. As the difference between slope 
length and axial length of jib is very small, this has been neglected. 

Hence maximum compression due to load lifted, weight of jib, 
accelerating force in lifting and bending of jib in vertical plane 
= 0*93 4- 2*04 = 3*57 tons per square inch. 

Slewing .—The force necessary for accelerating the load during 
slewing acts at the pulley end of the jib horizontally, and gives rise 
to lateral bending moment. 


Accelerating force for load 


3*25 x 1 


= 0*1 ton. 


Considering the central section of the jib, the; force necessary for 
accelerating the upper half of the jib also acts horizontally and creates 
additional lateral bending moment on the central section. The centre 
of inertia of the upper half of the jib is situated at 0 77 x 45 ft. 
— 34*G ft. from the slewing axis, here taken as the foot of the jib. 
The acceleration at outer end of jib = 1 ft. per second, therefore at 
0*77 of the jib length, the acceleration = 0*77 ft. per second, and 
accelerating force for upper half of jib = 0*875 x 0*77 x = 0*021 
ton, acting at 34*G — 22*5 = 12*1 ft. from central section. Hence, 
bending moment at central section due to accelerating the load and 
weight of upper half of jib = 0*1 x 22*5' + 0*021 x 12*1' = 2*5 ft.-tons 
= 30 in.-tons. To this must be added the bending moment caused by 
wind pressure on the side of the jib and on the load lifted. 

Bending Moment dm to Wind Pressure .— A safe outside allowance for 
wind pressure will be made by assuming 40 lbs. per square foot acting 
on the total projected area of one side of the jib, taken as a continuous 
surface. Only the ends and central portion are actually plated, and the 
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above allowance will cover the wind pressure acting on the latticing of 
the leeward side. 

Mean breadth of upper half of jib =19 in., and c.g. is 10*5 ft. from 
centre of jib. 

Therefore wind pressure on upper half of jib = 22^ x -}§ X 40 
= 1425 lbs., acting at a leverage of 10*5 ft., and bending moment at 
central section = 1425 x 10*5 = 14,9G2 ft.-lbs. 

The wind pressure on the load lifted, assuming 30 sq. ft. of effective 
surface in the case of bulky loads, = 30 X 40 = 1200 lbs., acting at a 
leverage of 22*5 ft. from central section, and bending moment due to 
this pressure = 1200 x 22*5 = 27,000 ft.-lbs. 

Hence total bending moment due to lateral wind pressure = 14,902 
+ 27,000 = 41,902 ft.-lbs. = 225 in.-tons. 

The lateral deflection caused by the wind pressure and accelerating 
forces still further increases the, lateral bending moment, since the 
direct compression along the jib then acts eccentrically. This increase 
is, however, small—about 20 to 25 in.-tons, and is neglected, since 
ample allowance has been made for wind. 

Total lateral bending moment = 225 in.-tons due to wind 4* 30 in.- 
tons due to accelerating forces = 255 in.-tons. 

In Fig. 272, n, the moment of inertia of one angle about yy = 3*22, 
hence I Y for four angles = (3*22 4 2*8 x 1G*3 2 ) x 4 = 2988, and stress 
due to bending 


= 25o X18 7.> __ j.go fcong , )er square inch. 
2988 1 1 


Hence, maximum intensity of compression at central section of jib 
from all causes = 1*60 4- 3*57 = 5*17 tons per square inch. This 
intensity occurs in the upper leeward angle at k. 

The stresses on the lower end of the jib are next considered. 
These are caused by direct compression, due to load and weight of 
jib, and B.M. due to wind pressure and accelerating forces. 

Direct Compression .—This has been already determined, and = due 
to load 26*25 tons, and due to weight of jib = 2*85 (axial component 
AH applied by backstay) -f 2PL (axial component of total jib weight) 
= 2*85 4* 0*88 = 3*73 tons. 

Total direct compression = 26*25 4- 3*73 = 29*98 tons. 

Bending Moment due to Wind Pressure — Projected area of jib 
= 45 x in., and total presssure = 45 x j? X 40 = 2850 lbs. 

B.M. at foot of jib = 2850 X 22*5' = 64'125 ft.-lbs. 

B.M. due to wind on surface of load = 1200 x 45' = 54,000 ft.-lbs. 

Total B.M. = 64,125 + 54,000 = 118,125 ft.-lbs. = 632 in.-tons. 

Bending Moment due to Accelerating Forces .—For the load = 0*1 ton 
X 45' = 4*5 ft.-tons. 


45 


For whole weight of jib, centre of inertia is ^ ft. from foot, and 
accelerating force = 1*75 x ^ X = 0*032 ton. 


Hence B.M. = 0 032 x 


45 

V3 


= 0*83 ft.-tons. 
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Total B.M. = 4*5 + 0*83 = 5*33 ft.-tons = 64 in.-tons. 

Total B.M. due to wind pressure and accelerating forces = 632 
-f 64 = 606 in.-tons. 

The cross-section at foot of jib is shown at Fig. 272, c. 


I v = (3*22 + 2-8 X (2 


Stress due to bending 


606 x 3 <r 

~ 8514 


7*55) 2 ) x t = 8514 
= ± 2-16 tons per square inch. 


20*08 

Direct compression = = 2*54 tons per square inch, and 

maximum intensity of compression at foot of jib = 2*46 -f 2*54 = 5*00 
tons per square inch. This intensity occurs at the outer edges m> m, of 
the leeward angles. 

The general design of the jib is shown in Fig. 272, i). The middle 
portion of the sides is plated for a length of about 10 ft. to give 
greater stiffness against buckling. The details at hinge and pulley 
ends is shown at E and f. At K cast-steel bracketed eyes K .are 
bolted through the angles, and side plates with packing plates inserted 
as indicated by the shading. These hinges bear on a 4-in. pin passing 
through a pair of bearings Y, Y, Fig. 272, c, bolted to the crane 
carriage or framework. 

Shearing and Bearing Stresses on Phi. —Direct compression down 
2JP98 

each side of jib = = 11*09, say 15 tons. Distance centre to 

centre of bearings Y, Y, = 4 ft. Total B.M. on side of jib = 696 in.- 
tons. Hence pressure on leeward bearing, or uplift on windward 
bearing, due to B.M. = — 14*5 tons. Adding the direct pressure 

of 15 tons, total pressure on leeward bearing = 29 5 tons. Bearing 
area = 4" x 4" = 16 sq. in., and bearing pressure per square inch 
20*5 

= = 1*85 tons. Distance between outer faces of bearing = 4 ft. 

4 in. Shear force on pin due to lateral bending = — = 13*4 tons. 
Adding the direct pressure, total shear force at leeward section of pin 
= 13*4 -f 15*0 = 28*4 tons. Sectional area of pin = 12*57 sq. in., and 
28*4 

mean shear on pin = p.yy- = 2*26 tons per square inch. The bearing 

and shear stresses should be low, since the pin undergoes considerable 
wear and tear. 

The pulley end carries a 30 in. diameter pulley and chain guard, 
the pin diameter being 2£ in., and the pulley eye bushed with bronze. 
The sizes of lacing bars and angles indicated will be found ample for 
resisting the stresses caused by the lateral loading of the jib, treated 
as a cantilever. It is unnecessary to calculate these in the case of a 
light jib of this type. 

Design for Riveted Steel Tank. — Capacity , 20,000 gallons. The 
tank to be carried on girders and columns, so that when filled the water - 
level shall be 25 ft above ground-level . 

Such conditions are representative of those required for locomotive 
feed tanks, etc. Fig. 273 shows the general arrangement and details. Side 
and end elevations are shown at A, and an enlarged plan at B, on which 
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the arrangement of covers and joints is indicated. The sides consist of 
three plates, 8', 12', and 8' long x 6' 3" high ; the ends of one plate 12' 0" 
X G' 3", and the bottom of seven plates 4 ft. wide, running transversely 
and turned up to form a butt joint at h with the side plates. The joints 
in the bottom are covered by tee bars inside, turned up to form vertical 
stiffeners for the sides. Vertical joints in the sides occur at jjj, in 
the plan. All outer joints and horizontal inner joints are covered by 
flat straps. The end and bottom corners are curved, and forged bosses 
are placed at the four bottom corners, the detail of which is shown at 
C. The tank is supported on four longitudinal rolled steel beams L, 
1 ft. 2 in. centre to centre, resting on three transverse beams T, carried 
by six columns 18 ft. high. Stays are inserted as indicated subsequently. 

The principal features of the design are as follows. 

Thickness of Plates .—Span 4 ft. Head of water 7 ft. G in. Load 
per square foot on bottom due to~water pressure = 62*5 x 7*5 = 461) lbs. 
or ~~ = 30 lbs. per inch width of plates. 

Max &.M., assuming the plates simply supported at the joints, 


irP 

8 


39_X 4 X 4 x 12 
8 x 2240 


= 0*418 in.-ton. 


Assuming a working stress of 0 tons per square inch. 

Moment of resistance = J x 1 x f- X 0 = 0*418 
whence thickness t — 0*528 in., say £ in. 

It may be noticed that a somewhat thinner plate would result if the 
plate be supposed to act as a fixed instead of a simply supported beam. 
The actual strength of flat plates employed under such conditions lies 

between the two above-mentioned limits, so that —- is an outside 

o 

estimate of the maximum bending moment on the plate. The side 
plates being subject to a maximum head of 6 ft. 3 in. would require a 
, theoretical thickness of \ in., but for practical reasons would be made 
the same ^thickness a a-Hie bottom plates. A small additional stress 
) will be caused|l>5^the weight of plate, which has been neglected since 
damply covered by the calculation. 

Bottom Tra nsverse Tee- covers .—These transfer the load on the 
plates to the lcSigitudinal bearing girders. Their span is 4 ft. 2 in., 
and their actual resistance lies between that of a simply supported and 
a fixed beatn. Each rib carries the weight of a volume of water 7 ft. 
6 in. deep X 4' x 4' 2" 

1 


B.M. at centre = 


_ x ..iL x 7 i x = 3-io tons. 
2*240 

•10 v li v 12 

LT/LX-is = 21*81 in.-tons. 


The effective beam section resisting this moment is shown at Pig. 
273, I), and is assumed to consist of the inner tee stiffener, outer cover 
\ in. thick, and portion of | in. plate between. The modulus of this 
section after deducting two in. rivet holes = 4*3 ins. 3 


21*81 


Hence maximum bending stress = = 5*07 tons per square inch 
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Stays .—Transverse and longitudinal stays are taken across the tank 
at 4Tfc. arid 4 ft. 2 in. intervals respectively, at the centre of height of 
the sides. Fig. 273, L, is a diagram of intensity of water pressure against 
the side per 4 ft. width of tank. 

ab = 4 x 62 \ x -= 1876 lbs. per 4 ft. width, 

and the horizontal breadth of triangle abc gives the intensity of pressure 
at any depth. The total pressure against the side per 4 ft. width 

= al> X™ = 1870 X 3j' = 7035 lbs. 


acting through the centre of pressure at level g. 

Taking moments round a — 

tension in stay x 3' 9" = 7033 x 2' 6" 


whence tension in stay due to horizontal water pressure = 4690 lbs. 
= 2*1 tons. 

This tension will be augmented due to the overhang at the sides. 
The increase of tension from this cause will be calculated by taking 
moments about e. 

Weight of volume of water tfea per 4 ft. width 


4 X 11 X 7.^ X 1)2.^ 
2 240 


= 1*03 tons. 


Adding for weight of side of tank per 4 ft. width, OirO lbs. or 0*43 
ton, total overhanging weight per 4 ft. width == 1*05 + 0 43 = 1*48 
tons. The common centre of gravity is 10^ in. to the left of e. 

Taking moments about e — 

tension in stay due to overhang x 3f' = 1 48 X j- 
whence additional tension in stay = 0 35 ton. 

Total tension in stay = 2T -f 0*35 = 2 45 tons. 

In Fig. 273, E, which shows an enlarged cross-section of one half of 
the tank, flat stays L and T are employed. Round stays better resist 
corrosion, but sag more severely under their own weight. The longi¬ 
tudinal stays L, being 30 ft. 6 in. long, are arranged to rest on the 
transverse stays T in order to relieve them of part of the bending stress 
due to their own weight. Adopting flat bars 3" x the bending 
stress due to the weight of the transverse stay T, and the 4 feet lengths 
of the longitudinal stays L, L, resting on it, works out to 0*93 ton per 
square inch. 

Direct tension = - ^°, DS = 1*63 tons per square inch 

3 x i 

and maximum tension = 1*63 -f 0*93 = 2*56 tons per square inch. 

Smaller stays might be used, but this size will provide a margin 
for corrosion ; * in. bolts at K will be suitable. 

The upper half of the sides above the stays, Fig. 273, L, resists 
the horizontal water pressure P by cantilever action, when not stayed 
across the top of the tank. 

Pressure P per 4 ft. width of side = j the pressure for the 7 ft. 
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6 in. depth = J X 7035 = 1759 lbs. applied at 1 ft. 3 in. above the 
level of attachment of stays. 

Hence B.M. on side = — ^ = 11*8 in.-tons. 

2240 

This is resisted by the section Fig. 273, D, the modulus of which 
is 4*3, 

, 11*8 

.*. bending stress = =2*8 tons per square inch. 

The stress due to this bending action will be somewhat higher on 
the ribs intermediate between the vertical joints, since the effective 
beam section is there reduced by the absence of the outside i in. plate. 

There will be direct tension across the tank bottom, "due to the 
reaction required to balance the horizontal forces acting on the sides, 
which = total horizontal pressure on side — horizontal pull in stay due 
to this pressure = 7035 — 4690 = 2345 lbs. per 4 ft. width of tank. 
This creates a negligibly small tension in the plates, which would be 
entirely annulled if the stays were attached at g . 

A close pitch of riveting, say 2~ in., will be required to ensure water¬ 
tightness, and all joints will be caulked. Rivets f in. diameter will be 
suitable. 

The weight of the tank as designed runs out at 16*8 tons. 

Longitudinal Girders .—The load applied at each bearing-point of 
the tank on the two central longitudinal girders = 3;} tons. These 
girders are continuous, and one-half the B.M. diagram is drawn at 
Fig. 273, F, and the characteristic point m found by the method of 
Example 9, Fig. 47, Chapter III. The maximum moment occurs at 
the centre, and = 22 3 ft.-tons = 267*6 inch-tons. 

Using 9^" X 9£" x 51 lbs. B.F. beams, the modulus = 52*2, and 

working stress = = 5*12 tons per square inch. The B.M. on the 

two outer girders is less than on the central ones, but all four are 
necessarily of the same depth. 

Transverse Girders. —The central reaction of the longitudinal girder, 
calculated from the bending moment diagram F, by the method of 
Example 9, is 16 tons. Each of the two central longitudinal girders 
therefore applies a load of 16 tons to the central transverse girder. 
This loading is shown at Fig. 273, G. The two outer loads do not 
affect the bending moment, being directly over the column. 

Maximum B.M. on transverse girder = 16 x 4| x 12 

= 800 inch-tons. 

Using a 12.V' x 12" x «5 lbs. B.F. beam, the modulus = 115, and 

. . ~ 800 „ _ 
working stress = ^ = 6'9o tons per square inch. 

Columns .—The maximum load comes on the two central columns, 
and equals the sum of the central reactions from one central and one 
outside longitudinal girder, plus a portion of the weight of the beams. 
If the B.M. diagram for the outside longitudinal girder be drawn in a 
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similar manner to that at F for the inner girder, the central reaction 
will be found to be 12*3 tons. 

Hence load on one central column 

= from inner longitudinal girder . . . 1G*00 tons 

„ outer „ „ ... 12*30 „ 

A of weight of longitudinal girder . . 0*85 

\ weight of transverse girder .... 0*27 „ 

Vertical component of stress in wind tie 

(determined below).2*50 „ 


Total . . 31*92 „ 

say 32 tons. 

The column, if free to bend as at Fig. 273, H, will act as a round- 
ended column 3G ft. long. The stiffness of the connection with the 
central transverse girder and the action of the diagonal wind braces, 
will tend to cause bending as at K, in which case the equivalent Tound- 
ended column would have a length of 18 feet. The real strength will 
lie between these two extremes, but it will be advisable to design the 
column as at H, since the connections are not likely to be very rigid, 
and the wind pressure acts on a relatively large surface. 

Using an U~” x 11x 75 lbs. B.F. beam— 


Sectional area = 21*9 sq. in., least radius = 2*6G in., 


3G x 12 

= —5~GCi— = ^* The load P er S( l uarc f° r rat i°> from 
Fig. 109 = 8200 lbs. 

Total safe load = * ~ — = 31*3 tons. 

2240 


The maximum load to be carried is 31*92 tons. 

Wind Pressure .—The wind pressure on side of tank at 35 lbs. per 
square foot 


__ 30J X 7£ X 3fi 
2240 


= 8*5 tons. 


Frictional coefficient with tank empty = = 0*21. Tanks 

presenting a large area to the wind pressure may require bolting to the 
pillars or girders by suitable brackets and bolts. 

Length of wind ties = 24 feet. 

Horizontal component of wind stress in central ties = £ x 3*5 tons 
= 2*2 tons. 

24 

Inclined stress = 2*2 x == 1*2 tons, and vertical stress = x 4*2 

= 2*5 tons, which gives the pressure to be added as above to the load 
on the leeward central pillar. 

For the diagonal braces a small angle section, say 2j" X 2| x 
flat, or round bars may be used. 

Three holes are provided in the tank bottom for supply, draw-off, 
and overflow pipes. 
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Tall Buildings. 

These comprise types of construction principally developed in the 
United States, in which steel framework is carried to much greater 
height than usual. Some of the most notable examples are the Singer 
building, New York, 612 feet high, the Wool worth tower, New York, 
792 feet; the Penobscot building, Detroit, 551 feet, of forty-five storeys, 
the Chicago Tribune and the Chicago Board of Trade building of forty 
k storeys. The Empire State Building, (1938), the tallest in the world, 
is 1248 feet high above the street floor. The distinguishing feature of 
these buildings is the lightness of the covering employed for the walls, 
which, together with that of the steel frame, enable such heights to bo 
attained, without unduly loading the foundations, which in New York 
and Chicago are of generally poor bearing power. The foundations for 
the columns are consequently usually constructed of the grillage type 
already referred to. 

In the older buildings the exterior walls are self-supporting, the 
floors being carried independently by the steel framework. In the more 
modern structures, both walls and floors are carried by girders and 
ultimately by the columns. This method enables any portion of the 
walls to be commenced independently as convenience allows, and renders 
it possible to provide more closely for uniform settlement of founda¬ 
tions. In the case of an existing party wall, W, Fig. 274, the footings 



Fig. 274. 


of which may not be further loaded or interfered with, exterior columns 
such as A are frequently carried on cantilever girders, G, balanced by 
the load on one or more neighbouring columns as B. 

Live Loads on Floors .—The Building Code of New York City 
prescribes the following uniformly distributed live loads (1928) :— 

For residence purposes. 

„ places of assembly. 

„ class-rooms in schools. 

„ offices . 

„ business and other occupancies, 
other than those stated above 

The Code also provides that every steel floor beam in any building 
hereafter erected, to be used for business purposes, shall be capable 
of sustaining a live load concentrated at its centre of at least 4000 lbs. 
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Columns, posts, or vertical supports must be designed for the total live 
load and dead load to be supported, excepting that in buildings more 
than five storeys in height, the live load on the floor next below the 
top floor may be assumed at 05 per cent, of the allowable live load, 
and on the next lower floor 00 per cent., and on each succeeding lower 
floor a correspondingly decreasing percentage, provided that in no case 
shall less than 50 per cent, of the allowable live loads be assumed. 

For side walks between the curb and building lines the live load 
shall be taken at 800 lbs. per square foot. For yards and courts inside 
the building line the live load shall be taken at not less than 120 lbs. 
per square foot. 

The Building Ordinance Regulations in Chicago prescribe (1928): 

Buildings for the sale, storing, and manu¬ 
facturing of merchandise, and garages . 100 lbs. per square foot. 

Offices, hospitals, hotels, and club rooms . 50 „ v , 

Private residences.40 „ „ 

Assembly halls, theatres, and churches . . 100 „ „ 

Apartment buildings.40 „ „ 

Schools.75 „ „ 

Department stores.100 „ „ 

In school buildings those parts exclusive of the floors in assembly 
halls, the corridors and stairs shall not be required to support a live 
load exceeding 40 lbs. per square foot. The stairways and their stair 
halls in buildings of all types shall 
be required to carry 100 lbs. per 
square foot. The roofs of all 
buildings shall bear, in addition 
to the weight of their structure . 
and covering, 25 lbs. per square 
foot. 

Details of Construction—The 
steelwork of columns is covered 
by hollow fireproof terra-cotta tiles 
2 in. to 8 in. thick, bonded together with an air space left between 
the tiles and column faces. Examples of such coverings are shown 
in Fig. 275. 

Floors. —The floor girders are similarly protected by the systems of 
terrr-cotta floors in geueral use. Fig. 276 gives a typical example of 


- 5 6 " - u — 12 -J 



Pig. 276 


these floors by the Pioneer Fireproof Construction Company. The 
floor consists of flat arches of tile voussoirs, abutting on the parallel 
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joists, forming the primary framing of the floor. Table 28 gives 
particulars and weights of such types of floors. The weight of concrete 
and timber covering forming the floor surface requires adding to the 
weights stated in the table, and a further 5 to 8 lbs. per square foot if 
the under surface be plastered. In the best systems the vertical webs 
of the hollow tiles run transversely to the carrying joists, these being 
known as “end-systems,” whilst those having the webs parallel to the 
joists are called “side-system” arches, the former being lighter for 
equal strength. 


Table 28 . —Weight of Hollow Tile Floor Arches. 


Span of arch. 

! 

Depth. 

Weight per sq. ft 

ft. 

In. 

lbs. 

5 to G 

8 

27 

6 „ 7 

9 

29 

7 ,, 8 

10 

33 

8 „ 9 

12 

38 


Tie-rods T, Fig. 276, are employed for resisting the end thrust of 
such floor arches. The spacing of tie-rods should not exceed twenty 
times the width of flange of floor beams. The approximate thrust 
in flat tile arches is given by— 


T 


3wL 2 
:Id 


lbs. per linear foot of arch. 


Where to = load per square foot on arch, L = span in feet, and 
<1 = depth in inches from top of arch to bottom of supporting beams. 
The spacing of the tie-rods being decided, the diameter may be 
calculated from the above thrust, 7 tons per square inch being allowed 
on the net section of bars. 

Partitions are constructed of wire lathing or expanded metal tied to 
verticals of light channel section filled in with concrete and plastered 
on the face; or of slag wool and plaster slabs, or terra-cotta blocks 
2 in. to 4 in. thick. The last named are the soundest and most 

fireproof. For thicknesses of 3, 4, 
5, and 6 inches these weigh 1G, 11), 
22, and 23 lbs. per square foot re¬ 
spectively. 

Roofs are covered usually with 
3 in. book-tiles laid on T-bars as 
in Fig. 277, the T-bars being sup¬ 
ported by the beams and girders 
forming the roof framing. An outside coating of cement, tar and 
gravel is applied over the tiles. The weights of the floors and roof 
m the Fisher building, Chicago, are as follows - 



Fig. 277. 
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lbs. per sq. ft. 


Floor—l in. Maple floor.4 

Deadening, cinder concrete on top of floor arch . 15 

15 in. hollow tile floor arch.41 

Steel joists and girders.10 

Plaster on ceiling.5 

Total .... 75 

lbs. per sq. ft. 

Roof —3 in. Book tiles.22 

G-ply tar and gravel roof.G 

T-bars.4 

Steel roof framing.8 

Total .... 40 


Chimney Stacks are usually constructed of a steel tube lined with 
firebrick to a height of GO or 70 ft., and with hollow tiles thence to 
the top, a 2 in. air space being left 
between the steel and lining. 

Fig. 278 shows the sliding joint 
J provided between the top of 
the stack and the roof in the 
Fisher building, which allows of 
expansion and contraction with¬ 
out dislocating the roof tiles. 

Exterior walls are of brick or 
terra-cotta, or brick with terra¬ 
cotta facing, and are most usually 
carried by the horizontal girders 
of the outer framing. The weight of the steel framing for buildings 
of 1G to 20 storeys varies from 1^ to 2 lbs. per cubic foot of the 
building, and the cost from to 3 pence per cubic foot, or £14 8s. to 
£17 5 s. per ton of steel, representing from j to l the total cost of 
the building. 

Wind Bracing .—In the case of tall buildings of light construction, 
the walls and partitions being thin and not bonded together, the steel 
framing must provide all resistance to the wind. In buildings of usual 
proportions of height to width of base, the dead weight is sufficient to 
resist bodily overturning, and the effect of the lateral wind pressure is 
to create bending moment on the columns and horizontal shearing stress 
on the connections, or to increase the compression in the leeward 
columns and relieve that in the windward columns if the building is 
braced diagonally from top to bottom. 

In the case of exceptionally tall buildings which are practically 
narrow towers, the wind pressure may create tension in the windward 
columns exceeding the compression due to the dead weight of the 
building, and so produce an actual uplift on the foundations of the 
windward columns, necessitating their being securely anchored down. 

The usual methods of bracing against the action of wind pressure 
are illustrated below. In Fig. 279 diagonal ties are introduced in a 
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suitable number of vertical panels between the columns. This is 
probably the most efficient method. The framing is thereby converted 
into a series of cantilevers fixed at foundation level and subject to 
horizontal loads p, p. The principal objection to this system is its 
interference with window and door openings, for which reason diagonal 
bracing is more frequently placed in some of the internal partition 
walls than in the outer walls. This difficulty is fivoided in the 012 ft. 
tower of the Singer building by arranging the bracing as in Fig. 280. 



A A 



The corner bays A, A, are braced for the whole height in alternate 
long and short panels H and A, the longer panels extending through 
two storeys. The bracing bars thus intersect near the floor levels F, F, 
leaving uninterrupted openings for windows W in all storeys. 

Fig. 281 show’s the more usual methods adopted by employing deep 
and stiff girders G between the columns at the floor levels, or by intro¬ 
ducing stiff brackets B in the 
case of shallower girders. 
The effect of this type of 
bracing is to create local 
bending stresses in the 
columns at their junctions 
with the horizontal girders, 
and the general effect on the 
framing is shown in Fig. 282, 
the distortion being greatly 
exaggerated. The rigidity of 
the connections is here relied 
on to distribute the bending action of the wind pressure equally amongst 
those columns which are efficiently braced by deep girders, and this assump^ 
tion is the only one on which any approximate calculation of the wind 
stresses can be based. Points of contra-flexure p, occur at or near 
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the centre of each storey length l of columns, where the bending moment 
due to wind pressure will be zero. Assuming wind pressures P, P, to 

act horizontally at the centre of each storey, j— - 1 

and the building to be three columns deep as p_► / / 

in Fig. 282, the bending moment on each column_[ 

p 7 p/ A L . . _.J 

at the horizontal section A will be - x = -r. D L L / 

a ^2 6 ? /A M 

At section B, one-third of the total wind b r - L 

pressure above section B may be supposed _ / 1 < 

acting at each of the points p u and the bend- P y * ^ { 

ing moment on each column at section B c [_ 

2P l PI I 

= V x = ^ • Similarly at C, the bending p ~"~r jfi A 

8P l PI D j — 1 -■ 

moment on each column section = -- x - = p_ 1 1 


4P i vpi __ 

and at D, — x ^ This method of r -1 —j 

transferring the wind load to the foundations is P [ t f 

often referred to as the “ table-leg ” principle. ^ ^. 

The column section is augmented from Fig. 282. 

roof to basement in order to meet the in¬ 
creasing direct compression and bending moment, and the ultimate 
effect of this type of bracing is to increase the intensity of compression 
alternately on windward and leeward faces of evert/ column so braced. 


fans * J 


■h/ A ft» 7S -f J /\ + / s / 

-i -(S -15 


+ 4 /I 


+ 45 A +15 +5 


Fig. 283. 


Fig. 284. 


To be efficient, the rigidity of the horizontal girders should be large 
relatively to that of the columns, and this result is obtained in modern 
practice by giving such girders a liberal depth. 

When diagonal bracing is employed, the skeleton of the building 
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acts wholly or partially as a braced frame or girder according as the 
bracing extends throughout the whole system of columns, or is only 
employed in certain bays. Fig. 283 indicates the stresses in one frame 
of the four upper storeys of a building four columns deep from back to 
front with diagonal bracing throughout, assuming the wind stress to 
be equally shared by the diagonal braces in each storey ; and Fig. 284 
the stresses in the same building when the central bay is unbraced. 
The diagonals are assumed inclined at 45°. In Fig. 283 it will be 
seen that the vertical tension in the diagonals of the windward bay AB 
is augmenting at the rate of l ton per storey, so that the uplift at the 
foundation of column A, if carried down through twelve storeys, would 
amount to (1 4- 2 4- 3 + 4 . . . + 12) = 78 tons. The foundation of 
column I) would be superloaded to the same extent under the maximum 
wind pressure. The compression in columns B and C is augmented at 
the rate of 1 ton per storey, but the ultimate load on their foundations 
is not affected, the compression in each storey length of columns B and 
0 being balanced by the vertical tension in the wind tie attached at its 
lower end. In Fig. 284 the bays AB and Cl) constitute separate canti¬ 
levers, CD receiving its wind load through the horizontal girders 

traversing the bay BC. The 
uplift on columns A and C 
at a depth of 12 storeys = 
Oi “F 3 4- 4£ 4* (I . . . + 18) 
= 117 tons, whilst an increased 
pressure of 117 tons comes on 
the foundations of columns B 
and D at that depth. 

In buildings of exceptional 
height, the uplift on founda¬ 
tions of windward columns may 
exceed the pressure due to the 
dead and live loads on the 
structure. In such cases the 
columns require efficient an¬ 
chorage. As an example, ten 
of the main columns of the 
Singer building are anchored 
down in the manner shown in 
Fig. 285. The maximum uplift 
in tliis instance is 413 tons. 
Four steel bolts B, 4 in. in 
diameter, pass through steel 
cross-heads II bearing on heavy 
gussets G riveted to the base of 
the column C. The low T er edges 
of the gussets and column plates 
are planed to bear on the cast- 
steel shoe S. The bolts pass 
between the beams L, L, of the grillage, below which they are 
attached to a second steel casting embedded in the concrete 4 ft. 
below the grillage. From this casting a series of steel eye-bars aro 
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embedded for a further depth of about 40 ft. in the concrete filling of 
the foundation shaft. These anchor bars are diminished in number 
towards the lower end, an adhesive force of 30 lbs. per square inch 
between their faces and the concrete being allowed in designing theii 
sectional area. 



CHAPTER XII. 


MASONRY AND MASONRY STRUCTURES\ 

Masonry. —The following classes of masonry are principally employed 
in masonry structures. 

1. Unsquared or Random Rabble for unimportant and temporary 
walling. 

2. Squared Rabble , built either in courses or uncoursed. Built in 
courses, this class of masonry is perhaps most widely used for general 
work. For small walls, the individual stones are relatively small and 
the courses of moderate height, whilst for retaining walls, heavy piers and 
abutments of bridges, the scale of the construction may be magnified to 
any desired degree. Squared uncoursed rubble is probably superior to 
coursed rubble for work demanding great strength, since vertical bond¬ 
ing is obtained in addition to horizontal bonding. It is, however, more 
difficult to ensure really first-class work in this than in coursed rubble 
masonry, and largely for this reason uncoursed rubble is not so exten¬ 
sively used. Probably no class of masonry is so liable to be scamped as 
rubble masonry, since in the absence of very thorough and constant 
inspection, it is an easy matter to give the face work an excellent 
appearance whilst the backing of heavy walls may be practically devoid 
of bond and simply consist of a mass of small and relatively useless 
material. 

3. Rabble Concrete .—This is principally employed for the bulk of 
the heaviest engineering structures, such as masonry dams. It may be 
compared to rough uncoursed rubble on the largest scale, in which the 
individual stones consist of masses of rock ranging from a few hundred¬ 
weights to 7 or 8 tons in weight, whilst they are set in concrete instead 
of in ordinary mortar. Such work requires the external faces covered 
with large squared rubble facing set in cement mortar. 

4. Ashlar Masonry is built of blocks of large size very carefully worked, 
in courses usually of equal height and laid with joints seldom exceed¬ 
ing one-eighth of an inch in thickness. It is the most expensive class 
of masonry, and its place in engineering work is limited to the facing of 
works to which it may be desired to give a highly finished appearance, 
and to those portions of a structure which must of necessity be given 
very accurate shapes and faces. Such, for example, are internal facing 
of docks, locks, gate sills, quoins, copings, overflows for dams, arches 
and the water face of quay walls. Piers are frequently given ashlar 
quoins, whilst occasionally ashlar lacing courses are laid at intervals of 
20 ft. to 30 ft., in rubble-stone piers, to bring up the work to a dead 
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level in order to more uniformly distribute the pressure before com¬ 
mencing a further rise. Fig. 303 illustrates such an example. The 
blocks in ashlar facing are usually worked smooth, but maybe draughted 
with rock face or other treatment as desired, depending largely on the 
degree of ornamental appearance or otherwise required. 

Although the above names are ordinarily accepted as implying a 
certain class of masonry in general building construction, it is unwise 
for an engineer to undertake to designate a particular class of masonry 
by a special name without at the same time stating in the specification 
a careful description of the kind of masonry intended to be built. 
Class names for masonry vary considerably in different parts of the 
country, and in different countries. The names applied to various 
classes of masonry in America, for instance, would be almost unrecog¬ 
nizable by an Englishman. Different qualities of coursed rubble are 
variously referred to as “ ranged rockwork,” “random range work,” and 
ashlar is commonly known as “ dimension stone masonry.’* “ Rip-rap” 
is a purely American term applied to rough irregularly shaped stones 
used for pitching the slopes of earthen dams, as distinct from “ paving,” 
which is usually understood to imply roughly rectangular hammer- 
dressed stone laid dry by hand in regular courses. 

Piers, abutments and retaining walls are frequently built either 
entirely in blue brick or with blue brick facing and stock brick hearting, 
or with masonry facing and brick hearting. In laying masonry and in 
writing specifications for masonry three essential aims should be borne 
in mind. 1. Uniformity of bearing on each course or horizontal section. 
2. Absolute solidity with absence of voids. 3. The most perfect bonding 
attainable so that the mass may be, as nearly as possible, monolithic in 
character. Whilst it is impossible in a work of this scope to give 
complete specifications at length, some of the essential points which 
should be included in specifications for masonry will now be noticed. 
In the following notes on specifications, illustrations are inserted for 
the purpose of rendering more clearly the intended arrangement and 
bonding of the work, but it will be understood that such drawings do 
not usually accompany specifications. 

Outline Specifications for Masonry.—Stone.—The stone employed 
for general rubble masonry should be of an approved kind, sound and 
durable and free from all flaws, seams, cracks and discolorations. The 
size of stones employed will depend on the magnitude of the work and 
the sizes conveniently obtainable from the quarries. In general such 
stones will be from (> in. to 14 in. thick, 2 feet to 5 feet long, 10 in. to 
30 in. wide, the larger blocks being used for the heavier classes of work. 
Strongly acute angles on stones should be entirely prohibited, and any 
angles less than 80° are undesirable. Blocks of the softer kinds of 
sandstone and limestone should be thicker in proportion to length and 
breadth than those of harder varieties, to mimimize danger of cracking 
under heavy pressure. All stones in squared rubble masonry should 
have the top and bottom beds parallel to the natural quarry bed and be 
approximately rectangular in shape. 

Face Dressing. —Fig. 286 shows various kinds of face dressing on 
stones. A and B are examples of ashlar faced masonry, with rebated 
joints, the rebate in A being formed entirely on one Mock, and in B 
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half on each adjacent block. The faces are finished smooth by rubbing 
after the final tooling or sawing. Deep rebated joints are employed 
where heavy characteristic lines are desired, the deep shadows imparting 

C D 



Pig. 286 . 


boldness of appearance to the work. Fig. 286, C, shows a block finished 
with fine and coarse axed face, on left- and right-hand sides respectively. 
At D, the face is “ droved ” or “ tooled,” being worked with a broad flat 
chisel. E is a rock-faced block with draughted margin. This type of 
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dressing without the draught is always employed for squared rubble 
masonry, the draughts being occasionally cut on the quoins. The face 
F is “broached” and draughted, whilst G is a rebated and vermicu- 
lated block. The more ornamental face dressings are seldom employed 
on engineering work. 

General clauses regarding measurement for payment by the cube 
yard (or cube foot in case of ashlar), conditions of inspection and execu¬ 
tion according to drawings, usually precede a detailed specification for 
masonry. 

Heavy Squared Coursed Rubble (occasionally referred to as Bridge 
Masonry, Coursed Blockstone, and Block in Course).—Foundation 
courses which are laid immediately on a concrete foundation slab, to be 
of selected stones not less than 18 in. thick and to have a bed area of 
not less than 15 square feet. No course to be less than 11 in. nor more 
than 24 in. in height, and each course to be continuous both through 
and around the wall. If courses of unequal height are permitted, the 
deeper ones to be at the bottom diminishing regularly towards the top. 
Face stones to have rock-faced surfaces, the edges being dressed to 
straight lines conforming to size of courses, and no part of rock face to 
project more than 3 in. in heavy courses or 2 in. in medium courses. 

In Figs. 287 the elevation and plans of two consecutive courses of 
part of a rubble masonry pier are shown, together with a vertical section 
on XY. The beds and vertical joints of face stones to be dressed back 
at least 12 in. from face of wall and the under beds to extend to the 
extreme back of stone as at B, Fig. 288. Overhanging stones as at C 
leave spaces A which are liable to be indifferently packed Stretchers 
to have a length not less than times their height, and no stone to 
have a less width than l£ times its height. The face bond to show not 
less than 12 in. lap. The size and disposal of headers and bond stones 
will depend on the thickness of wall. Headers should preferably be not 
less than 3 feet to 4 feet long. For walls less than 4 feet thick the 
headers should extend from back to front, giving the arrangement shown 
tli plan in Fig. 289. For walls exceeding about 4 feet in thickness, 
there should be an equal number of headers built into both back and 
face, so arranged that a face header shall be roughly midway between 
two headers in the rear as shown in plan in Figs. 287, 290, and 293. 
In the case of retaining and wing walls which are backed by earth, the 
back face may of course be left much rougher than the exposed front 
face, but this should not be allowed to excuse defective bonding at the 
back of the wall. There should be one header to every two stretchers, 
2 nd they should sensibly retain their full face size for the whole length 
of stone beyond the dressed surfaces, as A in Fig. 291. At B is shown 
an inferior header, the dressed joints (shaded) not extending far enough 
into the wall, whilst the tail end tapers off, requiring packing up with 
rubbish or leaving voids beneath the stone. This is the commonest 
defect in rubble masonry, and cannot be detected from the face appearance 
once the course is covered up. In walls of 6 feet to 7 feet thickness the 
inner ends of headers should overl ip laterally. 

The hearting or packing stones to be of large well-shaped stones of 
the same general thickness as the face stones. No voids exceeding 6 in. 
width to be left between these stones, and all voids to be thoroughly filled 
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Fig. 287. 
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with spalls bedded in cement mortar. The superposition of the larger 
hearting stones in each two consecutive courses should have regard to 
the preservation of the best possible bond and minimum number of 
coincident vertical joints. (See plans of courses in Figs. 287.) Where 
provision is to be made for leading off drainage water through masonry, 
the positions of weep holes or inlaid pipes will be either shown on draw¬ 
ings or personally indicated by the engineer in charge. 

Other points to notice are that heavy hammering or dressing of 
stone on the wall itself should be prohibited ; stones accidentally broken 
or moved after setting, to be removed and properly replaced ; each 
stone to be laid in a full bed of mortar, and joints not to exceed J in. 
to £ in. when laid. Stones and masonry to be kept free from dirt, 
and all stones and adjoining masonry to be wetted with clean water 
just before laying, especially in hot weather. If the masonry is to be 
extended by building future work, the old masonry should be stepped 
back uniformly to ensure a break in vertical bond between old and 
new work of at least 12 in. Quoins in massive work are usually 
draughted 2 in. to 3 in. wide, the width of draught being proportioned 
to the scale of the work, and they may be further finished with rebated 
joints, heavy rock face, or by rusticating, according to the degree of 
finished appearance required. 

The above notes relate more particularly to the massive types of 
masonry structures. For work intermediate between these and ordinary 
walls occurring in general building construction, the following class of 
squared rubble is employed. 

Ordinary Squared Coursed Rubble.—Fig. 292 shows the general 
face appearance of such w 7 ork, and Fig. 293 a plan of a typical course. 
The main points of difference are the generally smaller size of stone, 
and less regularity of arrangement. The usual height of each course is 
12 in. to 14 in. The stones in each course are not all the full height of 
the course, but all headers and bond stones should be so. The number 
of headers may be specified as 1 to 3, 1 to 4 stretchers, etc., or as so 
many per square yard of surface, or per G, 10, or 12 ft. run of the course. 
The smaller face stones should not have a less thickness than one-third 
the course height, and preferably not more than two stones should be 
allowed to the course. In highly finished work of this class, greater 
regularity of appearance on the face is obtained, as in Fig. 294. 
Specially skilled masons are required for executing really good work of 
this character. Exceptionally good examples may be seen in the masonry 
of the overflows and training walls at the Langsett reservoir near 
Sheffield, executed by Mr. William Watts, M.Inst.C.E. The general 
remarks on backing for heavy masonry apply equally with regard to 
the backing in this case. Figs. 295 and 29G are other examples of 
regularly faced rubble, although the bond in Fig. 295 is necessarily 
inferior. 

Rubble Concrete. —This class of masonry is practically confined to 
the hearting of reservoir dams, breakwaters, etc. Fig. 297 indicates 
the general disposition of such work when laid. Large irregular 
blocks called plums or displacers , with fairly flat but rough beds, and 
weighing from 1 ton to 8 tons, constitute the bulk of the work. They 
are bedded on a thick layer of cement concrete, or very coarse mortar, 
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consisting of 2 parts sand, 4 crushed rock spoil, small enough to 
pass a -ft: in. mesh, and 1 part cement. The blocks are usually slung on 
. .. . • . . . . # to the work from an overhead 

C \'/ 1 cableway, and are arranged to 

1 break joint horizontally 

J iltlllm - •/ 'f' and vertically, no two stones 

—v ^ /-being nearer than about 6 in., 

H| ; • > . i , -p to allow of perfect ramming of 
^sl|l§A'C——the joints with concrete. The 
( • stones are settled on their beds 

' • T— 1 r J i —-_-J • * by slowly working them back- 

f , , , , f, . - wards and forwards by crow- 

Fio. 297. bars, and by heavy hammering 

with wooden malls. It is im- 


l°Q 


Fio. 297. 


portant in such work to use as heavy stone as is procurable, since 
the stability depends on the weight of the mass, whilst the closer 
together the stones can be laid, the greater the ultimate mean density 
of the mass, and the less the amount of cement required. The stones 
should not be of too irregular a shape, or very large voids require to be 
filled with concrete. Smaller stones are used for partially filling the 
joints. A fair proportion of stones, as indicated 
in section m Fig. 297, should bond transversely, 
as well as longitudinally. All such overhang¬ 
ing parts as A in Fig. 298 should be removed, 
Fig. 298. otherwise the c.g. of the block is thrown ap¬ 

preciably away from the centre of the bed, 
causing unequal settlement and tilting on the soft bed of concrete. 
Work of this character over large areas is necessarily interrupted, and 
where new masonry is joined to old, the surface of the concrete is 
picked over, carefully brushed and washed and covered with cement 
mortar before commencing the new work. In this connexion, the late 
Mr. G. F. Deacon considered that a hydraulic lime was probably superior 




Fig. 299. 


to cement, since the much slower setting 
enabled new work to be bonded to work 
several days old whilst still in a plastic 
state. 1 The face of such work is finished 
in ashlar, or heavy, square, rock-faced 
rubble. Fig. 299 shows the typical ap¬ 
pearance of the outer face work of the 
Vyrnwy dam. 

Ashlar.—The stones are cut to exact 
dimensions, with surfaces of beds and 
joints dressed back to the full depth of 
block, and joints should not exceed | in. 
Where a considerable area is faced with 


ashlar, the kind of bond is usually specified,and the stones laid and bonded 
with the regularity of brickwork. Courses may be of equal or unequal 
height, preferably the former. In the highest class work the beds and 
joints are required to be plane throughout. As this entails heavy waste 
in dressing, other specifications allow depressions below the level of the 


1 Mins. Proceedings Inst. C.E ., vol. cxlvi. p. 27. 
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beds, provided they do not exceed, say, 6 in. in width, are not nearer 
than 4 in. to an edge, and do not aggregate more than one-quarter 
the whole area of 1)ed. To produce ashlar blocks quite free from 
such depressions or plug-holes considerably increases the expense of 
labour in cutting, and reduces the general bulk of the finished 
blocks. 

Arched Masonry Blocks require cutting to accurate radial lines, 
and if large, are usually worked to drawings supplied. The plane of the 
natural quarry bed should be perpendicular 
to the direction of pressure acting through 
the arch. In arches with ashlar ring-stones, 
and brick or rubble sheeting, the bond 
with the sheeting should not be less than 
from C> in. to 12 in., depending on size of 
work. The ring-stones, or face voussoirs, 

V, Fig. 300, should preferably be cut with 
square heads, in order to obtain a satis¬ 
factory bond with the stones of the head wall, H. 

Bonding of Brick and Masonry Arches.—Fig. 301 illustrates various 
methods of arranging and bonding the bricks and masonry in arches. 
A shows a 13^ in. brick arch with bricks laid alternately header and 
stretcher. B shows the same bond applied to an 18 in. arch. Although 
the bond is satisfactory throughout the depth of the arch, the dis¬ 
advantage of laying the bricks in this way is that the joints become 
excessively wide at the extrados unless tapered or radius bricks are 
used. For this reason, arches exceeding 18 in. are generally built in 
duplicate rings, each 1) in. thick, as at C, or in separate 4^ in. rings, as 
at D. With either of these methods, the bond is deficient, and unless 
very carefully built, unequal settlement on striking the centering, is 
liable to cause one or more rings to fall away from the others, as shown 
at F, when the load comes on a much reduced thickness of arch. In 
order to secure some degree of through bonding, the arrangements at 
G and E are often adopted. That at G shows the bond inserted in the 
22^ in. portions of the lining of the Totley tunnel. The inner and 
outer 1) in. are built in English bond as at B and C, whilst the central 
41 in. constitutes an independent ring, which is bonded alternately with 
the inner and outer rings at sections where the joints JJ are flush 
throughout the whole depth. At E bond stones S or specially con¬ 
structed brick voussoirs Y are inserted at flush joints. In stone arches 
any desired arrangement of bond may be adopted, since the stones are 
cut to taper shapes. The expense is, however, much greater than in 
the case of brick arches, and excepting where architectural effect is to be 
secured, arches built of stone throughout are seldom employed in 
ordinary structural work. The most usual construction for arches of 
from four to eight half bricks in thickness, which comprise the majority 
of engineering arches and tunnel linings, is to build the exposed soffit 
ring in bine brick, and the backing rings in good stock brick. In the 
best work, the outside faces are of masonry bonded alternately header 
and stretcher with the brickwork. At D a label course, L, of stone 
is shown. This is sometimes added in large brick arches to secure a 
more finished appearance, and is usually from 4 in. to 6 in. thick. At 
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H is a masonry arch regularly bonded header and stretcher, the face 
stones being rebated and rock-faced. This is a suitable treatment for 
large span arches, where appearance is of importance. K illustrates a 


B 



Fig. 301. 


heavy masonry arch ring having every second voussoir square-shouldered 
to bond with the head wall. The rough square rubble arch at M is 
occasionally adopted for rough or temporary work. 

Piers.—Masonry piers are usually of rock-faced square rubble 
masonry of the kind already described. Where, however, the work is 
imposing by reason of exceptional magnitude or where considerable 
architectural effect is desirable, all external faces are built in ashlar 
with varying degrees of enrichment in the matter of rebates, mould¬ 
ings, etc. Fig. 302 shows one of the piers for the aqueduct over the 
river Loire at Briare in France, and is an excellent example of highly 
finished and well-treated engineering architecture. This structure 
carries the Loire canal over the river Loire in fifteen spans of 131*25 ft., 
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and owing to its promineut situation and imposing appearance, has 
been given a high degree of architectural finish. 1 

Fig. 303 illustrates the construction of one pier of the Mussy 
viaduct, also in France. This, one of the largest masonry viaducts 
erected, comprises 18 arched spins of 82 feet each, the maximum height 
from foundation to rail level being 180-25 ft. The piers are of rubble 
masonry, with ashlar lacing courses at intervals of about 35 ft. A 
plan of one of these courses L is shown in the figure, all the main 
blocks being tied together by iron cramps, the detail of which is also 
shown. The lower figure indicates the face treatment, and the 
structure constitutes a fine example of massive bridge masonry on the 
largest scale. 2 

Masonry-Faced Concrete Blockwork.—Fig. 304 shows the type of 
construction followed in the re-constructed north Tyne breakwater. 

The blocks C are of concrete 
alone, and vary from 5£ to 19 
cube yards content. The facing 
blocks are covered with an outer 
face F of Aberdeen granite, this 
masonry facing being built in¬ 
side, and forming one end of the 
timber box in which the blocks 
were moulded. The blocks are 
regularly bonded alternately 
header and stretcher, and are 
further dowelied by filling the 
Fig. 304. vertical semi-cylindrical grooves 

D with 4 to 1 cement concrete, 
the blocks consisting of 0 to 1 concrete. An extremely durable outer 
face having the appearance of a masonry structure is thus secured. 2 

Footing Courses.—The lowest portions of masonry structures 
usually rest on footing courses, which project some distance beyond the 
faces of the superstructure in order to distribute the pressure due to the 
weight of the structure over a larger area. These footing courses 
again rest on a mass of concrete laid in the bottom of the excavation for 
the foundation. The concrete serves the following purposes. By being 
made of still greater area than the footing courses it reduces the in¬ 
tensity of pressure to the safe bearing power of the soil; and, secondly, 
it fills up all irregularities of the foundation and provides a smooth and 
level surface on which to commence building the masonry. The thick¬ 
ness given to the concrete bed depends largely on a variety of practical 
considerations, although, as will be seen later, it must have not less than 
a certain minimum thickness fixed by the weight and disposition of load 
on the superstructure. It is, for example, often cheaper or more con¬ 
venient to put in a considerable depth of concrete instead of building 
additional masonry on a thinner layer, whilst in other cases the lower 
portion of the structure may require to be formed by depositing con¬ 
crete below water-level until a suitable height is reached on which to 

1 Annates des Pants et Chaussdes , 1898, 2nd Trimostre. 

* Ibid., 1901, 1st Trimestre. 

3 Mins. Proceedings Inst. C.E ., vol. clxxx., p. 133. 
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commence the masonry. Footing courses of masonry should consist of 
specially selected large and well-shaped stones, 
since they are subject to the heaviest pressure. 

The successive offsets or projections should be 
made very gradually. If the footing courses 
project too far beyond the superstructure or 
beyond each other, they are liable to be cracked 
when bearing on concrete or to tilt up as in 
Fig. 305, if bearing directly on the foundation 
earth. In the latter case the advantage of the 
footing courses is quite lost, since the effective 
bearing area is reduced by the breadth AB. 1 

No stone in a footing course should project more than \ to £ of its 
length, and such stones should further have a liberal depth. (See pre¬ 
ceding specification.) Piers, abutments, wing-walls and retaining walls 
are frequently built of brickwork, and for these structures each footing 
course should not be less than four bricks in thickness, and more for 
heavy works. The projection of each course should not exceed in., 
and the upper course of each ledge or offset should be all headers as at 
II, II, Fig. 306. The bonding is shown in the figure fora wall executed 
in English bond, three-<quarter 
bricks being inserted at A, A, 
and whole bricks at B, B, in 
order to properly break joint. 

Pressure on Foundations.— 

The bearing power of Boils 
naturally varies widely, and any 
stated values can only be re¬ 
garded as general standards. 

Before commencing any impor¬ 
tant structure, and especially 
where the bearing capacity of 
the foundation is an unknown or 
doubtful quantity, careful exami¬ 
nation and testing are desirable. 

If the foundation be near the 
surface, the bearing power may 
be conveniently tested by erect¬ 
ing a strong timber platform carried on four legs of 12 in. square cross- 
section, and gradually and uniformly loading it until any desired 
maximum settlement takes place. The settlement of each leg is noted 
at intervals of one or two days by taking level readings. For founda¬ 
tions at considerable depths below the surface, a tank resting on a 
plate of 2 or 3 square feet area may be placed at the bottom of 
trial excavations and gradually filled with water. Whether a con¬ 
siderable amount of settlement may be allowed depends on the kind 
of structure to be erected. An appreciable amount of settlement is 
not objectionable, provided it takes place uniformly over the whole 
area ot the foundation. Where a definite amount of settlement is 
anticipated, the original level of the foundation is adjusted so that the 
desired permanent level may be established when the total weight of 

1 This was the main cause of failure of old Waterloo Bridge. 



Hardness is essential, 
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the completed structure comes upon the foundation. It is, however, 
desirable to minimize settlement in such structures as piers and abut¬ 
ments for bridges, chimneys, retaining walls, and dams. In the former, 
settlement entails subsequent trouble with girder bearings, cracking of 
arches, and frequent packing up of the track ; whilst in retaining walls 
and dams, settlement, if of appreciable amount, is necessarily unequal, 
and results in vertical displacement, creation of unknown shearing 
stresses, or heeling over of the structure. In the case of tall framed 
buildings, some amount of settlement is usually unavoidable. The 
accuracy with which the bearing area of the foundations of the support¬ 
ing columns may be proportioned to their loads, however, realizes a 
high degree of uniformity of settlement. In the tall buildings of 
Chicago a settlement of G in. to 12 in. is general, and cannot be avoided, 
owing to the compressibility of the clay in which they are foundel. 


Table 29.— Permissible Safe Pressures ox Foundations and 

Masonry. 


Material. Tons per nq. ft. 


Very hard rock. 

Ordinary rock. 

Dry clay of considerable depth. 

Moderately dry clay. 

Soft clay. 

Compact gravel and coarse sand. 

Clean dry sand, lateraUy confined. 

AUuvial soils. 

Concrete in foundations. 

,, walls. 

Good red brickwork in cement mortar. 

Blue ,, >, it . . . . . 

Squared rubble freostone masonry in cement mortar . 
Ashlar freestone masonry in cement mortar. 

Granite ashlar „ ,, 

Freestone ashlar bearing blocks. 

Granite ,, ,, . 

Granolithic ,, ,, . 


Co to 30 
8 „ 10 
4 „ 0 
54 „ 3 
1 „ 2 
G „ 8 
2 

b to 1 
8 

7 

10 

15 

8 
15 
25 
12 
20 
12 


Distribution of Pressure on Foundations.—Auy masonry structure 
symmetrical about its vertical axis, such as the rectangular and 
pyramidal piers in Fig. 307, will have its centre of gravity G vertically 
over the centre of gravity M of the area of foundation abed . The 
point P, where the vertical through G cuts the foundation level, is the 
centre of pressure on the foundation, and in these cases obviously coincides 
with M. Further, in such cases the pressure per square foot on the 
foundation area will be uniform, provided the upward resistance of the 
soil is also uniform. If W = total weight of structure in tons, and A 
= area of foundation in square feet, then pressure per square foot on 
W 

foundation = ^ tons. If, as usually happens, the area abed be too 

small to suitably distribute the weight W, it must be increased by 
either footings, a projecting concrete base, or grillage beams until the 
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unit pressure ^ does not exceed what may be safely imposed on the 

soil. Thus, if the pier A be 24 ft. high, 30 ft. wide, and 5 ft. thick, 
and built of masonry of 140 lbs. to the cube foot, its weight will be 
225 tons. Suppose it to carry a further central load of 300 tons 
applied by girders resting on it, the total load W = 525 tons. The 
foundation area A, without footings = 30 x 5 = 150 sq. ft., and the 
pressure per square foot = = 3*5 tons. If it is undesirable to load 

the foundation soil beyond 2*5 tons per square foot, the necessary area 
525 

ivith footings will be ^ =210 sq. ft., which might be obtained by 
z I) 

making the bearing area a rectangle 31' G" x 6' 8". It is often con¬ 
venient to represent the intensity of pressure on foundations diagram- 
matically. If eh be made = 2£ tons to any convenient scale, then the 
pressure per square foot being uniform, the ordinates of the rectangle 
eftjh indicate the pressure per square foot at any point along the 
foundation from e to/, and efgh is a pressure intensity diagram. 

In the case of an unsymmetrical structure, such as the reservoir 
dam in Fig. 308, the centre of gravity G is not vertically over the 



Fh.. 307. Fig. 308. 


centre of area M of the foundation «bcd, and the centre of pressure P 
vertically below G no longer coincides with M, but falls to one side of 
it. The weight of the structure is here concentrated more towards ad 
than bc ) and the intensity of pressure on the foundation will be greater 
at the inner face ad than at the outer face be. The pressure intensity 
diagram eftjh will now be a trapezium, having eh considerably greater 
than fy. If the values of the intensities of pressure eh and fg be 
calculated, the straight line hg will cut off ordinates representing the 
pressure per square foot at other points along the base. It should be 
noticed that by drawing a straight line from h to g, it is assumed that 
the ground beneath the dam is of uniform character. If, for instance, 
in the neighbourhood of the points H, H, H, the foundation were 
appreciably harder than in other parts, the weight would bear more 
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intensely on these points, and the intensities of pressure on the base 
would then be represented by some undulating line as £/, cutting off 
deeper ordinates beneath H, H, H, and shallower ordinates beneath the 
intervals of softer ground S, S. The mean pressure would remain the 
same, that is, the area efgh would equal the area eflk. Local defective 

places such as S, S, are made 
good in all carefully prepared 
foundations, and the intensity of 
pressure may reasonably be ex* 
- pec ted to vary practically uni¬ 
formly in well-executed works. 

General Expression for In¬ 
tensities of Pressure on Rec¬ 
tangular Foundations. — To 
ascertain the values of the pres- 
309, let b — breadth of foundation 
in feet, W = total weight or vertical pressure on foundation in tons 
per foot run acting at the centre of pressure P, distant mb feet from e . 
Let x and y tons per square foot be the intensities of pressure at e and 
/ respectively. 

Considering a one-foot length of the structure, the mean pressure on 
foundation = ~ tons per square foot, and the total pressure per foot 


Fig. 309. 

sure intensities eh and fg in Fig. 


run 


* + !/ 


X b , which must = W tons .... (1) 


Also, taking moments about e , W X mb = moment of area efgh 
about e. Dividing the area efgh into a rectangle and triangle by the 
dotted line gk, its moment about e 

= ^x| + *&rJL> x | 

= + *v. r.y> = Vt+m . w x . (8) 

x A- u 2\V 

But from (1), - x b = W, whence y = — 


Substituting in (2) 

V* + Zl>i' 2 y - x) 

6 

from which 

and by substituting in (1) 

2W 

//= b (3m - n.(4) 

These results are important, and are capable of general application 
in all cases of rectangular surfaces in contact under a known pressure, 




2W 

* = 7(2-3w) . . . (3) 
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e? 

acting through a known centre of pressure. The factor m = -j y so that 

when the position of the centre of pressure P is known the value of m 
is also fixed. Applying this result to the dam in Fig. 308, suppose the 
base to be 60 ft. wide, the weight of the dam per foot run to be 
200 tons, and the centre of pressure P to be 21 feet from the inner 
face. Then m = §£, b = 60, and W = 200 tons. Therefore pressure 
per square foot 


at inner face = x = 
and at outer face = y = 


2 x 200 
60 

2 X 200 
60 


(2 - 3 X f^) = 6ij tons 
0 * x & - 1 ) = 3 fcon - 


These, of course, are the pressures at opposite edges of the foundation 
due simply to the dead weight of the dam, no account having been 
taken of any water pressure acting against it. 

It will be seen that here the centre of pressure falls to one side 
of the centre of the foundation area, entirely on account of the shape 
of the section of the dam, 
the material being bulked 
up more to the left- than to 
the right-hand side. In 
many structures the centre 
of pressure is caused to fall 
nearer to one edge of the 
foundation by the action of 
external forces. In Fig. 310 
the pier A, under the action 
of its own weight only, would 
have the centre of pressure 
on its foundation at P, the 
centre of base. When subject 
to a lateral wind pressure F, the resultant pressure on the base takes 
the direction OP„ the centre of pressure being thereby displaced from 
P to Pj. In the retaining wall B the earth pressure E causes the 
centre of pressure to be displaced from P to P x , and in the case of 
the dam C the centre of pressure falls at under the action of the 
horizontal water pressure W, instead of at P when the reservoir is 
empty. 

The intensities x and y have particular values, according as the 
fraction m is greater than, equal to, or less than Four distinctive 
cases occur, which are illustrated in Fig. 311. In each case a total 
vertical load of 16 tons per foot run acts on a foundation 8 ft. wide. 

Case 1.—Centre of pressure at middle of foundation. w = £; 
W = 16 tons ; b = 8 ft. Inserting these values in equations (3) and 
(4), .r = // = 2 tons per square foot, or the intensity of pressure is 
uniform over the whole foundation area. 

Case 2.—Centre of pressure 3 ft. from one edge of foundation. 
m = g, or is greater than Hence x = + tons, and y = + £ ton 
per square foot. 
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Case 3.—Centre of pressure 2 f ft. from one edge, or 3 of 8 ft. 
m — whence x = -f 4 tons per square foot, and y = 0 . 

Case 4.—Centre of pressure 2 ft. from one edge, or less than ^ of 
8 ft. m = whence x = + 5, and y = — 1 ton per square foot. 

In the hist case the value of y , being negative, signifies the intensity 
y to be a tensile instead of a compressive stress, and its value is 
accordingly plotted on the opposite side of the horizontal line EF to 
that of x. As the centre of pressure moves from the centre towards 
the left-hand edge of the foundation area, the pressure per square foot 
on the left steadily increases, whilst that on the right decreases. In 
Case 3 the right-hand intensity diminished to zero, and in Case 4 it has 
passed beyond zero and become an uplift instead of a downward 
pressure. Assuming the foundation to be appreciably compressible— 
clay, for instance—in Case 1 uniform settlement will take place, and a 
wall standing on this 8 ft. base will settle from the level E'F to some 
level ef, the vertical depth EV representing the settlement produced by 
a pressure of 2 tons per square foot on the subsoil in question. In 



Case 2 an intensity of 2 tons per square foot exists at QR. Q q = EV 
therefore represents the settlement beneath this point of the foundation. 
If AB be produced to C, then at this point the intensity of pressure on 
the foundation would be zero, and the settlement also zero. Joining 
Qq and producing to e , the depths Ye to Yf represent the unequal 
settlement taking place in this case, which is everywhere proportional 
to the intensity of pressure. Similarly in Case 3, QR = 2 tons per 
square foot. Q? = EV, and Ye represents the settlement at E, whilst 
that at C is nothing. In Case 4, QR = 2 tons per square foot. 
Q q = EV, and eCf determines the settlement Ye at E, whilst an uplift 
Yf occurs at F, the point C on the base of the wall neither depressing 
nor rising. The effect of the unequal settlement in Cases 2 , 3, and 4 
is to cause the structure to heel over towards the side where the greater 
intensity of pressure exists, and in each case the structure rotates 
slightly about the point C as centre. This action is especially apparent 
in the case of heavy masonry structures on yielding foundations. 

Masonry, concrete, and mortar possessing but small tensile strength, it 
is generally admitted as undesirable to allow tensile stress to exist in such 
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Fig. 312. 


materials. In Case 4 tension exists from C to F, and whether 
EF represent a horizontal joint in a masonry structure, a horizontal 
section of a monolithic concrete structure, or the actual foundation 
level, whilst it is undesirable to have tension existing from F to C, it 
does not necessarily follow that the structure is unsafe. Provided the 
intensity of compression EA at the opposite face does not exceed 
the safe compressive resistance of the mortar, concrete, or subsoil, 
the structure may be perfectly safe. If, however, the maximum 
intensity of tension FB exceed the tensile resistance of the mortar 
or concrete, then in a masonry 
structure the joint will open for 
some distance in from F ; in a con¬ 
crete structure cracks will be de¬ 
veloped ; and at a foundation level 
a certain amount of uplift will take 
place. The immediate effect of 
such actions is to reduce the 
effective breadth of joint, as in 
Fig. 312, from EF to EF. Em¬ 
ploying the same values as in the 
previous case, suppose the joint to 
open for a length of 1 ft. The 
reduced breadth EF' = 7 ft., m = f, and x = 5*23 tons per square 
foot compression, and y = 0*(>5 ton per square foot tension. If this 
tension is incapable of causing further opening of the joint or crack at 
F', and the compression of 5*23 tons does not exceed the saie resistance 
of the material, the structure will still be safe. If further opening 
occurs at F', EF' is still further reduced, the intensity x increased, and 
safety ultimately depends on the extent of this increase in the value of 
x. In the case of piers, retaining-walls, and arches the existence of 
tension at one face of the joints does not necessarily render the 
structure unsafe; but in masonry or con¬ 
crete dams any opening of joints or cracks, 
however slight, on the water face is accom¬ 
panied by entry of the water, and consequent 
application of an upward hydrostatic pres¬ 
sure 11 in Fig. 313, which creates a new 
resultant pressure PjRj with centre of pres¬ 
sure at Pi, in place of the previous resultant 
PR with centre of pressure at P. This 
resultant, actiug on the reduced bearing 
surface EF lt gives rise to further tension at 
width of opening FF„ introduces increased 



Fig. 313. 


F! which extends the 
upward water pressure 
with further displacement of the resultant pressure P^ and still 
further reduction in the width of bearing surface. The intensity 
of pressure at E thus rapidly increases until failure takes place by 
crushing of the material near E, or bodily overturning of the portion 
CDEF. In the design of these structures, therefore, it is important to 
ensure the centre of pressure at any horizontal section falling within 
the middle one-third of the width of the section, and so to avoid the 
formation of cracks or open joints on the water face. 
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Retaining Walls. 

A face of earth exposed to the action of the weather eventually 
assumes a more or less uniform slope AB, Fig. 314, the inclination of 
which with the horizontal is allied the angle of repose or natural slope 
of the particular soil in question. The natural slope of different kinds of 
earth varies very widely, and cannot be closely 
specified for any particular variety. In the 
case of the more homogeneous and uniform 
varieties, as fine dry sand and gravel free from 
large stones, the angle of repose is fairly 
constant. The presence of varying amounts 
of water in the same soil, however, greatly 
modifies the angle of slope, and the nature of 
Fig. 314. soils in general is so varied that although many 

may be classed as similar , yet it is seldom any 
two of the same class exhibit the same properties. Any table of angles 
of repose and unit weights of stated varieties of earth can only be 
accepted as representing approximate average values, and if more 
accurate ones be required they should be obtained by actual measure¬ 
ment of a sample of the earth involved. Ttie following are fairly 
representative values of these quantities :— 

Table 30— Natural Slope and Unit Weight of Earth, etc. 




Material. 

Natural ulope. 

Weight. 


drg. 

llw. per rub. ft. 

Sand,dry . 

30 to 35 

00 

,, wet. 

26 „ 30 

118 

Vegetable earth, dry. 

20 

00 to 95 

,, ,, moist .... 

45 to 40 

05 „ 110 

,, ,, wet. 

17 

110 „ 120 

Loamy soil, dry. 

40 

80 „ 100 

Clay, dry. 

20 

120 

,, damp. 

45 

120 to 130 

„ wet. 

1G 

135 

Gravel, stone predominating 

45 

90 

Gravel and Band. 

26 to 30 

! 100 to 110 


These values being so variable, it is useless, in the theoretical design 
of retaining walls, to expect the same degree of accuracy which may be 
relied on in dealing with a constructive material like steel, whose 
properties are much more closely established. Moreover, the earth 
behind a high retaining wall is seldom uniform from top to bottom. 
Two or three distinct beds of different classes of earth may be present, 
which further increases the difficulty of applying mathematical procedure 
in estimating the probable earth pressure against the wall. 

Barth Pressure. —In Fig. 314, in order to hold up the triangular 
mass of earth ACB, a wall is required of sufficient stability to safely 
resist the pressure P exerted on it by the earth. Many mathematical 
formulae have been devised with a view to calculating the magnitude of 
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Che earth pressure behind retaining walls, but they are necessarily based 
on the fundamental assumption that the earth is perfectly uniform 
throughout, and consequently do not provide for the variations 
constantly encountered in practice. Some rule, however, is necessary as 
a guide in the choice of a suitable section, and probably all formulas in 
connexion with earth pressure at least err on the side of safety, since 
the varieties of earth met with in practice are generally less uniform 
and more cohesive than the ideal granular earth assumed in theory. 

Rankine’s Theory.—This theory has for many years been adopted 
principally in England. It is based on a mathematical analysis of the 
conditions of equilibrium of a particle in the interior of a mass of earth, 
assumed to be perfectly dry, uniform and granular. It makes no allow¬ 
ance for adhesion or for friction between the earth and back of the wall. 
Stated briefly, if A = angle of repose of earth, II = height of wall in 
feet, and w = weight of a cubic foot of earth in lbs., then for a wall 
retaining earth with a level upper surface, the horizontal earth pressure 
per foot run of the wall 

Modifications of the formula are employed for giving the pressure in 
cases of surcharged walls. It may be stated, however, that earth 
pressures calculated by this formula are 25 to 30 per cent, in excess of 
the actual pressures behind existing walls. 

Rebhann’s Method.—The following simple graphical method, due 
to Professors Rebhann and Hiiseler, for determining the magnitude of 
the earth pressure behind a 
wall has been very generally 
adopted on the continent of 
Europe for many years past. 

It has the advantage of being 
applicable alike to cases of hori¬ 
zontal or surcharged upper sur¬ 
face, and certainly gives results 
both economical and satisfac¬ 
tory in practice. The general 
construction is shown in Fig. 

315. BC represents the back 
of the wall and CD the upper 
surface of the earth. Draw BD 
making an angle A with the horizontal, equal to the angle of repose of 
the earth. On BD describe a semicircle BGD. From C draw CE 
making an angle = 2A with the back of the wall. At E draw EG 
perpendicular to BI) to cut the semicircle in G. With centre B and 
radius BG, cut BD in K. Draw KL parallel to CE, cutting the upper 
surface in L. Make KM = KL and join LM. The triangle KLM 
is called the earth pressure triangle. Suppose it to represent a 
triangular prism of earth one foot thick, as shown at T. Then the 
resultant pressure P per foot run behind the wall, including the effect 
of friction between the earth and wall, is given by the weight of this 

o 2 
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prism of earth, or P = area KLM in square feet x 1 foot x weight 
of earth per cubic foot. 

It is unnecessary here to state the proof of this construction, for 
which the reader may be referred to a paper by Professor G. F. Cbarnock . 1 
It may be stated briefly, however, that the method is based on Coulomb’s 
theory, and that the object of the construction is to determine the 
position of point L, and consequently the location of the line BL. This 
line BL marks what is termed the plane of rupture for maximum earth 
pressure behind the wall. In other words, if the wall be supposed to 
yield, the triangular mass of earth BCL will tend to break away along 
the plane BL, and the wall must be sufficiently stable to resist the 
pressure caused by the tendency of the mass BCL to slide down the 
incline LB. The actual earth pressure acts perpendicularly to the back 
of the wall at two-thirds its depth II from the surface ; but the stability 
of the mass of earth BCL is obviously partially maintained by the 
frictional force F existing between the earth and back of the wall. The 
resulting pressure P on the wall, as given by the earth-pressure triangle, 
is therefore compounded of a certain horizontal pressure Q and a vertical 
force F, depending on the coefficient of friction between the earth and 
wall. It may reasonably be assumed that the coefficient of friction 
between the earth and back of wall will be at least equal to that between 

the particles of the earth itself, since the 
backs of most walls are usually very rough. 
The inclination of the resultant pressure 
P may therefore be safely taken as making 
an angle with the perpendicular to the 
back of the wall equal to the angle of 
repose of the earth. Possibly in the case 
of a concrete wall constructed between 
moulding lx>ards back and front, the above 
amount of friction might not be realized, 
and a suitable reduction in the inclination 
of P might be made accordingly. 

The above construction is inapplicable 
if the angle of repose exceed 45°. The 
following modification may be adopted in 
such cases, although the angle of repose 
will seldom approach 43° in practice. In 
Fig. 316, OF is the horizontal surface of 
the earth. Draw BE making the angle 
of repose A, with BH and ClI at right 
angles to BE. On CH describe a semicircle, and with centre H and 
radius HE cut OH in P. BP is the plane of rupture, and producing it 
to L, draw LK parallel to CE, whicn makes an angle of 2 A with the 
back of the wall. Cut off KM = KL, and KLM is the earth-pressure 
triangle. (The coincident intersection at E of BE and the dotted line 
CE in Fig. 316 is accidental.) For a surcharged wall as in Fig. 317, 
first draw BF, parallel to the upper surface OF, and repent the same 

1 Stability of Retaining Walls , by Prof. 0. F. Charnock. Read before the 
Association of Yorkshire Students of the Inst. C. E., March 10, 1904. 
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construction excepting that CH 1? perpendicular to BE, is used as the 
diameter for the semicircle instead of carrying it through to intersect 
BIT. 

An application of the method to the design of an actual wall will 
now be given. 

Example 30. —Design a suitable section for a retaining trail, 20 ft. 
high , of rubble masonry weighing 140 lbs. per cubic foot , the angle oj 
repose being 27° and weight (if earth 110 lbs. per cubic foot. The 
maximum pressure on foundation not to exceed 2k tons per square foot. 

In Fig. 318, for a clear height of 20 ft. the total height of wall from 
coping to foundation is taken as 21 ft., allowing for a concrete base 



3 ft. thick, with the level of foundation 4 ft. below the lower ground- 
level, and the section indicated is assumed. In all practical walls there 
may be a slight counter-pressure p against the front of the toe. It is, 
however, very small compared with the back pressure, and is frequently 
reduced to zero by shrinkage' of the earth. Also in walls with stepped 
or battered backs, the shaded block of earth E, which apparently rests 
on the wall and adds to its stability, has often been found to be quite 
out of horizontal contact with the wall, owing to compacting under 
pressure and subsequent shrinkage, or settlement of the wall away from 
the earth, and for these reasons the effect of the pressure p and weight 
of block E will be neglected. Assuming the concrete base as of 
practically the same weight as the masonry, the total sectional area 
including the base = 1 43 J square feet, and weight of wall per foot run 
= I-ISJ X 1 X 140 lbs. = 9 tons. Applying the construction for the 
earth pressure, the area of the resulting earth-pressure triangle ABD 
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= £ x 14£ x 13 square feet, and the resultant pressure against the 
wall = i X 14£ X 13 x 110 = 10,867 lbs. = 4*63 tons per foot run of 
wall. The oentre of gravity of the wall section (including the base) is 
situated on the vertical line OW, 3 ft. 9 in. from the back of the wall. 
This may be found by dividing the section into a convenient number 
of parts and taking moments about the back of the wall, or by 
suspending a cardboard template of the section. Mark the point F at 
3 of 24 = 16 ft. from the surface, and draw FN perpendicular to back 
of wall. FO making 27° with FN gives the direction of the resultant 
pressure behind the wall. From 0, where FO cuts the vertical through 
the centre of gravity of the wall section, set off OP = the pressure of 
4*63 tons, and OW = weight of wall, 9 tons, to any convenient scale. 
OR to the same scale gives the resultant pressure on the foundation. 
The centre of pressure 0, in which OR cuts the foundation level, is 
situated 3 ft. 6 in. from the outer edge of foundation, and the fraction 
m to be used in calculating the intensity of pressure on foundation 
3' 6 " 

= = -ij. The resultant vertical pressure on foundation acting 

through C = OY, the vertical component of OR, which, it should be 
noted, consists of the wall weight OW + the frictional component WY 
of the inclined pressure WR. OV scales off 11*2 tons. The intensities 
of pressure on the foundation are then— 

- — 3 x -*-) = 2*11 tons per sq. ft. 
2 x 11*2 

— ()•■) x T» “ 1) = b*25 ton per sq. ft. 

Setting off HK = 2*11 and LM = 0*25, and joining KM, the area 
HKLM shows by its ordinates the varying intensity of pressure on the 
foundation. As the maximum intensity of 2 * 1 ] tons per square foot is 
within the specified limit of 2*5 tons, a slightly more economical 
section might be adopted. For further illustrating the application 
of principles, however, this section will be adhered to. The horizonfal 
component RV of the resultant pressure OR scales off 4*2 tons, and 
tends to cause horizontal sliding of the wall on the foundation. This 
horizontal component should not exceed the frictional resistance of the 
wall to sliding. The following coefficients of friction may be applied 
in checking the liability to sliding :— 

Masonry and brickwork joints, dry .... 0*6 to 0*7 

„ „ „ wet mortar . 0*17 

„ „ on dry clay.... 0*50 

„ „ on wet „ . . . . 0 38 

In the case of retaining walls on fairly dry foundations there is 
little risk of sliding, since the foundation level is invariably sunk 
some feet below the surface, and the resistance to displacement of the 
earth in front of the wall assists the frictional resistance of the wall 
itself. Walls on wet clay foundations require careful examination in this 
respect. 

The total vertical pressure = 11*2 tons. Assuming an average 


2W 

at H = ^ (2 - 3 m) = 


and at L = ~ , (3 m — 1 ) = 
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foundation with coefficient of friction of 0*4, the frictional resistance 
to sliding = 11*2 X 0*4 = 4*48 tons, which exceeds the horizontal 
pressure of 4*2 tons, the resistance of the earth in front being 
unconsidered. It remains to ascertain if the thickness of the concrete 
base is sufficient to allow of a projection of 18 in. in front of the wall. 
This portion of the base is shown enlarged in Fig. 319. It is subject 
to an upward pressure from the foundation, represented by the portion 
HKM of the area of the pressure intensity diagram. The intensity 
hk scales off 1*71 tons. HK = 2*U tons. The mean intensity 

over HA = ^ ^— = 1*1)1 tons per square foot. The area of 

foundation beneath HA = T5 sq. ft., and total upward pressure 
= 1*91 X 1 5 = 2*865 tons, acting through the c.g. (4 of area HK kh. 
G is 9*4 in. to the left of hk. The B.M. on the section hf of the 
concrete cantilever HF fh = 2*865 x 9*4 = 27 inch-tons. The cross- 
section of this cantilever is shown at 8. Its moment of resistance 
= \b(Pf h = l x 12 x 36 X 36 / ft = the B.M. of 27 X 2240 inch-lbs., 



whence f b = 22*3 lbs. per square inch tension at h and compression at 
/. The safe transverse bending stress f b for concrete should not exceed 
about 50 lbs. per square inch. In a deep foundation the B.M. on fh 
would be appreciably reduced by the action of the weight of the 
concrete block FA and the earth above it, which here has not been 
considered. The section fh is also subject to a vertical shear of 2*865 


tons. 


The mean shear 


2*865 x 2240 
12 X 36 


14*9 lbs. per square inch, 


and maximum shear intensity = 14*9 x 1*5 = 22*4 lbs. per square inch. 
The safe shear on concrete should not exceed 60 lbs. per square inch. 

Surcharged Walls. —The following construction may be applied in 
the case of walls retaining a bank of earth BCD, Fig. 320. Join 
CE and draw BF parallel to CE. Join FE and proceed as before to 
construct the earth-pressure triangle GHK, setting off the angle 2A 
at F instead of at B. 

Many walls, as in Fig. 321, are subject to additional pressure due to 
weight of traffic, buildings, etc., in streets carried along the upper 
level. It is impossible to estimate correctly the effect of such loads on 
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walls. Such additional loading is usually reduced to an approximately 
equivalent layer of earth and the wall then treated as being surcharged 

to that extent. Thus, if tbe 
traffic along the street in Fig. 
321 be taken as equivalent to 
a load of lf>() lbs. per square 
foot, this may be increased to, 
say, 250 lbs. to allow for 
vibration, and if the earth 
weigh 100 lbs. per cubic foot 
an additional layer LL, 2 ft. 
(»in.deep,being superimposed, 
the effective depth behind the 
wall will then be LH. 

Needless to say, buildings 
should not be erected imme¬ 
diately in rear of existing 
retaining walls unless pro¬ 
vision has been made at the 
time of building the wall. 
A more usual occurrence is when railway cuttings have to be made 
through towns subsequently to the erection of the buildings, in which 
cases suitable provision for the super-loading may be made as above. 
The passage of heavy railway traffic along a cutting as at K makes 
it desirable to ensure a good margin of stability in the supporting walls. 

Types of Walls.—Retaining walls generally are of one or other 
of the types shown in Fig. 322. A is a wall with battered face and 




stepped back, which is a satisfactory section on an unyielding founda¬ 
tion such as hard gravel or rock. C and D are sections of leaning 
walls with buttresses or counterforts at intervals behind the wall. 
Theoretically such counterforts should make for economy in material, 
but their practical value is doubtful, especially in masonry walls, where 
they are very liable to break away from the wall and so become useless. 
Their employment is more satisfactory in concrete walls, where they are 
moulded en bloc with tbe body of the wall. B is a leaning wall of 
similar section to A. Curved walls as at C are not now very frequently 
employed. The approximate position of the c.g. is marked in each 
case, and it will be noticed that in type A the centre of pressure P 
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falls much nearer the outer edge of the base than the back, with a 
consequently large variation in pressure intensity from front to back of 
foundation. This is of little moment on hard foundations where 
the settlement is very slight. In types C, D, and E the centre of 
gravity of the wall is thrown well back, and the resultant pressure may 
be designed to intersect the base at or near its centre, giving nearly 
uniform pressure, and therefore uniform settlement on a yielding 
foundation. These types are more suitable for clay or other soft 
foundations where heavy pressure at the outer toe would result in 
heeling over of the wall towards the front. Panelled walls as at E are 
very generally used for the sides of railway cuttings through towns. 
The buttresses F, roof and back arching and inverts are built of rubble 
masonry or blue brick, and the backing either of rubble or concrete. 
This type of wall is most suitable under conditions of heavy backing 
and soft foundation. Whether the back of a wall is built in steps or 
uuiformly battered matters little as regards the stability, steps however 
being usual in brickwork, and forming convenient ledges during 
building for the support of staging. Where sliding forward of the 
wall is apprehended, the base is often sloped upward towards the 
front. 


Example of Panelled Re¬ 
taining Wall. —In designing a 
panelled section such as E, Fig. 
322,a length equal to the spacing 
of the panels must be considered 
instead of a one-foot run of 
the wall, since the section is 
not uniform throughout. The 
position of the c.g. of one bay 
may be found as follows. 

Suppose Fig. 323 to represent 
a proposed section for a panelled 
wall. First equalize the curved 
surfaces of the recess A by the 
dotted rectangular boundary 
lines. Next locate the c.g. of 
the section ubcfe, supposing the 
wall to be built solid through¬ 



out. Divide abefa into two 

portions abed and cibf. The c.g. of abed is at m, and of edef at n. 


Area abed = 13 x 


S 4- 11 


123^, and of edrf = 11 x 20 = 220 sq. ft., 


mp _ 220 

and total area abefe = 313$ sq. ft. Divide mn in p so that — y^o.y 

p is the c.g. of the whole section abefe. The c.g. of the panel recess 
(jhlk is at (j. Next— 

cub. ft. 

Cubic content of one bay of 11 ft. of the solid section = 313$ X 11 = 3778*5 
„ „ panel recess - 25 x H x U =1200*0 


bay of the hollow wall = difference =2578*5 
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These volumes being proportional to the weights of the corresponding 
masses may be considered as forces acting respectively through centres 
of gravity p , q, and r, r being the c.g. of the hollow wall. Taking 
moments about the back of the wall and denoting by x the unknown 
distance of r from cf\ 

Moment of solid section about cf = 3778*5 X 5*8 = 21915 

„ panel recess „ cf = 1200 x 8 = 9600 

„ hollow wall „ cf = 2578*5 x x — 2578*5* 

But the moment of the solid wall = sum of moments of panel re¬ 
cess + hollow wall ; 

2578*5* + 9600 = 21,915, whence * = 4*77 ft. 

Join qp and mark the position of r on qp produced distant 4*77 ft. 
from cf. r is the required c.g. of the 11 ft. bay of the wall. This 
calculation assumes the wall of uniform material throughout. If the 
facing and backing be of materials of appreciably different unit weights, 
a suitable mean value may be assumed without sensibly affecting the 
exact result, which would otherwise be very tedious to work out. With 
the materials in ordinary use, the above determination is sufficiently 
close. 

Continuing, the weight of one 11 ft. bay of the wall at 140 lbs. 

per cubic foot =-- - — — = 161 tons. 

2240 

Assuming a face batter of 1 in 16 and earth backing at 100 lbs. per 
cubic foot having a natural slope of 25°, the area of the earth pressure 
triangle = 124 sq. ft. The resultant pressure against wall per 11 foot 
124 x 11 X 100 

run = - ^240- = tonS * Setting off OP = 61 tons and 

OW =161 tons, the line of resultant pressure OR cuts the base 4 ft. 
6 in. from e. Draw ON perpendicular to ef and RN parallel to ef 
ON the normal pressure on foundation = 1K7 tons per 11 foot run of 
wall, or 17 tons per foot run. Hence for pressure intensities on 
4*5 

foundation, m = --- = b = 11 ft., and W = 17 tons. 

2 x 17 

Intensity at e = ^ (2 - 3 x = 2*4 tons per square foot. 

” /=“ i 1 17 (;!x ^-i) = 0 ' 7 

These intensities may be more nearly equalized if desired by extending 
the base of the wall at the front. In these walls the back pressure is 
transmitted to the buttresses by the horizontal arching forming the 
back of the recesses, and from the buttresses to the foundation by 
the inverted arches at the base. It is assumed the pressure on 
the foundation per foot run of the wall is rendered uniform through the 
action of the inverts. This distributing effect of the inverts will be 
very closely realized in a well-executed wall. If, as is sometimes the 
case, the panels be not provided with inverts as in Fig. 324, the 
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pressure must be considerably more intense immediately beneath 
the buttresses, and the basal concrete slab S will yield as shown in 
an exaggerated form by the curved lines. In such a case the greater 
part of the pressure on the foundation per length L should be taken as 
coming on a width W very little greater than the width of footing 
of the buttress. A specially thick slab, or steel reinforcement should 
be used in such cases, but inverts are desirable. 

Methods of relieving Pressure behind Walls. —Various means are 
employed for relieving the pressure on retaining walls, especially such 
as may exhibit signs of weakness after erection. In Fig. 325 tiers of 



arches are built behind the wall, which reduces the depth of earth in 
contact with the wall, and throws a portion of the weight of the earth 
on to the footings F of the piers carrying the arches. Such arches 
may be part of the original design, or may be inserted subsequently to 
the building of the wall. This method is occasionally adopted where 
buildings have unavoidably to be .rected immediately behind an existing 
wall- 

in Fig. 326 tie-rods, chains, or cables are passed through the wall 
and taken back to anchor-plates A or raking piles P driven well in 



rear of the natural slope. Both are expedients involving no great 
difficulty of execution in applying to existing walls. An extension ot 
the concrete base B in Fig. 328, or the subsequent insertion of a 
concrete block 0, is occasionally effected in order to counteract forward 

sliding of a wall. , _ , . , 

In Fig. 327 the heavy backing H is benched back, and the space 
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immediately in rear of the wall filled in with lighter material L. In 
all cases where the backing is filled in after the building of the wall, 




Fig. 328. 


Fig. 829. 


the material just behind the wall should be carefully deposited so as to 
exert the minimum pressure. Carefully stacked rubble R, as in Fig. 
329, is largely self-supporting, and will considerably relieve the pressure 

on the wall, at the same time acting as 
a drain. It is advisable to pack the spacj 
immediately behind a wall for a width of 
2 or 3 ft. with dry stone filling, as in 
Fig. 328, and to provide water outlets or 
weep-holes II at frequent intervals. In 
very wet soils a properly constructed drain 
should be laid behind the wall with 
efficient discharge pipes passing through 
or beneath the wall. The walls on either 
side of deep cuttings are frequently 
strutted by steel or arched masonry ribs 
R, as in Fig. 330. An invert V is re¬ 
quired in cases where the subsoil is liable to flow under pressure. 

Walls of Variable Section.—Triangular wing-walls of bridge abut¬ 
ments retain a gradually diminishing height of the embankment behind 



Fig. 830. 



them, and are usually built as in Fig. 331, with battered face and 
inclined steps at the back, the steps ending vertically at regular 
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intervals. Successive vertical sections a , b , c , d , of the wall are shown 
at A, B, C, and D. 

A similar case arises as in Fig. 332, where a long retaining wall W, 
is built in order to avoid a heavy cutting C in the side of a hill II. The 



Fig. 332. 


wall W being of variable height, the back is conveniently stepped as 
indicated by the dotted lines on the elevation. 


Masonry Dams. 


Reservoir dams of masonry or concrete are classed under the name 
of masonry dams. The modern practice in regard to these works is 
to construct them of rubble concrete with squared rubble masonry 
facing. Many existing high dams, however, are composed entirely of 
rubble masonry. Masonry dams are further classed as “ gravity dams ” 
and “arched darns.” The former resist the water pressure by the 
action of dead weight only. The latter may only be employed on 
sites where a reliable rock abutment is provided by the sides of the 
valley across which the dam is built. They are curved in plan, and 
resist the pressure behind them by acting as horizontal arches, and 
are therefore of much lighter section than gravity darns. Arched dams 
are not often employed, and are subject to complicated stress conditions 
which cannot be accurately estimated, and the remarks here will be 


conlined to the consideration of gravity dams. A dam is virtually a 

retaining wall for water, but since the A 

magnitude of the water pressure may be f 1\\ 

accurately calculated, the design of a I ; / >\ 

dam is capable of more rigid treatment h / \ 

than that of a retaining wall for earth. 1 ! / \ 

Further, most dams are works of much H A y- - 6 \ 

greater magnitude than retaining walls, , / \ 

and it is the more necessary to employ | / Go —„ p \ 

the minimum quantity of material con- y \ 

sistent with safety, since a relatively / \ 

small increase in sectional area involves / [__ 

heavy additional cost. Dams possessing C r - -^H-J* 


the minimum section consistent with 


Fig. 333 


safety are said to be designed of e>ono- 
mical sort ion. 


Pressure of Water on the Inner Face of a Dam.—In Fig. 333 let 
H feet be the depth of water above any horizontal section ss of a dam. 
The pressure per square foot at B = ic X 11 lbs., where w = weight of 







404 


STRUCTURAL ENGINEERING 


1 cubic foot of water. If BC be made = wM pounds to scale, since the 
pressure at the surface A is nothing, by joining AC the triangle ABC 
forms a diagram of intensity of pressure at any desired horizontal level. 
Thus, at the depth h feet, the pressure per square foot = be lbs., to the 
same scale as BC represents /cH. The resultant pressure per foot run 
of the dam is represented by the area ABC, and 

= iBC x AB = x H = 1U lbs. 

This resultant pressure acts through the c.g. G of the triangle ABC 
in a direction perpendicular to the surface AB. Gjt> at right angles to 
AB therefore determines p , the centre of pressure on the inner face, 
which is obviously situated at two-thirds of the depth AB below the 
surface. The inner surface of a high dam cannot, for reasons to be 
presently explained, be made vertical for the whole depth, and is there¬ 
fore given a slight straight or curved batter. As this batter is invariably 
small, the following construction is sufficiently accurate for all practical 
purposes. To obtain the resultant water pressure above any horizontal 
section ss in Fig. 334, join AB, and set off BC = /rll at right angles 
to AB. Join AC, then resultant pressure = area ABC = ^cll X AB lbs. 



Fio. 334. Fig. 336. 

The centre of pressure p is obtained by projecting the c.g. G of triangle 
ABC perpendicularly on to AB, and the direction of action of the 
resultant pressure is sensibly G p. For the slight batters employed in 
practice, the line AB differs very slightly from the actual inner face of 
the dam, and any closer estimate is both tedious and unnecessary. 

Section of Dam Wall. — The stability of any proposed section 
requires to be examined under two conditions: first, when the 
reservoir is empty, and the material of the dam subject to the action 
of its own weight only; secondly, when filled with water, and subject 
to the combined effect of the water pressure and weight of masonry. 

1. Reservoir Empty. — The ideal theoretical section for a dam 
would be a right-angled triangle ABC, Fig. 335, which forms the basis 
from which to deduce a practical section. In any section, the c.g. G, 
of the material A hs above any horizontal section //*, being projected 
vertically on to /is, determines the centre of pressure p on ks. In a 
triangular section dam, p will obviously always fall at one-third the 
horizontal breadth from h , or hp = ^ hs . For this position of the 
centre of pressure, it has already been shown that the intensity of 
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pressure at s is zero. Hence in a triangular section dam when the 
reservoir is empty, no compression exists at the outer or down-stream 
face, and a slight wind pressure acting on AC would be sufficient to set 
up a small tensile stress in the material near the outer face. In 
a practical section the following modifications of the theoretical 
triangular section become necessary. In Fig. L 
336, the dam must be carried a few feet above 
the water level L. The upper edge must be 
given a reasonable practical width by adding 
a mass of masonry A to the original triangular 
section. Most dams carry a roadway along the 
top, in which cases a width of several feet is 
needed. The weight of the additional masonry 
at A so affects the position of the centres of 
pressure on all horizontal sections below a B 

certain horizontal level M, {is to entail the _ j 

addition of a second mass of masonry, B, to Fig. 336. 

the left of the original triangular section, in 

order to avoid creating tension on the outer face when the reservoir 
is empty. Lastly, in very high dams a third addition to the section is 
required at C to suitably increase the breadth of section, so that the 
intensity of pressure at the inner or outer face in the lower part of 
the dam may be kept within a safe limit, according as the reservoir is 
empty or full. The outline given to the outer face may be a series of 
straight batters, a continuous curve, or a combination of both. Whether 
one or another of these be adopted makes little difference in the prac¬ 
tical economy of the section. A continuously curved outer face has a 
somewhat neater appearance, but is slightly more costly to build. In 
recent practice, the overflow is usually allowed to run down the face of the 

F 
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Fig. 338. 


dam.” This arrangement obtains in the Vyrnwy, Barrator, Elan and 
Derwent Valley, and most of the modern dams, whilst in the older 
ones, the overflow is carried down a stepped fall beyond one end of the 
dam. The cross-section here shown is then necessary, the crest termi¬ 
nating in a blunt angle, whilst the toe is more gradually drawn out to 
conduct the water with reduced velocity into the overflow pool. 

The effect of adding an additional mass of masonry A, Fig. 336. 
a triangular section will now be considered. In Fig. 338, ABC 
represents the original right-angled triangular 
section and ADE the addition necessary for 
carrying a roadway, or for providing a satis¬ 
factory top width AD for resisting the thrust 
of ice and effects of weathering. Al) will 
generally vary between f> ft. and 20 ft. G is 
the c.g. of the mass A//*, and y that of ADE. 
If any horizontal section bs be taken at a 
moderate depth below the top, and the points 
G and // be projected vertically on to it at a 
and />, Ga and yb are the lines of action of 
the weight of the portions of masonry Ahs 
and ADE respectively, and a and b their 
respective centres of pressure on bs. As 
before, a falls at ~bs from h , whilst b falls to 
the riyht of a. The line of action of the 
resultant weight of AD.s/< will therefore fall between Grt and yh as at PQ, 
and the centre of pressure P due to the whole weight of masonry 
above bs will consequently also fall to the riybt of a, and therefore 

within the middle third of bs. Hence no 
tension will be developed at the horizontal 
section bs. 

If now, in Fig. 339, the same construc¬ 
tion be repeated for a horizontal section 
bs taken considerably lower down, the point 
b is found to fall to the left of a. The 
centre of pressure P due to the whole weight 
above bs , now falls to the left of a and 
therefore outside the middle third of bs. In 
this case tensile stress will be developed in 
the material at s and for some distance in 
from the outer face. The width of the section 
bs must therefore be increased on the side 
towards h y and this is done by giving a slight 
batter to the inner face as shown by the 
dotted line. There will evidently be one particular horizontal section for 
which P falls neither within nor without the middle third of hs y the con¬ 
dition being that y and G must be situated on the same vertical line. 

In Fig. 340 mark M the middle point of BC, and join AM. The 
centres of gravity of all triangles such as ABC lie on AM. Project y 
vertically to G on AM and make GII = JAG. Through II draw the 
horizontal hs . The resultant weight of masonry above bs now acts 
along </G, which being produced gives the centre of pressure at p , such 



_\c 


Fig. 339. 
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that hp = \hs. For all horizontal sections above hs the centre of 
pressure will fall within the middle third, whilst for those below hs , p 
will fall outside the middle third towards the a d 
inner face of the dam. Hence hs, which may 
be termed the “ critical plane,” marks the level 
at which the inside batter AF must be com¬ 
menced in order to avoid creating tension at 
the outer face sC. Practically this batter will 
be commenced a little above the level hs , as it is 
undesirable for the compression to be reduced h 
quite to zero at s, as would be the case in Fig. 

340. The batter required to effect this adjust¬ 
ment is relatively slight and is readily ascer- | \ 

tained after one or two trials. fJb \m 

Stability of a Proposed Section—Line of 
Resistance.— The following method of examina¬ 
tion of the stability of a proposed section has been adopted in the 
design of most existing dams, and is often referred to as the middle- 
third or trapezium method. The procedure will be first outlined,,after 
which the extent to which the results obtained agree with the probable 
actual stresses in the dam, will be noticed. 

The section 00 (Jf> in Fig. 341 is assumed as that for a dam retain¬ 
ing 100 feet depth of water, and constructed of material weighing 150 
lbs. per cubic foot. The section is divided into blocks or layers by the 
horizontal planes 1-1, 2 - 2 , etc., 2 o feet or other convenient distance 
apart, and the thickness of the section perpendicular to the plane of the 
paper is taken as one foot. 

1 . Reservoir Empty.— Considering first the reservoir empty, Fig. 

341. Mark the positions a , b , r, d , p, /, of the centres of gravity of the 
masses ooll, 1122 , etc. . . . 5 "'(>(>. The centre of pressure on the 
plane 1 - 1 , due to the weight of masonry above 1 - 1 , is obtained by 
projecting a vertically to A on 1 - 1 . The centre of pressure on any 
other plane follows similarly by projecting the c.g. of all the masonry 
above the plane vertically on to the plane. Thus, for the centre of pressure 
on plane 2 - 2 , the c.g. of the mass 0022 is required. Its position may 
be most conveniently and accurately found from the known positions of 
a and b , and the weights of the first two masses 0011 and 1122 by 
taking moments about the vertical line oY. 



Weight of 0011 per ft. run 


10 x 10 X 150 p ^ 

-2240- = G '' t0DS - 

!0 + i5-5 20 X i50 = 08 

2 2240 


Moment of 0011 about oY = 0*7 X 5' = 33-50 

„ 1 122 „ oY = 17-08 X6§' = 113-87 

Sum of moments = 147*37 


Sum of weights 0011 , 1122 = 0*7 + 17*08 = 23*78 tons. 
Hence distance of c.g. of 0022 from oY = = 6*2 ft. 
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It is unnecessary to determine the height of the c.g. of 0022, since 
being situated on a vertical 0*2 ft. from 0 V, it must, when projected 
on to 2-2, fall at B, also 0*2 ft. from 0 V. For the centre of pressure 
on plane 3-3, 


Weight of 22313 = x 20 *J^ 0 - = 

0 2 2240 

Moment of 0022 about oY (from above) = 
„ 2238 „ 0V = 30-13 x 11' = 


30*18 tons. 

147-37 

331*43 


Sum of moments above 3-3 = 478*80 
Total weight above 8-3 = 28*78 + 30*18 = 53*91 tons. 

478*8 

Hence distance of c.g. of 0038 from oY = — = 8*88 ft. 

58*91 


This c.g. projected on to 3-3 falls at C, 8*88 feet from oY. In a 
similar manner, by adding the moment of 3344 to the moment of 0033 
and dividing by the total weight of 0044 above plane 4-4. the position 
of D, the centre of pressure on plane 4-4 is obtained. The resulting 
distances of D, E, and F from 0 V are marked in Fig. 341. The curve 
connecting these centres of pressure A, B, C . . . F, is known as the 
Line of Resistance or Line of Resultant Pressure for the reservoir 
empty. It intersects any horizontal section of the dam at the centre of 
pressure due to the total weight of masonry above that section. From 
the positions of A, B, 0, etc., the intensities of pressure perpendicular 
to the horizontal planes 1-1, 2-2, 3-3, etc., may be calculated. 

For example, the centre of pressure F on the basal section is 
18*8 ft. from 0 V, and therefore 23*8 ft. from the inside face at X. 
The base is 67 ft. wide, and the total weight of masonry above the 

23*8 

base 231*76 tons, m = — 7 ^- = 0*355, and intensities of vertical 
pressure are 

2 x 231*76 

at X = ~(2 - :3 v 0 355) 

, 2 x 231*76, 

and at Y =-(3 x 0*3oo - 1) 


= 6*47 tons per square foot. 
= 0*45 „ „ 


These are plotted at Xx and Y y, the ordinates between XY and xy 
giving the intensities of vertical pressure on the base. The intensities 
on the other horizontal plauesare plotted to the same scale in Fig. 341. 
The dotted lines \\h ana K k mark the limits of the middle third of the 
width of the dam at each horizontal section, and the centres of pressure 
A, B, C, etc., will be seen to fall just within these limits. With the 
reservoir empty, there is therefore no tension acting perpendicular to 
any horizontal section plane, whilst the maximum vertical compression 
is that of 6*47 tons per sauare foot at X. 

2. Reservoir Full.—Fig. 342 indicates the method of finding the 
centres of pressure on the horizontal planes 1-1, 2-2, etc., when the 
reservoir is full and the water pressure acting against the inner face 
of the dam. Points A, B, 0, etc., have been transferred from Fig. 341. 
Considering any horizontal plane as 3-3, the weight of the mass of 
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masonry 0038 above 3-3 acts along the vertical through C. P 8 repre¬ 
sents the direction of the resultant water pressure acting on the inner 
face for the depth L 8 . Producing P 3 to meet the vertical through 
C at c\ the resultant pressure on the plane 3-3 now acts in the incliued 
direction c* Cj. The centre of pressure is thus displaced from 0 to C\, 
being nearer to the outer face thau the inner, with the result that the 
maximum intensity of vertical pressure on any horizontal plane occurs 
at the outer face instead of at the inner, as was the case with the 
reservoir empty. 

The directions //B„ etc., of the inclined resultant pressures 
are obtained from the right-hand diagram. The weights of masonry 
above the several horizontal planes 1 - 1 , 2 - 2 , etc., are set out to scale 
on the vertical line OM, and the corresponding water pressures along 
their respective directions drawn from 0 towards W. In this example 
the first two water pressures act horizontally, whilst the other four act 
at a slight inclination with the horizontal. These inclinations have 
been deduced in the manner referred to in Fig. 334, which is sufficiently 
accurate for the small batters prevailing on the inside faces of masonry 
dams. The water pressure 


Pi 


<] 2 -;>xjr 
2 x 2210 


0*35 ton acting horizontally at jjLl below L 


P, = = 8-72 


P:,= 


2 X 2240 
32*5 X 4f> x L3 
T X 2240 


!L2 


= 28*25 tons acting perpendicular to L3 at §L3 
below L. 


Similarly P 4 = 58*04, P 5 = 100 * 8 , and P 6 = 130*51 tons. For plane 
3 - 3 , the masonry weight 0033 = 53*01 tons = OM ; , and water pressure 
P 3 = 28*25 tons = 0\V r 3 . Join W 3 M 3 which gives the direction and 
magnitude to scale of the resultant inclined pressure on plane 3-3. 
Hence, through c' draw c'C x parallel to W S M 3 , to intersect horizontal 
3-3 in G x . Repeating this construction for the five other horizontal 
planes, the centres of pressure A l? B„ . . . Fj are obtained. The 
curve connecting these points is the Line of Resistance for the reservoir 
full. From the positions of A„ B„ C„ etc., the altered intensities of 
pressure perpendicular to the horizontal planes may now be calculated. 

On the basal section 3-3, the centre of pressure is 24 ft. from 
the outer toe Y, the breadth of section is 07 ft., and the resultant 
vertical pressure at F, = 24o tons, being the vertical component of 
W 6 M 6 . This vertical component is a little greater—about 8 tons— 
than the total masonry weight of 231*73 tons, since it includes the 
downward water pressure on the inside battered face from 2 to 6 . The 
vertical components are obtained by projecting the inclined resultants 
on to the vertical load line. Hence m being fy, the intensities of 
vertical pressure on the base are— 


at X = * f *°^3 x - 1) = 0*534 ton per square foot 


and at Y = 2 x 2M ‘ 
67 


( 2 - :i * S) - 003 
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The centres of pressure A n B ly G ly . . . F x again fall just within the 
line K k marking the outer limit of the middle third. With the reservoir 
full, therj h therefore no tension acting perpendicular to any horizontal 
section plane, whilst the maximum vertical compression is that of 0*63 
tons per square foot at Y. Furthcr } since the lines of resistance ABC 
. . . F and A Y Bj C, . . . V l fall only just within the limits of the middle 
third, the section is “ economical,” since with a more liberal width the 



lines of resistance would fail well within the middle third limits with 
correspondingly reduced vertical stresses. 

It is generally conceded that the safe maximum vertical pressure 
on any horizontal section should not exceed about 7 tons per square 
foot for the materials usually employed in masonry dams. If the 
section in Fig. 341 be continued with the same inside and outside 
batters to a greater depth than 100 ft. below top water-level, then this 
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maximum safe pressure of 7 tons per square foot will be realized at a 
depth of about 110 ft., and for a dam of usual material to be continued 
for a still greater depth, this depth of about 110 ft. marks the level at 
which the width of the dam must be further increased in order to keep 
the maximum vertical pressure on horizontal planes in the lower portion 
of the dam within the above limit of 7 tons. 

Dams not exceeding about 110 ft. in height are often alluded to as 
“low dams,’' and those above 110 ft. as “ high dams.” If, for example, 
the section in Fig. 341 be continued with the same batters to a depth 
of 150 ft. below water-level, the new width of base is 102 ft., and the 
centres of pressure, both for reservoir empty and full, still fall within 
the middle third of the base. The intensities of pressure are, however, 
0*36 tons per square foot at inner face when empty, and 9*89 tons per 
square foot at outer face when filled. These pressures greatly exceed 
7 tons, and demonstrate the need for increased width of section at 
lower levels of the dam. 

Section of Dam for 150 ft. Depth of Water —The method will now 
be applied to determining a suitable section for the dam down to a 
depth of 150 ft. In Fig. 343 the previous section is retained down to 
100 ft. depth, but below this level the inside aud outside batters are 
increased as shown to give a basal width of 120 ft. It should be 
noticed the increased outer batters from YZ to ZYj cause the middle 
third of the base X x Y x to move considerably to the right, whilst the 
additional weight of masonry YSY^ has relatively little effect on the 
position of the c.g. of the total section, which moves very slightly 
towards the right, as compared with its position if the outer batter 
were continued from Y to S. The centre of pressure for the reservoir 
empty will therefore fall outside the middle third of the base unless 
the inside batter XX! be also increased. This causes the middle third 
to move back somewhat towards the left, and counteracts the effect of 
the increased outside batters YZ and ZY^ The additional weight of 
masonry 6677 = 319*4 tons, and its c.g. is 39 3 ft. from the vertical oV. 

Sum of moments of masonry about oY down to 6-6 = 4,347 

Additional moment of 6677 about oY = 319*4 x 39*3 = 12,552 

Sum of moments down to 7-7 = 16,899 
Total masonry weight above 7-7 = 231*76 + 319*4 = 551*16 tons. 

Distance of c.g. of 0077 from oY = - r’ V!. = 30*66 ft., and distance 

from inner face at X, = 30*66 4* 14*00 = 44*66 ft. Width of middle 
third = = 40 ft. The centre of pressure G for reservoir empty 

therefore falls 4*66 ft. within the middle third of the base. For the 

441 

intensities of vertical pressure on the base, m = and 


intensity at X! = — — 3 x ) = 8*39 tons per sq. ft. 

and intensity at Y, = 2 - x ~* “o “ ')= 1-07 

■nr . . , IflOxLX, 

Water pressure against inner face = —7 X - = 314 tons, 

2 2240 
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assumed acting at right angles to LX! at 50 ft. above the base. Com¬ 
bining OM = 551*16 tons, and OW = 314 tons, the inclined resultant 
is WM, having a vertical component w M = 577 tons. Drawing g , (a l 
parallel to WM, the centre of pressure for reservoir full falls at G u 
51 ft. from Y lf or well within the middle third, m = and intensities 
of vertical pressure are 


at Xj = 
and at Y l = 


2 x 577 
120 

2^X 577 
120 


(• 





3 X 


51 

120 


)- 

)- 


2*64 tons per square foot 
6*97 ,, ,, 


The following table gives the vertical pressures on horizontal planes 
at inner and outer faces as deduced by the above method. 


Reservoir Empty. 


Section plane, j P | 

TO 

b 

p v at Inner face. 

pv at outer face. 

1-1 

tons. 

6-70 

0-5 

ft. 

10 

067 

0-67 

2-2 

23-78 

6 2 

15" 5 

15-5 

2-45 ; 

0-61 

3-3 

53-91 

10-2 

29-5 

29-5 

3-52 

014 

4-4 

102*46 

15 

43 

43 

4-54 

0-22 

5-5 

169-46 

20 

57 

57 

1 

5-63 ! 

0-31 

6-6 

231-76 

23-8 

67 

67 

6-47 

0-45 

7-7 

55116 

44-66 

120 

120 

8-39 

107 

Reservoir Full. 

Section plane. 

IV 

TO 

0 

p v at inner face. 

p v at outer face. 

1-1 

tons. 

6-70 

4-8 

10 

a. 

10 

0-59 

0-75 

2-2 

23-78 

6-5 

15-5 

15-5 

0-79 

2-28 

3-3 

56-00 

11*5 

29-5 

29*5 

0-65 

315 

4-4 

106 00 

16 

43 

43 

0-57 

4-36 

6-5 

176 00 

20-5 

57 

57 

i 0-49 

5-69 

6 b 

240-00 

24 

67 

67 

j 0-54 

6-63 

7-7 

577-00 

51 

120 

120 

2-64 

6-97 
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Actual Maximum Compression on the Material—The intensities 
of vertical compression on horizontal planes as calculated above by the 

“ trapezium rule ” do not represent 
the actual maximum compression 
on the material of the dam. In 
Fig. 344 the curved lines represent 
generally the directions along which 
the maximum intensity of compres¬ 
sion acts at any point in the dam. 
These lines, called “ isostatic lines,” 
or lines of principal stress, com¬ 
mence at right angles to the inner 
face, or in the same direction as 
the lines of action of the water 
pressure, and at the down-stream 
face are nearly parallel to the outer 
profile of the dam. The maximum 
pressure at any point P on the 
down-stream face will therefore act 
on some plane PQ perpendicular 
p IG 3 44 to the direction of the line of stress 

passing through P. If the direc¬ 
tions of the isostatic lines were closely determinable, the positions of 
the planes on which the maximum pressure is exerted would be at 
once known. The directions of these lines of stress cannot, however, 
be exactly ascertained for any proposed section. That they follow 
generally the curves indicated in Fig. 344 is borne out both by theory 
and experiment. 1 The extent to which the dam may be supposed 
continuous with the rock foundation considerably modifies these 
directions, at and below the base of the dam. 

Theoretically, if A be the inclination of the down-stream face to the 
vertical, and p 9 the intensity of vertical compression on the horizontal 
plane at P, as obtained by the preceding method, it may be proved that 
the maximum intensity of compression at P, acting normally on a plane 

PQ at right angles to the outer face = The maximum stresses 

in the dam are sometimes calculated by this formula, which, however, 
implies that the outermost lines of stress are parallel to the outer 
face of the dam, which, whilst sensibly true for the upper portion of 
the dam, is probably considerably at variance with the conditions 
existing near the toe. Here, wide variations exist in the outline given 
to the down-stream toe of existing dams, and if the rapidly changing 
inclination to the vertical lx* accepted as the governing factor in 
calculating the maximum pressure, such calculated pressures near the 
base must be in excess of the existing ones. Applying this in the case 
of the dam in Fig. 343, the resulting maximum pressures at the 
outer edges of the horizontal planes 2-2, 3-3, etc., for reservoir full, 
are as given in the third column of the following table. 

1 Mins. Vroceedings Inst. C. E. t vol. clxxii. p. 107, and pi. 6. 
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| 

Maximum p, tons 
per sq. ft. calculated 
from dentilated 

Horizontal section, j 

jh> tons per sq. ft. by 
trapezium law. 

p„ 4* cos'- A. 

i 

I 



sections. 

2-2 

2 28 

2-44 

272 

3-3 

315 

4-50 

4-00 

4-4 

4-36 

6-03 

5*61 

5-5 

5*69 

7*87 

737 

6-0 

6*63 

9-17 

8-61 

7-7 

6-97 

9*64 

9*16 


The maximum intensities of compression at the outer face, especially 
towards the base, as given by this method, are probably appreciably 
greater than those actually existing in the dam. 

From the results of experiments made with model dams under 
conditions approximating to those in actual dams, 1 the maximum 
intensity of pressure occurs at some distance in from the down-stream 
face and the actual variation of pressure intensity on horizontal 
sections, instead of following strictly the trapezium law, is indicated 
more exactly by the ordinates to a curve such as EFG, Fig. 345, instead 



of the straight line CD. This divergence from the variation of pressure 
intensity as indicated by CD is apparently due to the relative weakness 
of the acute-angled down-stream toe ABH, which is incapable of resisting 
a maximum intensity of vertical pressure at B, and yields accordingly, 
thus throwing the point of application / of maximum pressure intensity 
some distance in from the down-stream face. This further shows the 
fallacy of the assumption that the material of a dam behaves according 
to the laws of bending for simple beams, since a plane section such as 
KH will not remain plane after stressing, but will take up some curved 
outline, as shown exaggeratedly by the dotted line. It would appear 


1 Mins . Proceedings Inst. C. E. t vol. clxxii. pp. 89, 107. 
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farther that the inherent weakness of a very acute-angled toe might 
be corrected, and the material disposed with greater economy, by 
bending in the lower portion of the down-stream face, as in Fig. 346, 
which is a section of the Ban dam in the south of France. By so 
doing the toe is, as it were, better held up to its work, with the result 
that the point of application of the maximum pressure will approach 
more nearly the outer edge of the base. The original section proposed 
by Colonel Pennycuick for the Periyar dam in India also exhibits this 
reversed batter or hump on the down-stream profile, which, in the 
opinion of Colonel Pennycuick, is a preferable outline to the one 
actually adopted for the dam. 1 

Another method of estimating the maximum pressures is as follows. 
In Fig. 343 the inclined resultant pressures acting at points B„ Cj, D,, 
etc., have been transferred from Fig. 342. Any resultant pressure as 
tf'Ei is taken as acting on a dentilated section 3-5, the steps of which 
are parallel and normal to 0 %. The total effective breadth of the 
normal faces of the steps is ab = 41) ft. The resultant pressure e'Ej 
= 201 tons, and = 18 feet, whence m = and the resulting 
intensities of pressure for reservoir full are 7*37 and 0*84 tons per 
square foot respectively at outer and inner faces at level 5-5. These 
are plotted at bd and ac> the intensities for the other sections being 
shown by the trapeziums plotted on the inclined base lines passing 
through Bu (\, etc. The maximum values at the down-stream face 
given by this method are inserted in the fourth column of the 
preceding table. Prof. Gaudard of Lausanne considers this method 
should give an excess of security. 

The maximum stresses in the profile in Fig. 343 are well within the 
safe compression which may be put upon the materials of which 
modern dams are built, and keeping in view other causes of stress, such 
as variable temperature, partial penetration of water into the interior, 
lateral bending, etc., the extent of which cannot be approximately 
estimated, any closer estimate of the direct compression due to the 
water pressure and weight of masonry alone is of little importance. 

Figs. 347 to 356 show the profiles of several of the more important 
earlier dams. 

Vyrnwy Dam.—The Vyrnwy dam 2 (Fig. 347), built in 1881-90 
for the water supply of Liverpool, has a length of 1172 feet and a 
maximum height of 144 feet from the deepest point of foundations to 
the crest. The maximum depth of water against the inner face of the 
dam is 84 feet. It is an overflow dam (see Fig. 337), straight in plan, 
and built of rubble concrete. Special care was taken to ensure the 
concrete having a high specific gravity as well as to render the 
masonry as watertight as possible. A system of drains formed 
along the beds of rock at the foundation level, collect the water 
from springs beneath the dam and conduct it into a small drainage 
tunnel formed within the dam, from which it is discharged on the 
down-stream face. This precaution was taken to avoid any possible 
upward pressure on the base of the dam. The maximum pressure on 
the material is approximately 7f tons per square foot. 

1 Mins. Proceedings Inst. C . E., vol. cxv. p. 87. Ibid., vol. clxxii. p. 146. 

* Ibid., vol. exxvi. 
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Assuan Dam. 1 —The Assuan dam (Fig. 348) built across the river 
Nile is 6400 feet in length and contains 180 sluice-ways at different 
levels for discharging the impounded water. The sluices are opened in 
April, May, and June, the issuing water supplementing the flow of the 
Nile during the dry season, when in years of small discharge the 
natural flow is inadequate for the irrigation of the country below 
the site of the dam. The dam was raised during 1907-1912. 

The dam is founded on granite rock and is constructed of rubble 
granite faced with coursed rubble masonry laid in cement mortar. 
The maximum height above foundation level is 127 feet, and the head 
of water above the bottom of the lowest sluice-ways is 60if feet. A 
maximum pressure of 5*8 tons per square foot on the masonry at the 
upstream face, with the reservoir empty, has been provided for, and in 
the event of the water rising to the level of the roadway, the maximum 
pressure on the down-stream faoe, with reservoir full, would be 4 tons 
per square foot. 

Thirlmere Dam 2 (Fig. 349).—This dam has been constructed 
across the outlet of Thirlmere for raising the level of the lake a 
maximum height of 50 feet, the impounded water being used for the 
supply of Manchester. The dam consists of two portions 310 and 520 
feet long, divided by a ridge of rock. The maximum depth is 110 feet. 
Fig. 349 shows the section at this maximum depth, and together with 
those of the Vyrnwy and New Croton dams indicates to what a great 
extent the foundations may add to the height and cost of dams when a 
considerable depth of pervious material has to be excavated in order to 
reach a sound rock foundation. The dam is of masonry-faced rubble 
concrete, with a roadway 16 feet wide along the top. 

Chartrain Dam 3 (Fig. 350).—Built in 1888-92, the Chartrain dam 
impounds water for the supply of the town of Roanne in the Loire 
valley, in France, and also assists the controlling of floods in the district 
below the dam. It is curved to a radius of 1312 feet in plan and has a 
length of 720 feet, with a capacity of 990 million gallons. It is 
founded on porphyry rock, has a maximum height of 177 feet, and 
retains a maximum head of water of 151 ft. 9 ins. The dam is 
constructed of rubble granite masonry in lime mortar, the inner face 
being rendered with 1 to 1 cement mortar for a thickness of 1*2 inches. 
The maximum pressure on the masonry at the inner toe, with the 
reservoir empty, is 9 tons, and at the outer toe, with reservoir full, 9*4 
tons, per square foot. 

Villar Dam, Spain 4 (Fig. 351).—Built in 1870-78 for the increased 
water supply of Madrid. The length is 546 feet, and in plan the dam 
is curved to a radius of 440 feet. The maximum height is 170 feet. 
For a length of 197 feet from one end the dam is utilized as a waste 
weir over which the roadway, 14 ft. 9 ins. wide, is carried by an iron 
bridge of twelve spans. The dam is constructed of nibble masonry, 
the maximum pressure on which is estimated at 6*5 tons per square foot. 

* Mins. Proceedings Inst. C. E., vol. clii. p. 78. Ibid., vol. cxciv. p. 249. 

2 Ibid., vol. cxxvi. p. 3. 

• Les IUservoirs dans le Midi de la France , Marius Bouvier, pp. 18 to 21. 
Congr&n International de Navigation int6rieure, Paris, 1892. 

4 Mins. Proceedings Inst. C. E. t vol. lxxi. p. 379. 
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Ban Dam, France 1 (Fig. 352).— Erected across the River Ban in 
the lower Rhone valley in 1866-70. The length is 541 feet and the 
dam is built with a convex face up-stream to a radius of 1325'6 feet, in 
plan. It is built of rubble masonry founded on granite. The maximum 
head of water retained is 148 feet, with a capacity of 407 million 
gallons. The maximum pressure on the masonry is estimated to be 10 
tons per square foot. 

Periyar Dam, India 2 (Fig. 353).—This dam was erected in 
1888-97, foi impounding water in the valley of the Periyar, which 
water is diverted through a tunnel into the neighbouring valley of the 
Vaigai and there utilized for irrigation purposes. The dam is 
constructed of concrete faced with masonry and has a maximum height 
of 173 feet. The width at the base is 143 feet, with a slope of 1 to 1 
from the top of the outer toe to a point about halfway up the outer 
face. The outer profile then becomes steeper, terminating with a top 
thickness of 12 feet carrying a roadway. The overflow level is 102 feet 
above the base, and the estimated flood level 11 feet higher. 

La Grange Dam, California (Fig. 354).—This dam, built in 
1891-94, has a length of 310 feet and is curved to a radius of 300 feet. 
The maximum height on the up-stream face is 125 feet, and width of 
base 90 feet. It is an overflow dam, and its outer profile was designed 
to coincide with the slope of the overflow water when flowing 5 feet 
deep over the crest of the dam. The cross section corresponds very 
closely with that of the waste-weir of the New Croton dam (Fig. 356) 
for a similar height, but the outer toe is made much stronger to with¬ 
stand the shock of the falling flood water, which has already risen to a 
height of 12 feet above the crest of the dam. The La Grange Dam is 
built of uncoursed rubble masonry, and the water is employed for 
irrigation purposes. 

New Croton Dam, New York 8 (Fig. 355).—The New Croton 
masonry dam constitutes a portion only of the dam across the Croton 
River for augmenting the water supply of New York. It is remarkable 
for its great height from foundation to crest. The maximum height 
above the deepest point of the foundation is 238 feet, although the 
maximum head of water impounded is only about 140 feet. The dam 
is of rubble masonry faced with ashlar above the level of the ground. 
The waste weir, Fig. 356, 1000 feet long, is built as a continuation of 
the main dam and curves round until at right angles with the axis of 
the dam, thus facing the side of the valley and diminishing in height 
from 150 feet to 13 feet. The great deptn to which the foundations of 
the dam have been carried was necessitated by the existence of 80 feet 
of soft stratum overlying the rock, whilst a further maximum depth of 
about 57 feet of unsound rock had to be removed, in order to reach a 
sufficiently solid rock bed on which to found the dam. 

Intensity and Distribution of Shear Stress.— During recent years 
considerable attention has been drawn to the question of shear stress in 
masonry dams. An accurate estimate of the shear stress would be 
possible only if the actual variation of the compressive stresses were 

1 Annales des Ponts et ChaussAes, 1875, lat Trimefltre. 

* Mins. Proceedings Inst. C. E. t vol. cxxviii. p. 140. 

’ Transactions. Am, Soc. C. E. % 1900, vol. xliu. 



MASONRY AND MASONRY STRUCTURES 


421 


known. A brief examination, however, under an assumed distribution 
of vertical compressive stress probably worse than obtains in an actual 
dam will show that the shear stress does 
not exceed what may be safely resisted by 
the material. Adopting the section in 
Fig. 342, the intensities of vertical compres¬ 
sion at inner and outer faces on plane 6-6 
for reservoir full, are respectively 0*54 and 
G*G3 tons per square foot. Assuming 
uniform variation from X to Y, Fig. 357, 
the intensity at intermediate points will be 
given by the ordinates of the trapezium 
GGXY. Dividing the profile of the dam 
into vertical sections by planes ar-a> b-b , 
etc., 10 ft. apart, the total vertical shear 
on ah = the upward pressure against aG, 
less the weight of the masonry ah 6 

= + —~ x io' _ 5-39 = 5G‘I36 tons. 

Total shear on b-b 

- «« + *** X M - 4 X 5-39 
= 02*84 tons. 

Similarly total shear onc-r = 109 44 tons 
„ „ d-d — 100*16 „ 

,, », p = 82 i ,, 

,, „ f~f = ^2*00 „ Fig. 357. 

» „ oY = 8* Go „ 



These values are plotted vertically to scale at ACB. Dividing 
each total shear by the vertical depth of the corresponding section, 
the mean shear on the vertical planes is obtained. Thus— 


56*36 


Mean shear on a-a = = 3*5 tons per square 


foot 


b-b = = 2-88 

L 

109*44 0 

M = ’W = 2 ' 2? 

d-d = = 165 

64-4 

82*75 .. _ , 

~ = - 80-0 = 

/-/ = — 2 ~ = 0-80 
J J 105 0 

oV = 4^L = 0-12 


75-0 
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These values are plotted vertically above AB, giving the line AD, 
and the intensity of shearing stress at any point being equal on 
horizontal and vertical planes, the curve AD indicates the variation of 
shear intensity along the horizontal plane <>-(>. The intensity of shear 
on plane (>-(>, i.e. on the C>7 ft. base of the 100 ft. dam, is therefore zero 
at the inner face, and increases to a maximum of 4*2 tons per square 
foot, or practically twice the mean intensity, at the outer face. 

Note that the mean intensity of shear on the base = horizontal 
water pressure above plane 0-0 -f* 07 sq. ft. = 13'J tons -f- 07 = 2*08 
tons per square foot. Since the vertical pressure intensity is not quite 
accurately represented by the trapezium 00XY (see Fig. 357), the 
maximum shear will be less than 4*2 tons per square foot. In an 
actual dam there is little doubt that the distribution of shear stress on 


horizontal planes in the upper three-fourths of the height closely 

agrees with that indicated by 
~A a curve such as AD. Near the 

- \ base, however, the intensity and 

\ distribution of shear may be 

\ greatly modified, according to 

\ the extent to which the base 

\ of the dam is intimately bonded 

P \ b with the neighbouring rock 

'V'j foundation. In Fig. 358, if 

the dam be supposed firmly 
A \c l bonded to the mass of rock R 

tt"-— “ “ j on its up-stream face, the resist- 

y R ~ 5 r J ' r, / ance of this mass to the liori- 

X \ j y/ zontal displacing water pressure 

\ y / P, will sit up considerable 

\ r / tension across the vertical 

X plane AY. So long as this 

tension does not cause rupture 
in the neighbourhood of AV, 
Fig. 358. proportionately large shearing 

stresses will be created on the 


basal plane at A, and for some distance to the right of A. For the 
dam acting independently of the rock mass R, the shear distribution 
on the base would be represented by a curve AB, similar to AD in 
Fig. 357. The effect of the shear set up at A by continuity between 
the dam and rock foundation R will be to tend to equalize the shear 
intensity on the base, so that it will l>e represented by some such curve 
as DE. If the rock on the up-stream face be much fissured or 
jointed, it will offer little or no resistance to tension at A, and the 
maximum shear BC on the basal section may approach twice the 
mean shear. 


If the dam be securely bonded with massive and unjointed rock, 
the shear on the base will approximate to the mean shear. It is 
doubtful if, on the majority of actual sites, much tensional resistance 
may be expected from the rock foundation for any considerable distance 
on the up-stream face, since the continuity must be interrupted sooner or 
later by some system of bedding and joint planes as LLL, even in the 
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soundest stratified rock. Although it has often been stated that no 
apparent cracks have developed at the inner toe in existing dams, it 
should be remembered that an exceedingly fine crack is sufficient to 
destroy the stress connection across the plane AY, and that such a 
crack would not be readily discernible by a diver, whilst the emptying 
of the reservoir for purposes of inspection would tend to close up 
such possibly existing cracks, by reason of the maximum intensity of 
compression reverting to the inner toe when the reservoir is empty. 

Relatively few dams are founded at base level, the majority 
penetrating more or less deeply into the rock as at AFC. (See also 
Figs. 347 to 356.) The joint along AFC cannot but be regarded as a 
possible plane of weakness towards the up-stream face, and in the event 
of its opening for some distance from A towards F, the entry of water 
under the pressure due to the head in the reservoir would introduce a 
new and dangerous force beneath the dam. For this reason it appears 
desirable to continue the inner face vertically into the rock for some 
distance, since the penetration of water into a vertical crack is not of 
great moment since its horizontal pressure is resisted by the reaction of 
the rock mass R, on the down-stream face. 

The total horizontal water pressure against the 150-feet dam in Fig. 
343 is 314 tons, and the mean shear on the 120-feet base = = 2T>1 

tons per square foot. The maximum shear would probably amount to 
4 5 or 4*6 tons per square foot under unfavourable conditions of bond 
with the surrounding rock. This, however, represents an outside figure, 
since recent research appears to indicate that the shear intensity is not 
uniform over the vertical planes a-a, b-b, etc., of Fig. 357, but is greater 
in the upper portion of the dam than near the base. Until more definite 
information is obtained on this point, however, the existence of shear 
intensities of the above magnitude must be regarded as possible. 

The following appears to be the concensus of expert opinion on the 
subject of masonry dams at the present time (1923). 

1. If a dam be designed according to the middle-third theory, so 
that the maximum vertical pressure on any horizontal plane does not 
exceed about 7 tons per square foot, corresponding with a possible 
maximum pressure on certain inclined planes of from 10*5 to 11 tons 
per square foot, and the lines of resistance for the reservoir empty and 
full be contained within the middle-third limits, the actual stresses in 
the dam will not exceed the above values. 

2. The maximum shearing stresses accompanying these compressive 
stresses will be safely within the shearing resistance of the materials 
employed. 

3. That tensile stress may occur in the region of the inner toe, the 
maximum intensity of whioh may exceed the average intensity of shear¬ 
ing stress on the base, but will be governed by the strength of the bond 
between the dam and foundation on the up-stream face. Such tension, 
when existent, will act generally in directions horizontal or slightly 
inclined with the horizontal. On other than a very sound foundation, 
it appears, however, impossible for such tension to exist. 

The safety of the middle-third method of treatment is further 
substantiated by reference to the records of failures of actual dams. 
With the exception of those failures directly due to subsidence or sliding 
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on faulty foundations, practically all others have been directly traceable 
to the violation of one or other of the above-stated conditions, and no 
failure of a high dam has been recorded where those conditions have 
been satisfactorily complied with. It may be remarked that many 
gravity dams have been given a slight curvature in plan with the convex 
face up-stream, principally with a view to strengthening the dam against 
longitudinal bending. Such dams do not, however, come within the 
category of “ arched dams,” since they all possess “ gravity ” profiles. 

The weight per cubic foot of the material employed in modern dams 
varies from 142 to lf>0 lbs. The Vyrnwy dam, built of heavy clay slate 
from the Lower Silurian formation, and in which special care was taken 
to obtain very dense concrete, has a specific gravity of 2*595. The 
Burrator dam, built of granite nibble concrete weighs 150 lbs. per cubic 
foot, the granite alone weighing 165 lbs. per cubic foot. 

Within recent years, since about 1908, and especially within the last 
twelve years, many concrete dams have been built of greatly increased 
dimensions. The following table relates to some of the more important 
recent dams:— 


Location of dam. 

Constructed. 

Max. height above 
foundation. 

Periyar, India. 

1888 to 1897 

173 feet. 

New Croton, New York . 

1892 „ 1906 


Lake Cheeseman, Colorado 

1900 „ 1904 

227 „ 

Wachnsett, Massachusetts 

1900 „ 1906 


Cataract Bam, N.S. Wales 

1902 „ 1908 

192 „ 

Shoshone, Wyoming. 

1903 „ 1910 

328 „ 

Manor, Germany .... 

1904 „ 1912 


Roosevelt, Arizona ... 

1905 „ 1911 

275 „ 

Burrinjnck, N. S. Wales . 

1906 „ 1911 

240 „ 

Olive Bridge, New York . 

1908 „ 1913 

251 „ 

Elephant Butte, New Mexico 

1910 „ 1916 

275 „ 

Kensico, New York .... 

1911 „ 1915 

— 

Arrowrock, Idaho .... 

1912 „ — 

351 „ 

Hetoh Hetchy, San Francisco 

1919 ,, — 

■ 

Harteboeetpoort. South Africa 

1920 „ 1923 

193 „ 

Boulder Dam, Nevada . 

1931 „ 1935 

726 „ 


In several of the most recent of these dams, the method of construc¬ 
tion has been considerably modified. The present American practice is 
to build the dam in independent sections of about fifty to ninety feet 
length, in order to allow of variations in length due to expansion and 
contraction and shrinkage of the concrete. By this means the vertical 
transverse cracks which have appeared in nearly all monolithic dams, 
are avoided. Special provision has to be made to prevent leakage across 
the transverse joints. The vertical end faces of the independent 
sections are carried up in vertical rectangular grooves G,as in Fig. 859, 
so that adjacent sections are interlocked the one with the other, thus 
preventing any tendency to relative transverse movement or unequal 
settlement. One end of each section is covered with a suitable plastic 
waterproof material or lubricated, to prevent adhesion with the aajacent 
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section. Leakage across the joint is prevented by a vertical copper strip 
S having its edges embedded in the concrete on opposite sides of the 
joint. Fig. 360 shows a horizontal section of this joint slightly opened 



by contraction, a small width B, at the centre of the copper strip S8, 
being flexible enough to accommodate small movements of the adjacent# 
sections in the directions of the arrows. Reinforcing rods R, R, 



Fig. 360. 


strengthen the interlocking tongues of the concrete. Immediately on 
the downstream side of tne copper strip in each joint, a vertical or 
nearly vertical drainage well W is provided, large enough to permit 
access for inspection. These wells communicate at their lower ends 
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near the level of the bases of the expansion joints, with an inclined 
drainage and inspection gallery running longitudinally through the 
lower portion of the dam and communicating by a transverse tunnel 
D, Fig. 861, with the downstream face. Other wells about 18 inches in 
diameter, 12 feet apart and 15 to 20 feet from the upstream face of the 
dam, are also provided. The function of these vertical wells is to inter¬ 
cept any seepage penetrating the upstream face of the dam, Fig. 861. 
Such seepage may be considerable in the case of dams faced with 



concrete blockwork. These wells may advantageously be lined with 
lean concrete blocks to facilitate the collection of seepage. In the 
Elephant Butte darn across the Rio Grande in New Mexico, which 
retains 200 feet depth of water, two rows of vertical drainage holes, from 
8 to 12 inches diameter and spaced from 4 to 6 feet apart, extend 
throughout the length of the dam from crest to foundation, a few feet 
behind the upstream face, and deliver into a longitudinal drainage 
tunnel near the base. This tunnel varies in cross-section from 5 ft. x 
6 ft. 6 ins. near the ends to 6 ft. X 7 ft. under the centre. 
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Modern practice in regard to foundations is to sink a cut-off trench 
T, Fig. 361, into the rock 20 to 30 feet deep and 15 to 20 feet wide. 
This trench should preferably be channelled or quarried to avoid 
shaking the sides by heavy blasting. According as the exploratory 
borings will have indicated the extent to which the rock may be seamed 
and fissured, it may be necessary to drill two rows of staggered holes V, 
for a further depth of 30 to 40 feet and to grout these under air pressure 
up to 200 pounds per square inch. Such holes may be 3 to 6 feet apart 
and 2^ inches diameter. The object of grouting under pressure is to 
fill the joints, fissures and seams intersected by and communicating 
with the boreholes. Good results may be expected by using grout con¬ 
sisting of one part cement and from three to five parts of water by 
volume. This treatment aims at producing a tight or impervious zone 
indicated by the dotted line, near the upstream face of the foundation. 
Any water which may subsequently pass beneath or through this 
grouted zone should be allowed to escape freely to the downstream side 
in order to avoid any accumulation of uplift pressure beneath the dam. 
The free escape of such water may be aided if necessary by drainage or 
relief holes II communicating with the main drain D. Several recent 
dams have been designed with a view to drilling such relief holes in 
the future, if considered necessary. In some cases it may be desirable 
to drill and grout the whole urea of the foundation. In such cases 
care must be taken not to create a tighter and more impervious zone 
under the downstream face with consequent accumulation of hydrostatic 
pressure under the upstream portion of the foundation. This system 
of preparing a rock foundation carefully and intelligently carried out 
should adequately prevent the accumulation of any appreciable uplift 
due to water pressure beneath the dam. 

Arrowrock Dam.—The Arrowrock dam is the highest completed 
dam at the present date (1323). Its maximum height above lowest 
level of foundation is 351 feet, the width at the lowest point being 
238 feet. It dams the Boise River in Idaho, U.S.A., and is employed 
for irrigation and power purposes. Its axis is curved in plan to a 
radius of 062 feet. The length is 1060 feet. It is built in eight 
sections with vertical contraction joints 150 feet apart, and a system 
of vertical drains. 6 inches wide spaced 10 feet apart, communicate with 
a longitudinal drainage tunnel from which 12-inch vertical drains 
10 feet apart lead down into the rock beneath the foundation and so 
prevent the accumulation of pressure beneath the dam. 

Hetch Hetchy Dam.—The Hetch Hetchy Water Supply Project is 
intended ultimately to supply San Francisco and the adjacent metro¬ 
politan area with 400 million gallons of water per day, and also to 
develop 200,000 hydro-electric horse-power. 

The water is to be diverted from the Tuolumne River in the Sierra 
Nevada Mountains, about 150 miles from San Francisco. The Hetch 
Hetchy reservoir, the principal one of the project, will have a capacity 
of 113,500 million gallons, with its top water level 3800 feet above 
sea-level. The dam, Fig. 302, has a gravity section curved in plan to 
a radius of 700 feet at the upstream face. 

Its maximum height above lowest point of foundation will be 
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ultimately 430 feet, with a profile as indicated by the dotted outline. 
It is of cyclopean concrete, 1:3:6 generally, with 1 : 2£ : 5 concrete 
in foundation, cut-off trench, upstream face and downstream face 
beneath the overflow section. The dam was commenced in 1919. It 
is being built in sections 97 ft. 6 ins. long with contraction joints 
sealed by bent sheet copper water stops S. The dam at present is to be 
carried up to a height of 344 feet as shown by the full-lined profile in 
Fig. 362, with a length on crest of 600 feet. In this stage its capacity 
will be 67,000 million gallons. Drainage wells D, 15 inches square, 



built with porous concrete blocks, and inspection wells W together with 
inspection and drainage tunnels T, are provided. The initial dam will 
have a siphon overflow F, in eighteen sections, having a total length of 
clear openings of 180 ft. 6 ins. Each section will be 8 feet high at the 
upstream face, tapering to 4 feet at the crest of the siphon, with two 
air vents each 12 by 24 inches. The outer face of the dam is stepped 
to facilitate bonding with the future addition. When the dam will be 
raised to its ultimate height of 430 feet, with crest length 900 feet, the 
siphon overflows will be stopped and replaced by an overflow weir at 
one end of the raised dam. The horizontal joint at H will also be 
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stopped by a sheet copper water stop. The following working pressures 
are being allowed in the design :— 

Pressure normal to joint, upstream toe, 

Reservoir empty, 25 tons per square foot. 

Reservoir full, 16 „ „ 

Maximum pressure in section under worst combination of conditions 
and lasting for comparatively short periods of time, 27*5 tons per 
square foot. 

A detailed and fully illustrated account by Mr. M. M. O’Shaugh- 
nessy, M.Am.Soc.C.E., of the progress of this scheme to date (1922), 
is published in the Transactions of the American Soc. C. E., 
Volume lxxxv., to which account the authors are indebted for the 
above particulars. 


Masonry and Concrete Arches. 

Arches of stone, brickwork or concrete are generally classed as 
masonry arches. They differ from steel arched structures in two 
important respects. 1. The dead load bears a greater ratio to the 
useful or live load and is usually less uniformly distributed. 2. Little 
or no tension may be permitted in the material. Arches of small span 
are seldom designed from first principles, since they are simply repetitions 
of types of well-established proportions, and the arch thickness may 
safely follow some empirical rule. Moreover, small span arches usually 
have a very large margin of safety. In the case of large span arches, 
more scope exists for the application of economical principles of design, 
and their dimensions are more carefully proportioned to the existing 
stresses. 

Disposition of Load on Arches.—The spandril spaces of small span 
or very flat arches are usually filled up with earth, concrete or masonry, 
to the level of the road or railway to be carried. Fig. 363, shows the 


i 



general construction of arched bridges of spans up to about 30 or 35 
ft. The masonry or concrete of the abutment A is finished to a slope 
tangent to the back of the arch ring R, and the remainder of the 
spandril F filled with earth. S is a section of the wing-wall W. This 
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construction if adopted for large span arches would impose an excessive 
dead load upon the arch. The spandril space F is therefore left hollow, 
and the upper platform carried on jack arches J, turned between longi¬ 
tudinal bearing walls as in Fig. 364, or by a series of transverse arches 



Fig. 3G4. 


resting on piers standing on the back of the main rib, Fig. 365, which 
illustrates the 277-ft. arch at Luxembourg. 1 

The Pont Adolphe at Luxembourg, completed in July, 1003, has a 
span of 277 ft. 0 in., and a rise of 101 ft. 6 in. It consists of two 
separate arches in masonry, 18 ft. 6 in. wide, built side by side, having 
their axes 36 ft. 11 in. apart. The intervening space is bridged over 
by a reinforced concrete platform, the width between parapets being 
52 ft. 6 in. The thickness of the arch at the crown is 4 ft. in., and 
at the joint where the greatest tendency to rupture occurs, the thickness 
is 7 ft. 10^ ins. The masonry of the arch ring has a crushing strength 



Fig. 365. 


of 1280 tons per square foot. At the date of completion, it constituted 
the largest existing masonry arch. Its span has, however, since been 
exceeded by that of the masonry arch at Plauen, in Saxony, of 205 ft. 

in. span and 59 ft. rise. The thickness at crown is 4 ft. 11 in. 
The width between parapets is 52 ft. 6 in., and the spandrils, which are 
hollow, contain a system of transverse and longitudinal vaulted spaces. 
The masonry has a crushing resistance of 1670 tons per square foot. 
This is at the present time (1923), the largest masonry arch in the 

1 La Rerue Technique , May 25, 1904. 
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world. The Luxembourg arch was designed by M. S^journ^, and fche 
Plauen arch by Hen* Liebold. The largest masonry arch in England is 
the Grosvenor bridge over the river Dee at Chester, the span of which 
is 200 ft. 

This type of construction is more generally followed on the continent, 
whilst in English practice the hollow spandril spaces are masked by 
continuous head or spandril walls. The magnitude and distribution 
of the load may be closely estimated for any proposed outline of arch 
when the arrangement of the superstructure has been decided. It 
remains, then, to ascertain whether such load may be safely carried by 
the outline of arched rib adopted, or whether the proposed design 
requires modification. 

Reduction of Actual Load to Equivalent Load of Uniform 
Density. —It is convenient to convert the actual load consisting of 
varied materials into an equivalent load of uniform density equal to 
that of the material of the arch ring. 

In Fig. 366 suppose the arch ring to be of masonry weighing 150 
lbs. per cubic foot, the concrete backing B, 140 lbs., earth filling F, 



100 lbs., concrete C, 140 lbs., and wood pavement P, 40 lbs. per cubic 
foot. Further, suppose that a live load of 200 lbs. per square foot of 
roadway is to be provided for. Draw several verticals as ae y cutting 
the layers of materials in points b , c , d. To avoid confusion of lines 
the equivalent load area is drawn on the right of the centre line, a'b' 
= j” of ab gives the depth of material of 150 lbs. density required at A 
to equalize the depth ab of 140 lbs. density. Similarly for the other 
materials, b'c! = of bc y <•'*/' = of cd, and d'd = ~ of de. Repeating 
the construction for each vertical, the equivalent load area is obtained, 
each square foot of which represents 150 lbs. of load per foot width of 
the arch. The live load will be represented by an additional layer of 
vertical depth <>/' = or l£ ft. to scale. This equivalent load area 
GIIKL maybe conveniently subdivided to give the loading on short 
segments of the arch ring. 

Line of Resultant Pressures. —Let abed, Fig. 367, be the equivalent 
load area for one half of a proposed arch under symmetrical loading, 
deduced as above. Dividing abed into a number of panels b- 1, 1-2, 2-3, 
etc., by vertical lines 1, 2, 3, the centres of gravity of these panels, 
marked by the small circles, may be readily obtained, each panel 
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• approximating closely to a trapezium in outline. If the right-hand half 
of the arch be supposed removed, the left-hand portion cd may be kept 
in equilibrium by the application of a horizontal thrust T applied at 
the crown. Taking moments round the springing point d, and calling 
r the rise of the arch— 

T x r = W A + WA + . . . 'Ve, 

from which T may be obtained. Set out the loads W lf W 2 , up to W 6 to 
any scale on a vertical line 0 iv 6 and the horizontal thrust T to the 
same scale at OP. Join P to u\, w 2 . . . u\. The figure OPw 6 con¬ 
stitutes a polar diagram, having P as the pole . Produce T to cut the 
vertical through W x and continue thence a line parallel to Pu^ to cut 
the vertical through W 2 , a second line parallel to P w 2 to cut vertical 
W 3 and so on, until the last line drawn parallel to P u\ emerges from the 
arch ring at d. The polygonal line from T to d , which would approxi¬ 
mate more nearly to a curve if the number of panels were increased, is 
called the Line of Resultant Pressures, Line of Resistance or Linear 
Arch for the loads, span and rise here assumed. 



Its direction indicates the direction of the resultant pressure on 
any section of the arch, and the magnitude of the pressure on any 
section Q is obtained from the length of the corresponding parallel ray 
Pu\ of the polar diagram, measured to the same scale as the loads and 
thrust T. The emergent line at d gives the direction of the inclined 
thrust against the abutment, the magnitude being Pu\. The radial 
lines Pw u P w 2 , etc. of the polar diagram, which determine the thrust 
at various points along the arch, all have the same horizontal component 
OP = T, so that the horizontal thrust at any point in the arch is con¬ 
stant, and the reaction R at the abutment is compounded of a horizontal 
thrust T and a vertical reaction W equal to the sum of the loads 

w„ w 2 ,.. . w. 

It is necessary for the design of an arch to determine first the line 
of resultant pressure due to the proposed load, span, and rise. It is 
obvious that for a symmetrical load the right- and left-hand halves of 
the complete line of resistance will be similar, and that only one-half 
need be drawn, as in Fig. 367. If the loading be unsymmetrical, as, 
for instance, when one half of the span carries the dead load only, and 
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the other half both dead and live load, the line of pressures will be also 
unsymmetrical, and the thrust at the crown will no longer act horizontally. 
As this condition of loading is the one which, practically speaking, most 
severely stresses the arch, it is customary to examine any proposed 
design, (1) under this condition of loading, and (2) when the arch 
carries both dead and live load over the whole span. As the live load 
on masonry arches bears a relatively small ratio to the dead load, the 
former condition of loading is usually found to create the maximum 
stresses in the material. 

A line of resultant pressure passing through three fixed points A, 
B, and C (Fig. 368), for any system of loads, may be drawn as follows. 


o 



Fig. 368. 


Let abed be the equivalent load area for a proposed arch carrying 
live load on the right-hand half span, together with dead load over the 
whole span. Divide up the load area as before, and draw the lines of 
action 1, 2, 3 ... 12 of the panel loads. Set out the loads to scale 
on a vertical line OW, and select any point P as a pole. Join Pi, P2, 
. . . P12, and draw the corresponding link or funicular polygon AEF, 
having its sides parallel to the rays Pi, P2, . . . Pl2 of the polar 
diagram, AEF would be the line of resultant pressure for an arch 
springing from A and F, having a central rise EG, and carrying the 
proposed loads. The linear arch passing through A, B, and C has a 
rise BD greater than EG, and will consequently have a less horizontal 


.EAT 

thrust than the arch AEF, in the ratio gjj, since the horizontal thrust 


varies inversely as the rise. Join AF, and draw PH parallel to AF. 
Draw HPi parallel to AC and equal to h (the original polar distance 

of P) x gjy Pi is then the correct pole position from which to draw 


a new system of rays whose directions will give the required linear 
arch passing through ABC. PxH to the scale of the loads is the 
constant horizontal thrust acting in this arch, and OP x and P,W the 
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reactions at A and C respectively. It will be noticed that ABC is also 
a bending moment diagram for the system of loads 1, 2, 3, . . . 12 on 
the span AC. 

In order to draw the line of pressures for a proposed arch, the 
positions of points A, B, and C must be known beforehand. These 
positions, however, may only be accurately fixed by providing the arch 
with hinged or pin joints at the crown and springing points. Many 



arches have been so erected, and it is only in such arches that an exact 
estimate of the stresses is possible. Fig. 369 shows some of the methods 
of applying hinges or articulations to masonry and concrete arches. At 
A a number of cast-steel shoes are embedded in the ends of each semi¬ 
arch and abut on steel pins P, a narrow joint J-J being left at crown 
and springing to allow of slight movement under extremes of tempera¬ 
ture. This arrangement permits of giving the arch rib an appearance 
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of continuity if desired, the joints being scarcely noticeable, whilst they 
are sometimes masked by decoration. The concrete filling immediately 
behind the casting should be of smaller aggregate to ensure thorough 
ramming into the pockets of the castings. At B is a similar arrange¬ 
ment, the bearings being secured by long tie-rods taken back into the 
concrete. The hinges are more exposed, and become a noticeable 
feature in this design. C shows the detail of the built-up articulations 
employed for a concrete arched bridge of 164 ft. span erected over the 
Danube at Munderkingen in 1893. For masonry ribs the arrangement 
at B may be adopted, the castings being attached to the terminal 
voussoirs by rag-bolts, or the ends of the ribs adjacent to the hinges 
may be of concrete, or if of stone, the terminal stones are carefully cut 
to fit suitable pockets in the castings. Frequently the arrangement at 
D has been employed. Lead plates P, from £ to ~ the depth of the 
arch rib are inserted, the abutting voussoirs V, Y, being preferably of 
granite, basalt, or hard sandstone. The thickness of the lead is from 
4 in. to 1 in. for spans up to 150 ft., and the maximum pressure on it 
may be 1500 lbs. per square inch. Lead begins to yield slightly under 
a pressure of about 1000 lbs. per square inch, so that in the event of the 
line of pressure approaching the edge of the plate, the increased intensity 
of compression causes the lead to yield slightly, with consequent increase 
of bearing surface and automatic reduction of pressure per square inch. 

In addition to ensuring more accurate location of the line of pressure, 
the provision of hinges has the important effect of annulling the stresses 
due to change of temperature. Expansion and contraction, which in 
straight girders is provided for by roller bearings, creates in rigid arches 
a considerable amount of bending stress which is incapable of exact 
determination. In a three-hinged arch the two semi-ribs rise and fall 
slightly after the manner of a toggle joint, and consequently suffer no 
stress under change of temperature. Tne stresses induced by expansion 
and contraction are, however, relatively slight in a rigid masonry arch 
as compared with those in structural steel arched ribs, since heat does 
not penetrate a mass of masonry to the same extent as built-up steel 
members composed of thin plates and section bars. 

Line of Pressure in a Rigid Masonry Arch. —In an arch provided 
with three hinged joints, the centres of the pins fix the position of 
the line of pressure. In a rigid arch the abutting surfaces at crown 
and springing have considerable depth, and it is possible to draw 
several lines of pressure in the same arch, the outlines of which will 
vary with the positions assumed for the points A, B, and C, in Fig. 
368. Of any two possible lines of pressure abc and ABC, Fig. 370, due 
to the same loads over a horizontal span L, the rise bd is greater than 
the rise BD. Since the horizontal thrust is inversely proportional to 
the rise, the liue ot pressure abc will possess a less horizontal thrust 
than the liue ABC. Hence the horizontal component H„ of the inclined 
thrust R rt at the abutment will be less than the horizontal component 
H a of the inclined thrust R A . Many other pressure curves might be 
drawn by varying the positions of A, B, and C. Of these, one will 
possess a less horizontal thrust than all the others, and by the principle 
of least resistance, that particular pressure curve will come into operation 
which entails the least resistance on the part of the abutments. In 
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other words, the reactions at the abutments must be the least possible 
consistent with satisfying certain other conditions relating to stress 
intensity. The vertical reaction V, at either abutment (Fig. 370), is 
fixed by the load distribution; consequently, by combining the least 
possible value of II with V, the least value of the inclined thrust R 
follows. Hence the particular pressure curve sought in a rigid arch is 
that one which emerges from the arch ring at the greatest inclination 
with the horizontal, and which satisfies the further following condition. 

In order to avoid creating compressive or tensile stresses exceeding 
the safe resistance of the material of the arch ring, the curve of pressure 

must not cut any section 
of the arch outside certain 
pre-determin^d limits. If 
tension is to be entirely 
avoided, the pressure curve 
must fall within the middle 
third of the arch thickness. 
It does not, however, follow 
that the arch will be unsafe 
if tension exist at certain 
points, provided the maxi- 
Fio. 370. mum intensity of compres¬ 

sion is still within the safe 
limit. In masonry arches with good cement joints, a tension of 3 tons 
per square foot should not endanger the joints, and even if some of 
these should slightly open, the stability of the arch is not impaired, 
provided the compression at the opposite edge of the joint l)e not 
excessive. In continuous concrete ribs also a similar amount of tension 
may be safely allowed. 

If 32 tons per square foot be taken as the maximum safe compression 
at the edge of a joint nearest to the centre of pressure, and the pressure 
curve be allowed to approach within three-tenths of the breadth of the 
joint from that edge, the tension at the opposite edge of the joint 
would amount to 2‘ ( J1 tons per square foot, or 45 lbs. per square inch, 
which in good work is quite permissible. It will therefore be assumed, 
that for a maximum pressure of 32 tons per square foot, the pressure 
curve of least resistance must be contained within the central two-fifths 
of the arch thickness. In the case of ashlar masonry arches, where the 
maximum compression per square foot may be limited to 20 to 25 tons, the 
corresponding tensile stresses for the centre of pressure at three-tenths 
the breadth, would be 1*82 and 2*28 tons per square foot respectively. 

Method of Drawing the Curve of Least Resistance for a Rigid 
Masonry Arch. —The curve of least resistance may be obtained by a series 
of trials by varying the positions of points A, B, and C, Fig. 370, within 
the prescribed limits. This is, however, very tedious, and the following 
procedure, originally due to Prof. Fuller, gives a direct determination. 

In Fig. 371 let DEFG be the equivalent load area, and verticals 
1, 2, 3, etc., the lines of action of the weights of the various segments 
(ten) into which DEFG is divided. Taking AC, the line joining the 
centres of the springing beds, as the effective span, assume any point B 
and draw the line of resistance ABC for the loads 1, 2, 3, etc., and span 









438 


STRUCTURAL ENGINEERING 


AC. The method of drawing ABC has already been given in Fig. 368. 
The polar diagram from which ABC has been drawn is shown at PKZ, 
Fig. 371. On the trial outline of the arch, mark the limits between 
which it is desired to confine the line of least resistance. These are 
indicated by the dotted curves, and have here been taken to include 
the middle half of the arch thickness. On AU produced, select any two 
points X and Y, and join BX and BY. Project points A, 1, 2, 3, etc., 
horizontally on to the lines BX and BY, so obtaining points X, I, II, 
III, etc. Through these latter draw a new series of vertical lines, which, 
for the sake of clearness, are carried through to the lower figure. 
Where any original vertical as 2-2 cuts the middle half limits of the 
arch in d and e, project these points horizontally to d' and e! on vertical 
II—II. Similarly /and g on !)-!) will project to J' and (f on IX-IX. 
Transfer the heights above XY of all the points so obtained to the 
lower figure, and connect them by the irregular boundaries hkl and 
mno. These boundaries form a distorted outline of the middle half 
limits of the arch, having the same degree of horizontal distortion as 
was given to the line of resistance Al 234 . . . BC, by projecting it on 
to the straight lines BX and BY. Since the line of resistance sought 
will have ordinates in the same ratio as those of ABU, it will be 
represented on the lower distorted diagram by two straight lines 
included between the irregular boundaries hkl and mno. Further, the 
line of least resistance will be represented by the two lines most steeply 
inclined to the horizontal, which may be drawn between hkl and mno. 
These are shown by sgn and s x o. If two lines such as sgn and s x o cannot 
be drawn within hkl and mno, the arch thickness must be increased. 

It remains, then, to re-proportion these lines horizontally by project¬ 
ing their points of intersection with verticals I, II, III, etc., back on to 
verticals 1, 2, 3, etc. The polygonal system of lines vsge connecting these 
points is the required curve of least resistance. This line of resistance 
vsgr is transferred to the upper figure, taking care to place it in the 
same relative position to the horizontal line XY as in the lower figure, 
when it will be found to lie within the middle half limits of the arch. 

To obtain the reactions due to this curve of pressure, join VW 
intersecting BR in r. The rise of the original line of resistance 
ABC = BR. The corresponding rise of VsW = .sr. The horizontal 
thrust being inversely proportional to the rise, the horizontal thrust 

for the linear arch V.sW = PL x ~ , PL being the horizontal thrust 

scaled from the polar diagram PKZ, originally employed for drawing 
the linear arch ABC. From L draw LI\ parallel to YW, and mark 

Pi at a horizontal distance from the load line KZ = PL x . Join 

sr 

PiK and PjZ. Pj is the correct pole position for the line of resistance 

V. sW, and the reactions at V and W due to this line of resistance are 
respectively PjK and P 2 Z, measured to the scale of the vertical loads. 
These reactions are equal and opposite to the inclined thrusts at V and 

W, which are required in designing the abutments for the arch. If 
Pi be joined to the points 1, 2, 3, etc., on the load line KZ, the rays of 
the new polar diagram so formed will be parallel to the segments of the 
line of resistance V«W. 
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The intersection of the line of least resistance VsW with any 
section as yy, determines the centre of pressure p on yy, whilst the 
length of the corresponding ray PjT of the polar diagram gives the 
magnitude of the thrust on the section yy. From these data 
the intensities of pressure or tension (if any) at opposite faces of the 
section yy may be calculated in the usual manner. Generally the most 
heavily stressed sections will be those at which the line of least 
resistance approaches most nearly to the outer or inner faces of the 
arch ring. In the figure these sections occur at q, V, and W. These 
sections are often referred to as the joints ox planes of rupture, since at 
these sections the tendency to failure of the arch ring is greatest. 

Design for Three-hinged Concrete Arched Bridge. — Span 150 ft. 
Rise 1 7) ft. To carry an equivalent distributed live loai of 150 lbs. per 
square foot. Clear width between parapets 30 ft. 

The general arrangement is shown in the half longitudinal and 
transverse sections in Fig. 372. The spandrils are hollow, the platform 
being carried on jack arches of 4 ft. 0 in. span turned between 
longitudinal spandril walls L, L, stiffened by two transverse walls T, T. 
A 3-in. asphalte roadway is laid over the upper surface of the 
concrete backing of the jack arches. Between vertical section No. 2 
and the crown the tilling is solid. 

In the upper figure the equivalent load area for one half of the 
span, inclusive of the live load, is shown by abbed . . . 2fy. The 
weight of the longitudinal walls, platform and load is considered as 
evenly distributed across the width of the arch sheet, the two vertical 
projections at b and d representing the weight of the intermediate 
portions of the transverse walls T, T, equalized for the full breadth of 
the arch. The arch thickness is taken as 3 ft. 6 in. at crown and 
springing, and l ft. 0 in. at the centre of each semi-rib. Considering 
first the live load over the whole span, the load area and line of 
resistance will be similar for each semi-span, and only one half of the 
line of resistance need be drawn. The load area is here divided into 
five equal panels of 15 ft. width by verticals 1, 2, 3, 4, and 5. 
Preferably about ten panels should l>e taken, so that the resulting line 
of resistance may approximate more closely to a curve, and the figure 
be drawn to a much larger scale than is here permissible. The weights 
of the panels 0-1, 1-2, 2-3, 3-1, and 4-5 per foot width of the arch, 
estimated at 135 lbs. per cubic foot, are respectively 4*77, (>*03, 7*11, 
7*80, and 0*45 tons, and their centres of gravity are indicated by the 
small circles. 

The moments of these loads about the springing point A 


= 4*77 X 07 
0*03 X 52*3' 
7*11 X 37*5 
7*80 X 22 
9*45 x 0*5 


319-i; 

315*4 

206*7 

173*0 

01*5 


Sum of moments = 1130*2 ft.-tons. 
Dividing by the rise, 15 ft., horizontal thrust at crown = 


1136*2 


= 75*8 tons. 


15 
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On the polar diagram HP^ = 75*8 tons to scale is drawn horizontally, 
and the panel loads set off in order to the same scale, between H and 
K. Lines drawn parallel to the polar rays of this diagram PiHK, 
determine the line of resistance (indicated by similar dotted lines) on 
the semi-arch in the lower sectional elevation. The direction and 
magnitude of the thrust at the hinge A is given by PiK, which scales 
off 84 tons. It should be noted that if a greater number of panels 
were taken the line of resistance would sensibly approximate to a curve 
tangent to the polygonal lines in the figure. 

Over the abutment is provided an arched passage 10 ft. wide for 
accommodation of traffic, towage, etc., along the river-bank. The 
weight of masonry in this arch, together with that of the trapezoidal 
abutment and live load from B to C equals 19 tons per foot width, and 
the. common centre of gravity is situated on the vertical Vr. Drawing 
xif parallel to P X K and equal to 84 tons, and yz vertical = 19 tons, xz 
= 94 tons gives the direction and magnitude of the resultant pressure 
on EF. (A smaller scale has been employed for the triangle xyz than 
for the polar diagrams.) Drawing rp parallel to xz , the centre of 
pressure p on EF falls practically at the centre of EF, whence the 
intensity of pressure on EF = ^==9*4 tons per square foot. In 
designing an abutment of this type, the position and inclination of EF 
may, after a few trials, readily be adjusted so that the resultant thrust 
acts normally to EF and sensibly through its middle point. 

Considering next the left-hand half span as carrying dead and live 
load whilst the right-hand half span carries dead load only, the loads 
per foot width of the arch are as indicated in the upper ligure. The 
right-hand loads are obtained by deducting the live load per panel 

If, x 150 

= _ 2^4o— = 8a 7» * k 011 ’ f rom the left-hand loads. These loads are 

set off to scale from H to W, commencing with 8*45 tons and following 
in order from right to left. Selecting any pole P the polar diagram 
PHW is drawn, the rays being indicated by chain-dotted lines. 
Commencing at X, the corresponding linear arch XYZ is drawn having 
its segments parallel to the polar rays of PHW. Join ZX and draw 
PQ parallel to XZ. The correct pole position P 3 for the linear arch 
passing through X, m and A will be situated horizontally opposite to 
Q. To calculate the horizontal thrust QP 2 , the rise YR = 35 ft., mn 
= 15 ft., and horizontal thrust in the polar diagram PHW = 30 tons. 
Hence horizontal thrust or polar distance— 

YR 

QP 2 = 30 X — = 30 x» = 70 tons. 

Join P 3 to the load intervals on HW and draw in the line of 
resistance XmA having its segments parallel to the rays of the polar 
diagram P a HW. These are indicated by full lines. The actual curved 
line of resistance will be sensibly tangent to the polygonal line XmA. 
This line of resistance due to the unsymmetrical loaaing will be found 
to be slightly raised on the left-hand or more heavily loaded semi-span, 
and slightly depressed on the right-hand semi-span, as compared with 
the line of resistance in the lower figure for a state of symmetrical 
loading. The line of resistance approaches most nearly to the outer face 



442 


STRUCTURAL ENGINEERING 


of the arch at the section ss 1; At this section ss x = 50 in., st = 18 in., 
and the pressure on the section per foot width = P 2 S == 74 tons. 

Hence intensities of pressure at ss x are 

at extrados = 

44 V 50 / 

and at intrados = 3 x r - l) 

44 V 50 ) 

This maximum pressure of 32*7 tons per square foot, or 509 lbs. per 
square inch, represents the usual limiting compressive stress allowed on 
concrete arches. In Prussia and the United States the official allow¬ 
ance is 500 lbs. per square inch, whilst this has been occasionally 
exceeded in large span arches. 

The reactions at A and X are respectively equal to P 3 W and P a H. 
P 2 W scales off 78 tons, and is combined with the vertical abutment 
weight of 19 tons at zO/V, — 88 tons, giving the resultant pressure 
on the base EF of the abutment, r'q parallel to .rV gives the centre of 
pressure q , which again falls very nearly at the centre of EF, giving 
for this disposition of load an intensity of pressure on EF slightly 
greater than = 8*8 tons per square foot. 

Note. —The directions of the final thrusts on EF for the two cases 
of loading considered are very slightly different, since the live load 
bears only a small ratio to the dead load. A much larger scale drawing 
should be made to enable these directions to be accurately ascertained. 

In order to annul stresses due to changes of temperature, the ends 
of the longitudinal spandril walls L, L, must be discontinuous and just 
out of contact with the face of the abutment to allow of freedom 
of movement under the slight rise and fall of the semi-ribs. In an 
arch of these dimensions an interval of 1 in. to in. is ample, the 
magnitude of the movement at J being very small, as will be seen from 
the following calculation. The length A/wX = 155 ft. The increase 
in length for a variation in temperature of 10 (F F. would be 155 x 12 
X 0*0000055 x 100 = l*o2 inches, assuming the temperature of the 
ribs to rise 100° F. throughout, which is most unlikely. The increase 
in rise corresponding with this increase in length is therefore only a 
small fraction of an inch, whilst the horizontal closure at J will be still 
less (about 4) by reason of the shorter leverage about the hinge A. 
The relatively thin continuous road bed of concrete above J is 
sufficiently flexible to accommodate itself to this slight movement. In 
laying the concrete at J and over the crown, thin sheets should be 
placed over the clearance spaces to prevent mortar or stones from 
falling into and blocking them up. 

The hinged joints may be of one of the types shown in Fig. 369. 
The total breadth of arch at springing = 32 ft. 6 in. Allowing 4 ft. 6 in. 
for intervals between pins, 14 steel pins 2 ft. long, and 3 in. diameter, 
would give a projected bearing area of 28 x 12 x 3 = 1008 squaro 
inches. 

The maximum total thrust at springing = 84 tons X 32*5 = 2730 
tons, and intensity of compression on hinges = = 2*7 tons per 

square inch. 


= 32*7 tons per square foot 
= 2*9 
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Skew or Oblique Arches. —When one road or railway crosses 
another obliquely by means of an arched bridge, it becomes necessary 
to build a skew arch if the angle of obliquity of crossing is more than 
a few degrees. In a square arch the bed joints of the masonry are 
parallel to the springing line and the nressure in each foot width of 
the arch acts normally to the joints. In a skew arch, Fig. 373, with 
joints j,j, parallel to the springing s, s, the pressure P on any foot width 
of the arch may be resolved into a normal pressure N, and a tangential 
or horizontal component T, which tends to cause lateral sliding of the 
arch courses. This component T obviously increases with the angle of 
skew or obliquity of crossing, and in order to prevent dislocation of the 
masonry the bed joints are arranged in directions sensibly perpendicular 
to that of the oblique pressure P. They therefore wind across the 
surface of the arch in helical, or, as they are commonly but erroneously 
called “spiral” curves. The ultimate thrust at the springing is 
delivered on to checked masonry skewbacks s, s, Fig. 374, and the 




lateral displacing effect of the horizontal component T has eventually 
to be resisted by the abutments X and Y, Fig. 373. 

Skew arches constructed of masonry throughout are very expensive, 
since each stone, being of considerable size, has an appreciable amount 
of twist on both bed and end joints, and requires its faces dressed to 
twisted or helicoidal surfaces. For these reasons bricks are almost 
universally employed, excepting where architectural effect is desired. 
The amount of twist on a surface the size of the face of a brick is small 
enough to be readily compensated for in the thickness of the mortar 
joint, and the twist on a course of brickwork consequently augments 
by freouent small steps instead of constantly as in the case of accurately 
worked large stones. In the best structural skew arches the sheeting 
is of brick, with ring stones or voussoirs at the faces bonded with the 
brickwork, each ring stone being 1) in., 12 in., 15 in., etc., in breadth on 
the soffit in order to bond with 3, 4, 5, etc., bricks, the size adopted 
being in pleasing proportion to the dimensions of the arch. 

The angle of skew acs y Fig. 373, is fixed by the exigencies of the 
crossing. The angle of inclination of the checks or steps on the skew- 
backs or springers then requires to be accurately ascertained, so that 
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the bed joints or “ heading spirals ” may traverse the arch as nearly as 
possible at right angles to the pressure. Upon this angle, known as the 
angle of skew back , depends the shape of the springers and ring stones. 
The checks on the springers being cut to the correct inclination, 
the courses of brickwork, commencing from the skewback checks, 
automatically follow the correct curves as they are laid on the 
centering. 

Fig. 375 shows the method of drawing the development of the soffit 
or intrados of a skew arch, from which the angle of skewback and 
shapes of springers may be determined. 0123 ... 12 represents the 
elevation of the arch looking along the axis PQ. The square span is 
40 ft., and angle of skew 66° 30'. The outline of the arch is a circular 
segment having a rise of 15 ft. DEFG is the plan of the soffit. The seg¬ 
ment 0123, etc., is divided into any number (12) of equal parts by points 
1, 2, 3, etc. These being projected on to the plan, represent horizontal 
lines running along the inner surface of the arch. If the curved surface 
be supposed opened out or developed into a flat sheet by rotating it 
about the line EF, the joints and outlines of ring stones and springers 
drawn upon such development, will show their true shapes and incli¬ 
nations. The square length 0-12' of the development will be the real 
length of the arc 0123 ... 12. This may be stepped off in short 
portions, but is preferably calculated. The angle 12 C 0 = 147° 28', 
and radius 12C = 20 ft. 10 in. Hence, length of arc 0123 ... 12 

1 .1 ” ° 

= -~f- x 2 X 3*1416 x 20§ = 53' 7f" bare. 

This is set out at 0-12' and divided into twelve equal parte by points 
1', 2', 3', etc. Vertical lines through these points determine the 
developed positions of the lines lj, 2 M 3 U etc., on the plan DEFG. 
Projecting the points 1„ 2 1? where the dotted verticals cut DE and 
FG, horizontally on to verticals 1', 2', 3', etc., points on the development 
of the opposite edges of the soffit are obtained, which being joined give 
the curved boundaries Ed and Fg of the development. 

Accurate Method of Drawing the Joints.—The correct directions 
for the bed joints so that the lines of pressure may everywhere cut them 
at right angles, are shown on the right-hand half pqgd of the develop¬ 
ment. The method of drawing them (sometimes called the French 
method) is as follows. Several curves aa , bb , cc, shown dotted, similar 
to pd and qg are marked on the development. These represent developed 
lines of oblique pressure, and the joints are then carefully drawn in so 
that they intersect these curves, and the face curves pd and qg , perpen¬ 
dicularly. As this results in a system of tapered courses, and necessitates 
several breaks of bond in order to preserve the same width of voussoirs 
on opposite faces of the arch, the construction is tedious and expensive 
m stonework, and inapplicable for brickwork arches. 

Approximate Method.— A system of parallel courses of uniform width 
may substituted for the exact courses without seriously affecting 
the condition of perpendicularity of pressure. This method, known as 
the English method, although in very general use, is illustrated on the 
left-hand half EF qp of the development. F^f is joined and divided 
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Fig. 375. 
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into a suitable number of voussoir widths. In this example, Yg measures 
fi6 ft. 3 in., and represents practically the real length measured round 
the oblique edge FG of the soffit. Adopting a width of voussoir of 15 in., 
so that each ring stone will bond with five courses of brickwork, 


, ~l r T r= &* ves t-he nuln her of voussoirs. This should be an odd 


number if the appearance of a key-stone be desired on the face of the 
arch, although it will be noticed there is no real key-stone in a skew 
arch in the same sense as in a square arch, the central course at q on 
one face running over to q x some distance from the crown on the 
opposite face. Dividing Yg into 45 equal parts, E is joined to that 
division e which locates E*? as nearly as possible perpendicular to Yg. 
All the other joints are then ruled in parallel to Ye. A comparison of 
the two halves of the development shows that the directions of the 
joints so obtained are most in error at the springing, whilst at the crown 
they almost coincide with the ideal joints. The angle YYe = 19£° is 
the angle of skewback to which the checks on the springers are to 
be cut. 

- If it be desired to insert the joints on the plan of the soffit DEFG, 
although these curves are not of much practical value, they may be 
drawn most accurately as follows. Produce any joint as kl both ways 
to intersect the springing line at m and centre line pq of the develop¬ 
ment. This point falls off the figure. Where khn intersects any 
vertical as 2' on the development, in /, project l horizontally to L 
on the corresponding vertical 2 of the plan. The curve mLK continued 
through to the centre line PQ, determines the outline in plan of a com¬ 
plete bed joint from springing to crown. Every joint on the plan 
contained between DE and FG, will be a portion of this curve, and by 
making a template in stiff paper having the outline wKT, and sliding 
it vertically along niT by successive tqual intervals mm u m x m 2 , J?un 2 , 
the joints are rapidly and neatly drawn in. For the other halves, here 
omitted, the template is reversed, and elided along DG. The points 
m u m& m 3 , etc., are the intersections of the bed joints produced, with 
the springing line wT. In the example, seven of these intervals occur 
between E and F. EF = 26 ft. 2 in., and mm u mm ,* etc., therefore equal 
2G'2"~7. Five of the intermediate brickwork courses are indicated 
at B on the development. The springers may be cut with separate 
checks for each brick course, or be dressed to a butt heading joint with 
the whole five bricks, the latter requiring much larger blocks of stone 
in the rough. One of the intermediate springers is shown at S, the 
arch being assumed as 22£ in. thick. There being seven springers in 
the length 26 ft. 2 in., the length of each stone will 1x3 26' 2" 7 

= 3' 8bare, or a little less to allow for joints. The length of the base 
XY of each check = 8' 8J"-4-5 = 9" bare, and drawing XZ at 19i° 
slope, and YZ perpendicular to XZ, the correct template for one check 
is obtained. 

The end springers at E and F are respectively acute and obtuse at 
the outer corners. They are shown in plan and elevation in Fig. 376 , 
to the same scale as S in Fig. 375. In practice, only the exposed faces, 
beds and joints are worked smooth, the non-fitting portions of the 
stones being left rough. The end springers are usually not cut with 
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separate checks, and the springer E, Fig. 376, is dressed square as at 
obey or obtuse, if the angle dbc , which depends on the angle of skew, is 
very acute. 


b 

Fig. 376 

Tall Chimneys. 

The stability of tall chimney stacks depends upon the weight of the 
brickwork of the shaft and the pressure of the wind upon the outer 
surface. In calm weather, the centre of pressure at any horizontal 
section coincides with the centre of gravity of the section, and uniform 
intensity of compression exists over the whole section. The application 
of lateral wind pressure causes displacement of the centre of pressure at 
every horizontal section, and this displacement should be restricted 
within such limits as to prevent the occurrence of tensile stress in the 
mortar joints. The effective wind pressure on the face of a tall chimney 
varies considerably with the section of the stack. Colonel Moore 1 gives 
the following table of coefficients to be applied in calculating the 
effective wind pressure on the faces of various solids. 

Table 31.— Coefficients of Effective Wind Pressure on Solids. 

Solid. 

Sphere. 

Cube. 

Cylinder (height — diameter! . 

Cone (height = diameter of Dase) 

K = Ratio of the effective pressure on a body to the pressure on a 
thin plate of area equal to the projected area of the body on a plane 
normal to the direction of the wind pressure. 

It appears reasonable, therefore, to assume the effective pressure on 
a circular chimney stack as about one-half that on a thin plate of area 

1 Sanitary Engineering , Col. E. C. S. Moore, R.E., p. 752. 


K I Wind acting. 


031 

— 

0'8l 

Normal to face. 

0 06 

Parallel to diagonal of face. 

0-47 

Normal to axis. 

0-38 

Parallel to base. 
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equal to the projected area of the chimney, that is, the area seen in 
elevation, and the following effective horizontal wind pressures may be 
employed for chimneys of various sections :— 


On square chimneys, 50 lbs. per square foot, 
„ octagonal „ 32 „ „ 

,, circular „ 25 „ „ 


Let W = Weight of brickwork in tons above any horizontal section. 
A = Area of horizontal section in square feet. 

I = Moment of inertia of horizontal section in feet units. 

R = Outside radius and r = inside radius of horizontal section 
in feet. 

P = Total wind pressure in tons against surface of chimney 
above the horizontal section considered. 


h = Height in feet of centre of pressure of wind above the 
horizontal section considered. 


Then, direct compression on section due to dead weight of brick- 

, W , 

work = — tons per square foot. 

Bending moment due to wind pressure = P x h foot-tons. Stress 

P x h x R 

due to bending = ±-j- tons per square foot, the plus sign 

denoting compression at the leeward face and the minus sign tension at 
the windward face of the section. The tensile stress due to the bend¬ 


ing action of the wind pressure should not exceed the direct compression 
due to the dead weight above any horizontal section. It is desirable 
that the stress be not reduced quite to zero on the windward face, and a 
residual compression of 100 to 200 lbs. per square foot should remain 
after deducting the tensile bending stress from the permanent direct 


compression. 

The moment of inertia of a hollow circular section = 0*7854 


(R 4 — r 4 ), and of a hollow square section = ^-(D 4 — d 4 )> D and d being 
the breadths of outer and inner faces respectively. 

Example 37.—Fig. 377 shows the results of the application of the 
above rules to the design of a circular chimney stack 100 feet high 
above ground-level. The dimensions and other data for the calculations 
are given in the various columns opposite the respective horizontal 
sections to which they refer. The weight of brickwork is taken as 112 
lbs. per cubic foot. This is a little on the safe side as regards the 
stability, since brickwork will usually weigh from 115 to 118 lbs. per 
cubic foot. As the calculations for the intensities of compression at any 
horizontal section are similar, only those for one section need be stated. 

Considering the horizontal section at GO feet below the top, weight 
of brickwork above the section = 41*9 4* G4*5 = 106*4 tons. Outer 
diameter = 11 ft. 4£ in., inner diameter = 8 ft. 4£ in., and sectional 
area = 46*54 sq. ft. 


Hence direct compression 


106*4 

46*54 


2*29 tons per square foot. 
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Projected area of the chimney above the section 
= 282 -f- 318 = GOO sq. ft. 

Height of centre of pressure above the section = 28*5 feet. The 



Fig. 377. 


Bending moment due to wind pressure = 


GOO X 25 x 28-5 
2210 


= 190*84 ft.-tons. 


I, for the section = 582 foot units, outer radius = 5*7 ft., and stress 
due to bending = = ±1*87 tons per square foot. 


Hence compression on leeward face = 2*29 + 1*87 = PIG, and 
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compression on windward face = 2 29 — 1*87 = 0-42 ton per square 
foot. 

At the ground-level the section of the pedestal, which fa assumed 
as square for 30 feet above the ground, is a hollow square of 15 ft. 9 in. 
and 9 ft. 9 in. outer and inner faces. Its moment of inertia = 4375, 
and total wind pressure against the shaft = 31,750 lbs. This total 
pressure consists of the pressure on the circular portion of the shaft 
above the pedestal, taken at 25 lbs. per square foot, and the pressure on 
the face of the pedestal taken at 50 lbs. per square foot. 

The point of application of the resultant of these two pressures is at 
60 feet above ground-level. 


61750 X 60 

Hence bending moment = ——- 


1654 ft.-tons 


and stress due to bending 


1654 X 75' 
4o< 5 


± 2*98 tons per square foot. 


The total weight of chimney above ground-level (excluding the 
inner fire-brick lining of the pedestal which is not bonded with the 
pedestal and consequently rests on the footings) equals 600 tons, and 
sectional area is 153 sq. ft. 

Therefore direct compression at ground-level = = 3 92 tons per 

square foot, giving 3*92 -f 2*98 = 6*9 tons per square foot at leeward 
face and 3*92 —2*98 = 0*94 ton per square foot at windward face. 

At the base of the footings the total vertical load is the weight of 
stack, pedestal, fire-brick lining and footings = 787 tons, to which must 
be added the weight of earth resting on footings, which, at 100 lbs. per 
cubic foot, amounts to 61 tons. The area of base of footings = 24' 
X 24' = 576 sq. ft. 


Direct pressure = 


787 + 61 
57 6 


= 1*47 tons per square foot. 


Bending moment due to wind at this level = ”“2240 ~ foot-tons, 
and I = X 24 4 = 27,6 48. 

ax i x 1 61 7 50 X 68 x 12 .. 

Stress due to bending = --.r-7^TL — ± 0*81 tons per sq. ft. 

0 2210 X 2<648 


Compression at leeward face = 1*47 + 0*81 = 2 28 „ „ 

„ at windward face = 1*47 — 0*81 = 0*60 „ „ 

A similar calculation at the foundation level gives the intensities of 
pressure on the soil as 2*39 and 1*21 tons per square foot at leeward and 
windward edges respectively. The total vertical load at foundation 
level equals 787 tons due to brickwork in stack, lining and footings, 
+ 490 tons in concrete base (at 140 lbs. per cubic foot) + 136 tons due 
to weight of earth on footings and upper ledges of concrete block 
= 1413 tons. The resultant wind pressure acts at a leverage of 78 feet 
and I for the 28 ft. square base = -^ x 28 4 = 51,221. 

1413 

Direct pressure = = 1*8 tons per square foot, 




MASONRY AND MASONRY STRUCTURES 


451 


, * , . , 27*6 tons X 78' X 14 . _ . 

and stress due to bending =-51221- = ^ on ^ er 


square foot. 

Compression at leeward edge of foundation = 1*8 + 0*59 = 2*39 
tons per square foot, and at windward edge = 1*8 — 0*59 = 1*21 tons 
per square foot. The side of the pedestal at which the flue enters 
should be suitably thickened to compensate for the weakening of the 
horizontal section at this level. 


London County Council Regulations require that the height of 
square chimney stacks shall not exceed ten times the width of basal 
section, measured immediately above the footings. The height of 
circular chimney stacks must not exceed twelve times the diameter clear 
of the footings, and octagonal shafts eleven times the diameter. The 
shaft is to batter not less than 2£ inches in every 10 feet, and no 
projection is to extend beyond the face of the shaft to a greater distance 
than the thickness of the wall at that level. The minimum thickness 


of the uppermost section to be 9 inches and the thickness to increase by 
4£ inches at least every 20 feet from the top downwards. The footings 
are to project beyond the basal section, on all sides, to a minimum 
distance equal to the thickness of the wall at the base. 

The circular chimney realizes the greatest stability with the minimum 
quantity of brickwork and most efficient section of flue, and is equally 
resistant to the wind pressure applied in any direction. Strongly 
projecting copings, caps, or string courses are undesirable, since they 
offer increased resistance to the wind, the former at the maximum 
leverage above the base.. Dangerous oscillations of stacks with heavily 
projecting caps have occasionally been considerably reduced by removal 
of the cap. Inverted arches beneath the centre of the shaft are probably 
more dangerous than advantageous, since they may contribute to 
unequal settlement at the base with resulting fracture. 

The fire-brick lining must be free to expand and contract indepen¬ 
dently of the main stack. Its height will depend on the particular 
purpose of the chimney. It may be as low as 20 ft. or 30 ft., but is 
commonly 50 ft. to 80 ft. high in lofty chimneys—one-fifth to one- 
fourth the height of the shaft is a common rule.. In the St. Rollox 
chimney the inner shaft rises to a height of 243 ft., the total height of 
the chimney being 455 ft. G ins. 

An efficient air space should be provided between the fire-brick 
lining and the outer shaft, suitably covered or protected by corbelled 
courses of brickwork projecting from the inside of the outer shaft, 
and leaving sufficient clearance for maximum expansion of the 
lining. This latter may be estimated at one inch per 35 to 40 feet of 
height. 

The following are particulars of the great St. Rollox chimney at 
Glasgow. The chimney is of circular section and rises to a height of 
455 ft. 6 ins. above foundation level. The thickness of the outer shell 


of brickwork at ground level is 3 ft., spreading to footings (> ft. wide at 
15 ft. depth. These rest on 5 ft. thickness of concrete having a basal 
width of 50 ft. The chimney is founded on Old Red Sandstone 
rock. 
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St. Rollox Chimney. 

Level. Thickness. Outer Diameter. 

Ground to 54 ft. G ins.... 38 ins. . . . 40 ft. 0 ins. to 35 ft. 0 ins. 

54 ft. 6 ins. to 116 „ 6 „ ... 28 35 „ 0 „ „ 30 „ 6 „ 

116 „ 6 „ „ 209 „ 6.22}.30 „ 6 „ „ 24 „ 0 „ 

209 „ 6 „ „ 349 „ 6 „ ... 18.24 „ 0 „ „ 16 „ 9 „ 

349 „ 6 „ „ 435 „ 6 „ ... 14.16 „ 9 „ „ 13 „ 6 „ 

The section of minimum stability is stated to be at the 209 ft. 6 ins. 
level, where the chimney is calculated to withstand with safety a wind 
pressure of 55 pounds per square foot. 

The internal shaft is externally cylindrical of 10 ft. 6 ins. internal 
diameter at bottom and 12 ft. at the top. Its height above ground 
level is 243 ft., and its thickness 22| ins. for the lower 62 ft. of its 
height. It is carried up in three sections of diminishing thickness and 
stiffened by buttresses on the outside. 







CHAPTER XIII. 


REINFORCED CONCRETE. GENERAL PRINCIPLES. 

General Principles. —The types of construction generally known 
as Reinforced Concrete are of relatively modern conception. The 
earliest practical applications originated in France about the late 
oighties of the nineteenth century, but it is only in fairly recent 
times—say the last forty years, that a reasonably close theoretical 
study of the subject has been built up, during which period an 
immense amount of experimental work and research has contributed 
to its development. 

Variously known as Reinforced Concrete, Armoured Concrete, 
Ferro-concrete, Beton arme (Fr.), Cimento Armato (Ital.), and 
Eisenbeton (Ger.), its economic practical employment was principally 
made possible by the general introduction of the wet process for 
the manufacture of cement in the rotary kiln. By this process a 
reliable product possessing uniformly excellent physical and chemical 
properties was ensured. The high degree of uniformity in strength 
qualities of the cement, assisted by improved methods of mixing 
and placing the concrete, together with the careful grading of 
aggregates, thus made possible the application of calculations in 
theory which would realize a correspondingly high degree of accuracy 
in the behaviour of the structure. 

Materials .—The principal materials used in reinforced concrete 
construction are :— 

1. Crushed stone or gravel (coarse aggregate). 

2. Sand, naturally or artificially graded (fine aggregate). 

3. Cement. 

4. Water. 

5. Steel or other reinforcement. 

6. Centering material. 

The general properties of these materials have been dealt with 
in Chapter 1., but generally speaking, higher grade concrete is 
required for reinforced than for mass concrete construction, the 
protection of the concrete from corrosion due to external and internal 
influences being important, together with a high degree of uni¬ 
formity. Any organic or inorganic impurities in the aggregates are 
particularly undesirable and importance must bo attached to the 
quantity of water used in mixing ; too high a water content causes 
a reduction in crushing strength and is liable to produce excessive 
shrinkage on setting and hardening with resultant cracks. 
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Graphs 1 and 2 show the variation in crushing strength and 
density for concretes of different mixes and water contents. The 
“ slump ” test is described on p. 13. 



Graph l. 


A report of the Reinforced concrete Structures Committee 
appointed by the Department of Scientific and Industrial Research 
in 1931 and issued by H.M. Stationery Offico in January 1934, 
recommends a “ Code of Practice for Reinforced Concrete ” which 
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specifies the requirements for concrete materials in addition to 
making recommendations covering many aspects of structural design 
in reinforced concrete. The Code specifies that both coarse and fine 
aggregates should consist of natural sands and gravels, crushed 
stone or other material of a hard, strong, and durable nature, free 
from clay, films, or other adherent coatings. 



WATER CONTENT , % BY WEIGHT OF 
COMBINED WEIGHT OF AGGREGATES AND CEMENT. 

AGGREGATES . —HAM RIVER GRAVEL AND SAND. 


Graph 2. 

Unsatisfactory aggregates for use in reinforced concrete are coal 
and coal residues, clinkers, ashes, slags, breeze, soluble sulphates 
(e.g. gypsum), and porous materials. 

The grading of aggregates has been dealt with in Chapter I. but 
generally speaking smaller maximum sizes of both coarse aggregate 
and sand are desirable in reinforced concrete work than in mass 
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concrete. Both the Code of Practice and the London County 
Council Regulations prescribe a maximum sand size that will pass a 
iVinch mesh, and the maximum size of the coarse aggregate should 
be less than the minimum distance between main reinforcing bars, 
and generally should not exceed § in. crush. 

Uniformity of the quality of concrete in any one structure is 
sufficiently important to warrant specification that the whole supply 
of aggregates for a particular job should come from the same or 
similar sources. 

Slight variations in sand often produce noticeable differences in 
the colour of finished concrete, thus detracting from the satisfactory 
appearance of the work. Cement for reinforced concrete may be 
of the Portland, Rapid Hardening Portland, Portland Blastfurnace, 
or High Alumina varieties, depending on the strength required at a 
given time after placing and the resistance to exterior weathering 
or corrosive actions. In all cases the quality of the cement used 
should comply with the requirements of the appropriate British 
Standard Specification. 

Unreinforced concrete is a material possessing considerable 
resistance to compression but very little tensile strength. Conse¬ 
quently the cross-sectional areas of members which undergo bending 
stresses, such as beams, slabs, and columns, have those portions of 
their section which are or may be in a state of tension, suitably 
strengthened to resist this tension by embedding in them steel bars 
or rods to make up for the deficiency in tensile strength of the 
surrounding concrete. 

The compressive crushing strength of 6-in. cubes of good plain 
concrete of 1:2:4 mix at the age of 28 days should be not less 
than 2250 lb. per sq. in., whereas the tensile strength may be from 
150 to 160 lb. per sq. in. These values increase slowly with the age 
of the concrete so that at three months the tensile breaking strength 
may be about 250 lbs. per sq. in. or even higher in certain samples. 
The concrete thus has about fifteen times the strength in compression 
as in tension. These figures are the ultimate or breaking stresses. 
The Code of Practice recommends 600 lbs. per sq. in. as the safe or 
working stress for concrete members of 1 : 2 : 4 mix in direct com¬ 
pression (e.g. a short column or strut with central load) and 750 lb. 
per sq. in. for members subject to bending, such as beams and slabs, 
with higher values for the higher grades of concrete and for richer 
mixes. Hence the Factor of Safety or Ultimate stress ~ Working 
stress varies between 3 and nearly 4. 

The safe tensile working stress specified in the Cod© of Practice 
for Mild Steel complying with B.S.S. No. 15, is 18,000 lbs. per sq. in. 
The modulus of elasticity of mild steel being 30,000,000 lbs. per sq. 
in. whilst that of concrete has an average value of 2,000,000 lbs. per 
sq. in., it follows that when steel is embedded in concrete, it requires 
on the average about 15 times the amount of stress to shorten or 
lengthen the steel as that required to shorten or lengthen the sur¬ 
rounding concrete by the same amount so long as the bond between 
the steel and concrete remains intact. 
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The ratio between the moduli of elasticities of steel and concrete 
is called the Modular Ratio, m. Its value is not constant but varies 
with the mix and grade of the concrete, ranging between 8 and 18, 
the value 8 applying to the higher grades of concrete of rich mixes 
and the value 18 to Ordinary Grade concrete of 1 : 2 : 4 mix. The 
particular value of m for a specific 1 concrete may bo calculated from 

the formula m = where x is the specified permissible com¬ 

pressive working stress of the concrete in pounds per square inch for 
bending. 

If now, the steel bars embedded near the tension side of a beam 
are designed to work up to a stress of 18,000 lb. per sq. in., and 
assuming m — 15, the tensile stress in the surrounding concrete 
18 000 

would be —-j ~p — or 1200 lb. per sq. in. But since this greatly 

exceeds the tensile breaking strength of the concrete (about 150 to 
250 lb. per sq. in.) it is evident that the concrete will have cracked 
by the time the stress in the steel reached the value of about 15 X say 
200, or 3000 lb. per sq. in. Obviously then, the concrete on the 
tension side of a beam cannot be relied on to contribute any 
resistance to the bending moment and the steel bars must provide 
sufficient sectional area to resist the whole of the tension. 

The cracks in the concrete are exceedingly fine and are not usually 
perceptible to the naked eye. Moreover they extend only from the 
lower surface of the beam upwards towards the neutral plane until 
they reach tho layer or zone just beneath the neutral axis at which 
the tensile stress falls below the tensile breaking stress of the con¬ 
crete. Above this zone the concrete remains unfractured and 
above the neutral plane it is in a state of steadily increasing com¬ 
pression, reaching a maximum value at the upper surface of the 
beam where it must not exceed the safe compressive working stress 
of the particular grade of concrete employed. A simple calculation 
will indicate the order of fineness of these cracks. 

A 12-in. length of steel bar stressed to 18,000 lb. per sq. in. would 
, . 18,000 x 12 in. 18 in. 1 . 

elongate - 30 : 000.000 =25oo say lio m - The surrounding 

concrete, up to its breaking stress of say 200 lbs. per sq. in. would 
. . 200 X 12 in. 1 . 1 . 

olon g ate -onfr - wwin = 833 ln ‘ sa y> gqo m ’ 

1 1 r * 


The total width of the 


140 840 840 


= 7777 : m. or 


2 , 000,000 

cracks over tho 12 -in. length would thus be 
—g in. If the cracks were roughly 1 in. apart each would be only 


2016 


in. in width. Actually they would probably be much more 


numerous and consequently thinner. Such small fractures could 
only be detected by the aid of a delicate extensometer. These 
microscopic cracks probably originate at local points where the 

Q2 
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strength of the adhesion between the concrete and the steel is below 
the average, or where the concrete is slightly defective. The con¬ 
crete between the cracks is still in active adhesion with the steel 
and so continues to preserve the stress transference between con¬ 
crete and steel. Failing this, and in the absence of adequate hooks 
at the bar ends or in the event of poor adhesion over the whole 
length of the bar, the steel would slip and become loose in the 
concrete. In this state the whole advantage of the reinforcement 
would be lost and the beam revert to the condition of a simple 
concrete beam with ensuing failure. 

Coefficient of Expansion .—A further circumstance which favours 
the practical co-operation of steel and concrete in adhesive contact is 
that their coefficients of expansion differ very slightly. The average 
value of the coefficient of concrete is 0-0000055 per degree Fahr. and 
that of steel 0-0000065 per degree Fahr. Thus, when steel is in inti¬ 
mate contact with concrete the tendency for the one material to cause 
stress in the other due to different rates of expansion is only slight. 

Protection from Fire .—In regard to the risk of fire it is important 
that the steel should be adequately covered. Steel loses about 
50 per cent, of its tensile strength when its temperature reaches the 
neighbourhood of 800° F. Fires in buildings may reach tempera¬ 
tures upwards of 2000° F. Concrete has a relatively low con¬ 
ductivity of heat, due principally to (1) its content of combined 
water, i.e. the water absorbed in the hydration of the Calcium 
Silicates and Aluminate constituting the active ingredients of cor¬ 
rectly burned Portland Cement Clinker, and (2) its porosity. This 
water, in quantity being closely 12 per cent, of the cement content 
and being chemically combined, cannot be evaporated at the 
ordinary boiling temperature as can any “ excess ” water contained 
by the concrete. Complete dehydration occurs at 900° F. The 
vaporization of this water from near the surface of the concrete 
absorbs considerable heat and delays the conduction of heat to the 
interior mass of concrete and the embedded steel. Porosity also 
delays the passage of heat since air spaces are a good protection 
against conduction. The denser concretes made from drier mixes 
and especially if vibrated are thus somewhat better conductors than 
those of more fluid mix. The results of tests show that a point two 
inches beneath the surface would stand an external temperature 
of 1500 3 F. for two hours, with a rise of from 500° to 700° F., and 
points with more than three inches of cover would scarcely be 
heated above 212° F. Considerable damage may result from the 
flaking off of the highly heated surface when played on by hose 
pipes, but the depth to which the heat penetrates is very limited. 
Sharp edges of beams and columns suffer more from fire than the 
flat surfaces of extensive slabs. The hard varieties of trap rock 
and gravel would appear to be the best aggregates for resisting heat. 
Limestone is commonly prohibited where fire risk is possible but 
hard limestone is suitable for mass concrete and out-door structures 
not susceptible to fire. Its weight averages 148 lb. per cub. ft. 

Protection from Corrosion .—The ability of concrete to protect 
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the reinforcement from corrosion depends mainly upon its degree 
of porosity, and this again on the density attained by sound grading, 
mixing, and ramming, and the quantity of “ excess water ” over 
and above that required to effect the complete hydration of the 
cement. A number of relatively new structures have already been 
demolished on account of the rapid corrosion of the reinforcement. 
The causes in such instances have been traced to a deficiency of fine 
aggregate or cement, poor mixing or grading, excessive watering, 
insufficient cover, and occasionally too little or too much rodding, 
especially in deep and narrow beams where excessive stirring up of 
the concrete with long thin rods tends to drive the coarse aggregate 
to the bottom of the shuttering. All these are mistakes or careless¬ 
ness in design or execution which may be avoided. The corrosion 
of steel is due to the combined action of moisture and air. In 
mixing concrete a certain amount of water in excess of that required 
for the chemical action of hydration is required to render the con¬ 
crete workable and to counteract rapid evaporation in hot weather. 
The quantity of water is also affected by the distance and method of 
of transportation from mixers to site, and rate of placing. Obviously 
the less excess water the better for the production of concrete of 
maximum density since ultimately the excess water dries out leaving 
a greater or smaller volume of pores. In this regard concrete of 
maximum dry mix subsequently consolidated by vibration is 
desirable. Vibration cannot be economically applied in many cases 
and when employed increases the cost. During spells of wet and 
damp weather the concrete becomes saturated with moisture for a 
variable depth inside the face, probably always exceeding the depth 
of cover of main reinforcement. Alternated with spells of hot or 
dry weather the moisture re-evaporates leaving free access for air. 
It is thus impossible under usual conditions of making and placing 
concrete to guarantee absolute immunity from corrosion. At best, 
the rate of corrosion may only be retarded. With the maximum of 
care (seldom realized) a dangerous state of corrosion may possibly 
be postponed for 80 to 100 years. For the average class of buildings 
this may bo of little import since progressive ideas may entail their 
replacement in a shorter period. But for structures such as large 
and costly bridges, dams, quays, jetties, wharves, and large tanks 
intended to endure for centuries, the expediency of employing rein¬ 
forced concrete is greatly exaggerated. Especially is this the case 
with open work piled quays and wharves in tidal sea water where 
the above mentioned conditions are aggravated by the frequent 
cracking and damage resulting from the bumping of shipping. The 
above remarks apply particularly to out-door concrete structures. 
Interior work undoubtedly is more immune from progressive cor¬ 
rosion but even hero the structure is exposed to varying degrees of 
humidity of the atmosphere. 

Adhesion .—The realization of the results arrived at by cal¬ 
culation in reinforced concrete structures depends upon the main¬ 
tenance of the adhesion or frictional grip between the concrete and 
steel. The frictional grip is set up by the shrinkage of the concrete 
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around the steel bars, and the extent of the shrinkage is a measure 
' of the mutual pressure and therefore the frictional resistance 
opposing the dislocation or pulling loose of the bars from the con¬ 
crete. The “adhesion” is usually specified in pounds per square 
inch of the surface area of the bars, and is also referred to as the 
“ bond ” stress. The Code of Practice specifies the permissible bond 
stress as 0-lx -f 25 lbs. per sq. in., where x is the permissible unit 
stress in compression on concrete exposed to bending action. Thus, 
for 1 : 2 : 4 concrete of Ordinary Grade x — 750 lbs. per sq. in., and 
the permissible bond stress is (0*1 x 750) + 25 = 100 lbs. per sq. 
in. A 1 in. diameter steel bar stressed to 18,000 lbs. per sq. in. in 
tension would exert a pull of 18,000 x 0-7854 = 14,137 lbs. on the 
surrounding concrete. In order that the bar may be safe against 
dragging loose in the concrete, it must extend into the concrete 
beyond the point at which the full tensile stress is developed, a 
distance sufficient to provide at least an equal value of bond or 
adhesive resistance. 

Thus, for a length of l in., we have l X ird X 100 = 14,137, 
whence l — 45 in. This result may be arrived at in general terms from 



X t — l X rrd X 100, t being the unit tensilo stress in the bar, 


whence l — 


dt 

400 


For d = 1 in. and t = 18,000 lbs. per sq. in., I = 45 in. or 45 dia¬ 
meters. This implies that the adhesive resistance of 100 lbs. per sq. 
in. applies to all round bars of whatever diameter. The length l so 
calculated is the minimum straight length for secure anchorage. If 
the end of the bar is bent to the standard form of hook the length 
l may be reduced by 2d to obtain the length to the end of the bent bar. 

Table 32 gives to the nearest eighth of an inch the required incre¬ 
ment to the overall dimension L to give the length of straight bar 
which will provide one or two hooks of the standard proportions shown. 

The above calculation presupposes uniform distribution of bond 
stress such as would closely obtain in a simple pull out test of a 
straight bar embedded in a block of concrete. It will be apparent, 
however, that the intensity of bond stress for the main tensile 
reinforcement in beams will be governed by the shear force at any 
particular section, the intensity of bond stress being greatest at 
those sections where the shear force is a maximum. This again 
depends upon the arrangement of the loading. In a uniformly 
loaded beam the bond stress will be greatest at the supports, 
diminishing uniformly to zero at the centre. For concentrated 
loads the maximum bond stress is at the support and is constant 
between the support and the nearest load. 

Generally, if V = Total shear on section, d —- Depth to centre of 
tension reinforcement, jd Moment arm, v — Intensity of shear 
stress, b — Breadth of beam, then 
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The derivation of this relation is given on p. 485. The tendency 
to slip or the bond stress is equal to the shearing stresses at the plane 
of the tension bars. Hence, if f b = the bond stress and O = the 
sum of the perimeters of all the tension bars, vb must equal f b O. 


whence 


fb 


'jdO 


( 2 ) 


Table 32 



Diameter 

of 

bar 

(d ins.) 
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External 

diameter 
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(inches) 
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f b calculated from Equation (2) for the section of maximum shear 
V, represents the maximum intensity of bond stress and must not 
exceed twice the permissible average bond stress for the grade of 
concrete concerned, that is for 1:2:4 Ordinary Grade concrete, 
/* must not exceed 200 lbs. per sq. in. In continuous beams at the 
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supports this formula applies to the top steel which there is in 
tension. 

In members of variable depth the effect of the change in depth 
on the bond stress must be carefully checked. 

For the great majority of structures the reinforcement consists 
of bars of round section. With a view to increasing the bond with 
the concrete a large number of bars of variable or “ deformed ” 
sections are on the market. Most of these aim at providing a 
positive mechanical lock with the concrete by various methods of 
indenting, twisting, local flattening, or by rolling the bars with pro¬ 
jections or studs at regular intervals. In addition to overcoming 
the frictional grip of the concrete, such bars would have to shear 
more or less definite areas of the concrete before pulling loose. 
They are naturally more expensive than round bars, and it is doubt¬ 
ful if the advantages claimed for them are as great as represented. 
Concrete packs more reliably and effectively around bars of circular 
section than is the case with bars of flat, square, cruciform, or oval 
section, with less risk of leaving small pockets of air and water 
trapped in re-entrant angles, beneath flat surfaces and between 
projecting studs. These latter in some instances causo excessive 
bearing pressures against the concrete and in conjunction with sharp 
comers and a small amount of cover may set up splitting of the 
concrete. Such deformed bars are probably more efficient when 
embedded in heavier masses of concrete such as heavy column bases 
with ample cover, than in the usual run of beams and slabs. 

Moment of Resistance. —The magnitude and incidence of the 
loading on a beam determine the Bending Moment which is to be 
opposed by the Moment of Resistance of the beam section. Methods 
of computing the bending moment are dealt with in Chapter III. 
The derivation of the moment of resistance of a reinforced concrete 
beam section is slightly more involved than that for a simple steel 
or timber beam since we are here dealing with a composite beam of 
two materials having widely differing elasticities. The same primary 
assumptions are made : (1) That for stresses within the elastic 

limit, the strain is proportional to the stress, and (2) That plane 
cross-sections of the beam before bending are plane after bending 
within the elastic limit. A third assumption is that any resistance 
of the concrete to tension is neglected. 

It is sometimes necessary to provide steel reinforcement in the 
compression side of a beam, so that two distinct cases arise. 

1. Moment of Resistance of a beam reinforced on the tension side 
only. 

Fig. 378 represents the cross-section of a rectangular beam, the 
neutral axis NA being at a depth x in. below the upper face and 
the centre of the reinforcing bars at the depth d in. d is called the 
“ effective depth ” of the beam, the concrete below the reinforce¬ 
ment acting as “ cover ” for the steel being disregarded in cal¬ 
culations. 

Let f c represent to any scale the compression per square inch on 
the concrete at the upper surface. Then f t represents to the same 
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scale the tension per square inch on similar material at the level of 
the reinforcement, and from similar triangles, 

fc __ x 

ft d-x . 


( 1 ) 


But f t represents only ^ times the stress f H which is required to 
strain steel the same amount as concrete at this level, so that when 
the concrete is replaced by steel we must substitute — X /, for f t in 


Equation (1). 


from which 


We then have 

rnf c __ x 

f 


d — x 


or m(f c d - f c c) = fp 


x = 


"f<A 


L + m h 


( 2 ) 



This expression gives the depth x of the neutral axis as a fraction 
of d for any values of f 8 , / c , and m within the elastic limit of the 
materials. 

For example if f c — 750, f 8 — 18,000, and m — 18, which are 
the values for Ordinary Grade concrete of 1 : 2 : 4 mix, 


x 


18 X 750 X d 
18,000 + (18 x 750) 


043d. 


Obviously when various values for m, / c , and f 8 are inserted in 
Equation (2) slightly differing values of x will result. Table 33 
gives the value of x for various mixes and grades of concrete together 
with the appropriate values of m specified in the Code of Practice. 
The Moment Arm and Moment of Resistance are included for con¬ 
venient reference. 

Moment Arm .—In Fig. 378 the triangular area above NA indi¬ 
cates the varying intensity of compressive stress on the concrete 
between NA and the upper surface of the beam. The total com¬ 
pressive force C = Area of triangle kin X f c and the resultant acts 
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through g the centroid of kin, i.e. at a distance of - below the upper 

o 


face. The Moment Arm of the section or distance between lines of 
action of resultant compression C and resultant tension T is thus 



Table 33. 


Mix. 

fc. 


m. 

Depth of 
N.A. — x. 

Moment arm 

-S- 

Moment of 
resistance. 

Ordinary Grade Concrete 





1:1:2 

975 

18,000 

14 

0-43c/ 

0-857c/ 

1786c/ 2 

1:1-2: 2-4 

925 

18,000 

14 

0-42(1 

0-800J 

1096ci 2 

1 : 15 : 3 

850 

18,000 

10 

0-43c/ 

0-857c/ 

1556c/ 2 

1:2:4 

750 

18,000 

18 

0-43c/ 

0-857c/ 

1386c/ 2 

1:2:4 

750 

16,000 

18 

0-4 6d 

0-847ci 

1406c/ 2 

High Grade Concrete 






1:1:2 

1250 , 

18,000 

11 

0-43 d 

0-857 d 

2286c/ 2 

1:12: 24 

1200 

18,000 

11 

0*4 2c/ 

0-800ci 

2196c/ 2 

1 : 1-5 : 3 

1100 

18,000 

12 

0-42c/ 

0-800 d 

2006c/ 2 

1:2:4 

950 

18,000 

14 

0-42ci 

0-800c l 

1736c/ 2 

Special Grade Concrete 






1:1:2 

1503 

18,000 

8-5 

0-42 d 

0-860ci 

2856c/ 2 

1:1:2 

1503 

20,000 

8-5 

0-40 d 

0-860ci 

2706c/ 2 

1 : 12 : 2 4 

1500 

18,000 

9 

0-43c/ 

0-857 d 

2736c/ 2 

1 : 1-5 : 3 

1375 

18,000 

9-7 

0-43c/ 

0-857 d 

2516c/ 2 

1:2:4 

1188 

18,000 

11 

0-42c/ 

0-800 d 

2106c/ 2 

1:2:4 

1188 

20,000 

11 

0*40c/ 

0-800 d 

2056c/ 2 


Since total compression = total tension, C — T, and Moment of 
Resistance 


= C X 



or T x 



in. lbs. 


Inserting the values for C and T 

M.R. =\b X x x f c X 


or 


H)- 

R. = A, x/. x . . 


• • ( 1 ) 

. . ( 2 ) 


where A, = Total area of steel reinforcement and /, the safe working 
tensile stress in pounds per square inch. All values in these two 
expressions to be taken in pounds and inch units. 

Taking the first of these and assuming Ordinary Grade concrete 
of 1 : 2 : 4 mix and /, == 18,000, from Table 33, f c — 750, x — 0*43d 
and moment arm — 0-857d. Substituting these values in (1). 

M.R. = ft x 0-43 d x 750 X 0-857d = 1386 ^ in. Jba. 
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This being equated to the known bending moment determines 
the value of bd 2 and it remains to arrange the ratio of b to d (see 
below). 


By substituting the appropriate values for f 9 and d 


in (2) 


and equating to the Bending Moment, we have for the sectional area 
of the steel, 

A, x 18,000 X 0-857d = B.M. 


from which A, is obtained when d is fixed. 

It is apparent that a beam designed as above will be of economic 
section, since the requisite areas of concrete and steel will be pro¬ 
vided such that each material will be simultaneously stressed to its 
permissible safe limit. If more steel be employed the concrete will 
arrive at its permissible safe stress whilst the steel is still under- 
stressed and the steel will not be working to its capacity. Similarly, 
if the area of concrete in compression be excessive, the steel will be 
the first to reach its limiting working stress before the concrete will 
be working to capacity. 

Percentage of Steel. —It is often convenient to express the area 
of section of the steel as a percentage p of the concrete area. Thus, 


A f 

bd 


X 100 = p and A, = * 


When a beam is designed to have economic proportions, that is, 
for the steel and concrete to develop their safe limiting stresses 
simultaneously, the quantity of steel necessary is then the economical 
percentage. In the above example the total compression C acting 
through the concrete is 750 X \b X 0-43(2 = 161-256(2. The total 
tension T acting through the steel is A t x 18,000 or expressing A f 


as a percentage of bd> the total tension = 


pbd 

loo 


X 


18,000 = ISOpbd. 


Since C = T we have 


161-256(2 = ISOpbd and p = 


161-25 

180 


= 0-896 per cent. 


which is the economical percentage of steel for the working stresses 
concerned. The percentage of steel is cff useful assistance when 
comparing the relative costs of beams of varying ratios of b to d . 

Relation of Breadth to Depth. —No hard and fast rule can be fixed 
for the ratio of b to d. The depth may vary between as much as 
\ or £ of the span to as little as t/* of the span. 

The suitable depth is affected by considerations of cost, in¬ 
cluding that of shuttering, available headroom, stiffness, satisfactory 
appearance, type of support, whether a simple span or continuous, 
or those concerning the question of shear. In general, increase of 
depth results in a decrease of breadth, a longer moment arm and 
consequently a smaller area and weight of steel—the more expensive 
material. Greater depth, however, increases the area and cost of 
shuttering. The breadth is often controlled by the number of bars 
abreast with adequate minimum spacing. Very deep and narrow 
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beam forms do not facilitate the efficient placing of concrete and 
tend to crowding of the reinforcement. In the case of floor slabs 
the breadth and consequently the depth is fixed by the limiting value 
of b X d y since the breadth of beam to carry the load upon a strip 
of the floor one foot wide is necessarily one foot. 

When the cross-section is determined by considerations regarding 
shear stress the theoretical maximum depth will be reached when 
b X d furnishes the requisite area for resisting the shear force. In 
the case of a beam originally designed to resist only the Bonding 
Moment, the cost decreases with increase of depth as mentioned 
above, whilst the area b x d also decreases. Ultimately a section 
is arrived at giving the necessary dimensions for adequately resisting 
both Bending Moment and Shear Force. If a still greater depth 
be contemplated the area b X d (which is concerned with the Shear 
resistance) must be kept constant. But the value of b x d 2 (which 
is concerned with the Moment of Resistance to bending) continues 
to increase so that the concrete compressive stress f c is decreased. 
This decrease of J c calls for a smaller percentage of steel (the moment 
arm increasing) and the cost will be further reduced. Thus, con¬ 
siderations of Shear will only control the relation of b to d up to the 
point of minimum cross-section, further increase of depth making 
for greater economy in cost. As above noted, the increased cost of 
shuttering with greater depth should be kept in mind. 

Simply Supported and Continuous Beams. —Relatively few con¬ 
crete beams are simply supported. Lintels and most types of single 
span bridges and some slabs are examples. The great majority of 
beams and slabs in concrete framed buildings being monolithic with 
the general structure, are fixed-ended, partially fixed-ended or 
continuous over several spans. As explained in Chapter III. the 
bending moments in such cases are considerably reduced as com¬ 
pared with those occurring under the same loading on simply sup¬ 
ported spans, but the shear forces are not correspondingly reduced. 
What has happened is that a considerable proportion of the positive 
bonding moment near the middle of the spans has been transferred 
as negative moment at and near the points of support and in these 
regions the reinforcement must be placed near the upper face of 
the beam which is now the tension side. Thus in Fig. 379 the general 
arrangement of the essential longitudinal reinforcement bars will 
be as in Fig. 379a. This is the case of a uniformly loaded beam 
continuous over two equal spans with the ends simply supported. 
If the ends were fixed, the base line separating positive and negative 
bending moments would bo CMD instead of PQR and the main 
reinforcement would follow the heavy line shown at B. Note that 
with free ends the points of zero bending moment or of contra- 
flexure, are at E and F, and these points projected to e and / deter¬ 
mine where the bars are to change over from the lower to the uppci 
face in order to resist the negative bending between E and F. 
With fixed ends as at B there are four points of contrafloxure at 
G, H, K, and L at which the bars are bent from bottom to top at 
g t h , k t and l. 
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The reduced bending moments for similar spans and loads, result¬ 
ing from continuity or fixation at the supports call for beams of less 
depth than when only simply supported. Further advantages 
resulting from the monolithic character of a framed concrete 
structure are greater rigidity with consequently enhanced resistance 
to wind pressure, earthquake shocks, and bombing. 

Before proceeding to the consideration of shear reinforcement, a 
few examples of the application of the principles so far stated, to 
the calculation of direct reinforcement will be given. 

Example 38 .—A simply supported beam of 20 ft. span carries a 
uniformly distributed load of 1600 lbs. per ft. run exclusive of weight 
of beam,. Concrete of Ordinary Grade of 1:2:4 mix and steel of 
safe working tensile strength of 18,000 lbs. per sq. in. to be used. 
Ascertain suitable reinforcement for resisting the bending moment. 



Referring to Table 33, p. 464, f c — 750, /, = 18,000, x — 0*43d, 
m — 18, and moment arm - 0*857d. The specified load of 1600 lbs. 
per ft. does not include the weight of the beam. It should be noted 
that the deadweight of a concrete beam is much greater than that 
of a steel beam under the same loading. 

B.M. exclusive of beam weight = 1(300 X 20 x20x12 = 960,000 


in. lbs. 

= 138 bd 2 in. lb., when the 

stated values for f e and x are inserted. 

Equating M.R. and B.M., 138M* - 960,000 and bd* = 6957. 

We must now decide on either b or d. For a simply supported 
beam b may be from \d. to §d. The purpose of the beam will often 
decide 6. Note in this case that the load of 1600 lbs. per ft. is 


M.R. — \ xbxxxf c X 


(‘ 
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closely that of a 14 in. brick wall 12 ft. high. If this were con¬ 
ditional, b would have been fixed at closely 14 in. Let b = \d . 

Then x d 2 = 6957, d* = f x 6957 = 10,436, and d = 21J 
in. b = 14J in. We can now closely estimate the deadweight of 
the beam. Allowing 2 in. for cover, the overall depth — 23J in., 

14*5 

say 2 ft. and deadweight per ft. run = 2 X X 1 X 150 

= 362-5 lb. Remember that when this is added to the useful load 
of 1600 lb. and the B.M. recalculated, the result will be a some¬ 
what larger and heavier section. To compensate for this, increase 
362-5 to say 420 lbs. The inclusive load per foot run is now 1600 
+ 420 = 2020 lbs. 


XT T> TUT 2020 x 400 X 12 010 AAA 

New B.M. = -—- = 1,212,000 


1 , 212,000 

138 


= 8783. b = \d , d* = 8783 X f = 


in. lbs. bd 2 
13,175, and d 


= 231 in. b = § x 23f = 15J in. Making the new overall depth 
25J in., the revised weight per foot run is 418 lbs. or practically 
420 lbs. as assumed. (Note that a steel beam for carrying 1600 lbs. 
pe r ft. would weigh only 42 lbs. per ft. or one-tenth the weight of the 
concrete beam.) 

For the area of reinforcement we have 


A f x 18,000 x moment arm = B.M. 

A, x 18,000 X 0-857 X 23f =1,212,000 in. lbs. 
whence A # = 3-326 sq. in. 

Six | in. diameter bars provide an area of 3-607 sq. in. 

Eight % in. ,, „ „ 3-534 ,, 

The breadth of 15J in. would accommodate either of these. The 
weight and cost of hooking differ by 2 per cent. Five in. bars 
giving 3-451 sq. in. or nine in. giving 3-340 sq. in. are both nearer 
the calculated area, but in general an even number of bars is prefer¬ 
able and also more numerous bars entail extra cost in handling and 
fixing. Six | in. bars will be adopted. 

It will be apparent that all six bars are required at and near the 
centre of the span, but that two and subsequently four bars may be 
suppressed at distances from the centre where the bending moment 
suitably decreases (just as plates are stopped off in the fianges of 
girders), the remaining two bars running through to the end. 
The depth and moment arm being uniform, the B.M. diagram will 
serve as a “flange stress ” or reinforcement stress diagram from 
which to scale off the lengths of the suppressed bars. The B.M. 
diagram for uniform loading being a parabola, if the central height 
be divided into three equal parts, Fig. 380—one for each pair of bars, 
and horizontals drawn in, the intersections of these with the para¬ 
bola determine the points at which the bars may be stopped. The 
hooks should be beyond these points. At least 25 per cent, of the 
main longitudinal reinforcement should run through the whole span. 
(Here 33J per cent.) 
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The lengths of the bars should be checked to see that they have 
the required embedded length to ensure sufficient adhesion for 
developing the maximum stress at the section where each bar attains 
its maximum strees, i.e. for bar C at the centre line, for B at the 
end of C, and for A at the end of B. If insufficient, the length 
would be extended as shown by the dotted line. It may be noted 
before leaving this example that the moan shear stress calculated 
on an area — Breadth X Moment arm, is 


Total Shear 


2020 x 10 

15f X 0-857 x 23| 


64 lb. per sq. in. 


Since this value does not exceed 75 lbs. per sq. in., the permissible 
shoar stress on Ordinary Grade Concrete of 1 : 2 : 4 mix, no shear 
reinforcement need bo provided. The question of shear reinforce¬ 
ment will be considered later. 

Example 39 .—A simply supported slal) of 16 ft. span carries a 
uniform load of 200 lbs. per sq. ft., exclusive of slab weight. High 
Grade concrete of 1:2:4 mix and 
steel of safe working tensile stress 
of 18,000 lbs. per sq. in. to be used. 

Ascertain suitable reinforcement. 

From Table 33, p. 464, 

/, = 050, f 8 - 18,000, x = 0-42d, 

Moment arm = 0-86d, and M.R. 

- 1736d 2 . 

Since the total depth of this 
slab will probably work out 
between 8 and 9 in. wo will add 
110 lbs. per sq. ft. to the useful load of 200 lbs., giving 310 lbs. per 
sq. ft. from which to calculate the B.M. Then, considering a 1 ft. 
width of slab, 310 lbs. is also the load per foot run. 



B.M. 


310 X 16 X 16 x 12 
8 


= M.R. = 173 X 12 in. x d 2 


from which d 2 = 58 and d = 7f in. Adding lg in. for cover, total 
depth — 9 in. Tho weight per sq. ft. of a 9 in. slab is J x 150 
— 112J lb., which is sufficiently near the assumption of 110. 
Sectional area of main reinforcement 


A B - M - 

9 18,000 x Moment arm’ 

Moment arm = 0-86d — 0-86 X 7| in. 

31 *.5 x 16 X 16 X r> 

A * = 8 lTI>i;bOO"x 0-86 X 7-625 = 1017 ^ in - P er ft ‘ width 
of slab. 

Adopting \ in. diameter bars of aroa 0-442 sq. in., the spacing 
0-442 

will be — X 12 = 5-21 in., or practically 5^ in. 
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Distribution Reinforcement .—This consists of bars of smaller 
'diameter running at right-angles to the main bars and wired to 
them. Their functions are to assist in distributing locally con¬ 
centrated loading over a suitably larger area, to take care of the 
small transverse moments on the short spans between the main 
bars, to control temperature and contraction stresses and they also 
hold the main bars in place during concreting. The various re¬ 
inforcing “ fabrics ” on the market have the distribution bars already 
welded to the main reinforcement, thus saving tying. 

The sectional area of distribution reinforcement in slabs spanning 
in one direction only, should have an aggregate value of at least 
20 per cent, of the area of the main tensile reinforcoment and a 
spacing not greater than four times the effective depth of the slab. 

In the Example, 20 per cent, of 1-017 = 0-204 sq. in. per ft. 
width of slab. If \ in. diameter bars bo used, a = 0-196 sq. in., 

and their spacing will be x 12 = 11J in. 

Moment of Inertia of a Reinforced Section .—The Moment of 
Inertia of a reinforced section is required as for steel sections in 
making calculations respecting deflection and stiffness. Different 
values for I will be obtained according as the calculation is made on:— 

1 . The whole area of section of the concrete, ignoring the steel 
reinforcement. 

2 . The area of section of concrete less the steel area, but in¬ 
cluding the steel at its appropriate modular ratio. 

3. The compression area only of the concrete, but including the 
steel as in 2. 

Example 40 .—Calculate I for the section shown in Fig. 381 by 
the above three methods , assuming the modular ratio m — 18. 



1 . I for whole area of section about NA, Fig. 381 a, ignoring the 

steel = ^ x 12 1 2 * 4 — 1728 in. units. 

2 . We will assume the sectional area of a 1J in. bar to be 1 sq. in. 
(actually 0-994). 

I for whole concrete section about NA = 1728 in. units as before. 

Each steel bar section may be regarded as the equivalent of m 
times the same area of concrete at the same distance from NA. 
m = 18, but since once this area is included in the 1728 units above, 
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the additional moment of inertia for the four bars will be 4 X 1 sq. in. 
X 17 X 4*5 2 - 1377 in. units. Total I about NA = 1728 + 1377 
— 3105 in. units. 

3. When bonding occurs and the concrete on the tension side is 
ignored, we are no longer dealing with a symmetrical section as in 
methods 1 and 2. The two lower bars in Fig. 381b are in tension 
and the upper bars and concrete above NA in compression. The 
new position of the neutral axis is very closely 4-4 in. below the 


upper edge of the section (see Note below). 

Then I about NA, Fig. 381b, is :— 

I of rect. abed about NA = X 12 X 

4.43 _|_ 12 x 4-4 x 2*2 2 .= 340*7 in. units. 

I of tensile steel area ~ 2 X i X 18 X 6*1 2 = 1339*6 „ 

+ I of compression steel area - 2 X 1 X 17 

X 2*9 2 .- 285*9 

Total !....= 1966*2 


Note. —Tlie depth of the neutral axis in Fig. 381b may bo obtained as 
follows: Let-in. — depth of NA. Effective compression area = \ x 12 X x 

j — 1-5 10*5 _ x 

•f 2 X 17. -—-—. Equivalent tension area = 2 X 18 X -—-. Equat¬ 

ing these two expressions, Gx 2 -f 34a: — 51 = 378 — 36a* and 6a: 2 4- 70a: = 429 
whence x — 4-41 in. 

Stiffness of a Member. —The stiffness K is defined as the value 
obtained by dividing the Moment of Inertia of a member by its 
length, or 

K — I and l being in inch units. 

It was shown in Chapters IV. and V. that the moment of inertia 
is a direct measure of the ability of a beam or column to resist 
bending and obviously increase of length increases slenderness and 
decreases stiffness. Hence K varies directly as I and inversely as l. 
If in the above example the section were that of a beam or column 
of 12 ft. length, its stiffness, adopting the value for I resulting from 
Method 3, would be represented by the value 1966 in. units ~ 144 in. 
— 13*6. Stiffness values of members, when used in calculations, 
are generally concerned with comparisons or ratios of stiffness 
between adjoining members, so that provided that the same method 
of calculating I is used for all the members of a structure the design 
is not likely to be appreciably affected. 

Deflection. —The deflection of reinforced concrete members under 
load cannot be calculated with an equal degree of accuracy as can 
that of steel beams and girders. The principal difficulties in the 
way of building up reasonably accurate formula) of the type and 
order of those applicable to steel beams are due to the intimate 
association of concreto, having a mixed macro- and micrographic 
structure, with steel which has a much more uniform micrographic 
structure and elastic modulus. Further, the widely varying modulus 
of elasticity of concrete and the great difference between its mean 
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value and that for steel as well as the influence of creep, increase the 
complexity of the problem. Under test, in the early stage of load¬ 
ing, the concrete in the tensile zone acts with the steel and deflection 
is proportional to load, the load-deflection diagram being a straight 
line. During the short period of the progressive failure of the con¬ 
crete in tension along the lower side of the beam, the steel rapidly 
takes up more of the tensile burden and the load-deflection diagram 
becomes curved. With further increase of load the steel takes 
practically all the tension, a new stage of stability is created and 
the further deflection conforms to proportionality and the diagram 
becomes again a straight line up to the yield point of the steel or tho 
crushing of the concrete on the compression side of the boam. 

Many formulae have been proposed, mostly of complicated form 
and tedious of application, and the resulting deflections can only be 
more or less approximate. Fortunately, tho exact deflections of 
reinforced concrete members, excepting isolated cases, are not of vital 
importance. Generally, the deflection is appreciably less than that 
of a steel beam of the same span under similar loading and working 
stress. A sufficiently close estimate may bo obtained by calculating 
the Moment of Inertia by Mothod 3 above, and applying this in the 
well known deflection formulae of the form 


A = c X 


WZ a 

El 


c being the appropriate fraction (£, J, ^8, 0 tc.) for the mothod 

of support and character of loading. These formulae for the more 
commonly recurring cases are given on p. 303. Note that these 
strictly apply to beams of constant cross-section whereas reinforced 
concrete beams are only approximately such. If the value of I is 
calculated, as in Example 40, Method 3, by substituting for the steel 
area its equivalent concrete area, then in applying the deflection 
formula, the value for E will be the modulus of elasticity of the 
concrete . The value of E for concrete varies considerably being 
greater as the density and age increase. An average value of 
2 ,000,000 lb. per sq. in. has commonly been used and this boing 
iV of 30,000,000, the value of E for steel, accounts for the m — 15 
value for the modular ratio so generally used in the past. Fifteen is 
a very convenient number but it is well established that for design 
purposes m may vary between 8 and 18, depending upon the mix 
and quality of the concrete (seo Table 33). Moreover 30,000,000 -r- m 
for a given grade and mix gives reasonably closely the modulus of 
elasticity for that particular concrete. It appears then rational to 
use this value of E in making calculations of elastic deflection. 
Hence, for the beam in Example 38. 


a a 5 W/3 

Approx. A = _._ 

= 17,270 in. units. 


_ 30,000,000 
~ 18 


and I by Method 3 


A = 


6 X 2020 X 20 X 20 X 20 X 20 X 12 X 12 X 12 X 18 


: 0-25 in. 


384 x 30,000,000 x 17,270 
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Deflections calculated thus will be slightly less than the probable 
true value, since the effect of creep will be to increase the deflection 
under maintained loading, although at a rate decreasing with time. 
Note that a steel beam 15 in. x 5 in. X 42 lbs. with section 

modulus 57*13 would carry the load with working stress — 

= 17,244 lbs. per sq. in., and its deflection would be 

A _ 5 X 1642 x 20 X 20 x 20 X 20 X 12 x 12 x 12 _ 

A ~ 384 x 30,000,000 X 428 “ m ' 


Moment of Resistance of a Beam with Reinforcement on Both 
Sides .—It is frequently necessary for various reasons to introduce 
reinforcement on the compression side of a beam. The following 
example gives a suitable method of procedure in such cases. 

Example 41. —A simply supported rectangular beam is required 
to carry a uniformly distributed load of 1200 lbs. per ft. run , inclusive 
of its own weight , over a span of 30 ft. Ordinary Grade Concrete of 
1:2:4 mix to be used. 


f c = 750, f 8 = 18,000, m = 18, x = 0*43d. 


B.M. = 


1200 x 30 x 30 x 12 
8 


1,620,000 in. lbs. 


Proceeding as before by equating the M.Il. to the B.M. 

13 Sbd 2 = 1,620,000 and bd 2 - 11,740. 

Suppose b be chosen — fd, then fd 3 — 11,740, d 3 = 19,567, and 
d — 27 in. b = f X 27 = 16*2 in. These are economic propor¬ 
tions for the unit stresses of 750 and 18,000 to be developed simul¬ 
taneously with tension reinforcement only. 

Suppose now that headroom or other considerations limit the 

available depth to 24 in. d 2 — 576 and b = —= practically 

20 £ in. That is, apart from the somewhat clumsy appearance of a beam 
of width nearly equal to depth, we still have a beam which, suitably 
reinforced, will develop a M.R. of 1386d 2 with tension steel only. 
By reducing the depth the moment arm is shortened and a greater 
area of steel section will be required than for the 27 in. beam—the 
first penalty due to the restricted depth. The increased breadth 
compensates for the loss of depth of the area of concrete in com¬ 
pression, but no compression steel is required. Now suppose the 
breadth also to be limited to say 18 in. The area of concrete in 
compression above NA will now be insufficient when working up 
to the permissible stress of 750 lb. per sq. in. to develop the M.R. of 
1,620,000 in. lbs. In other words, the available rectangle 18 in. 
X 24 in. has the value bd 2 — 10,368 instead of the original 11,740. 
The deficiency of concrete area above NA may now be supplied by 
a suitable amount of compression steel, entailing more expense— 
the second penalty due to restricted breadth. The problem is now 
to design a beam of 24 in. effective depth, 18 in. breadth, per- 
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missible stresses of 750 and 18,000, to develop a M.R. equal to the 
B.M. of 1,620,000 in lbs. 

It should be apparent from what has already been said, that any 
steel on the compression side of a beam is necessarily being used 
uneconomically, since it can only work at a relatively low stress. 
In this case the limiting stress on the concrete being 750 lbs., any 
compression steel which must be nearer the neutral axis, can only 
be worked up to m times the compressive stress on the concrete at 
its particular level in the beam section, i.e. to some value less than 
750 X m or 750 x 18 = 13,500 lbs. per sq. in.—a third penalty. 

Suppose the depth of N.A. in a beam to be 7 in. and compression 
steel to be embedded 2 in. below the upper surface. Its distance from 
N.A. is 5 in. and concrete at this level will be stressed to * x 750 lb. 
per sq. in., and steel at the same level to f X 750 X m. If m = 18, 
the compressive stress in the steel cannot exceed f X 750 X 18 
= 9643 lbs. only, or a little over 4 tons per sq. in. 

See Fig. 382. Depth of N.A. = 0-43d — 10-32 in. Moment arm 

GH for concrete = 24 — ($ x 10-32) 
= 20-56 in. 

Let B.M. - M = 1,620,000 in. lbs. 

.f M.R. of beam without compression 

! reinforcement — 138 bd 2 ~ 

■A'i 1,430,784 in. lbs. If A c = Area of 
£ compression steel, placed 2| in. below 
V upper face of beam 

! 17 A c X 750 X X 21-5 = 

M — Mj = M 2 =189,216 in. lbs., 
whence A r = 0-91 sq. in. Three f in. 
bars provide 0-92 sq. in. 

For area of tension steel, 

* X 18 .°°0 = + a = 70,47! 

and A*=3-92 sq. ins. Five 1^- in. bars provide the required 
sectional area. Allowing 2 in. cover below centres of lower bars the 
overall section of beam is 26 x 18 in. Its weight per ft. is 488 lbs., 
so that the useful load carried = 1,200—488 = 712 lbs. per ft. 

It is theoretically unnecessary to carry the three f in. bars 
through the whole span. Obviously they are not required beyond 
the section where the resistance moment of the compression con¬ 
crete alone is sufficient to balance the diminishing bending moment. 
The M.R. of the concrete in compression is 1,430,784 in. lbs. (see 
above), and from a parabolic diagram with central height 
— 1,620,000 in. lbs. this B.M. of 1,430,784 is found to occur at 
5 ft. 2 in. from centre of span. However, in most beams shear 
reinforcement is necessary and two through top bars at least are 
then required to which to tie the shear stirrups. As in Example 38, 
three of the five 1^ in. tension bars may be suppressed at the 
appropriate distances from the centre, the two outer ones being 
carried through. 
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General algebraic formulae may readily be derived for this case 
resulting in the establishment of rather cumbrous expressions the 
use of which would probably tend to confuse the average reader. 
We have therefore presented it in the above form which is sufficiently 
accurate for any practical design. This problem occurs whenever a 
beam has to be designed having limited controlling dimensions for 
b and d less than those which permit the use of a beam with tension 
reinforcement only. 

A common example occurs in framed buildings where a beam 
B, Fig. 383, carrying a continuous slab S, joins an external column C. 
Here, the breadth and depth of beam B have usually been fixed and 
the depth of the haunch at H is limited by headroom. The moment 
at H being negative, the underside of B is the compression side and 
compression steel F is generally needed. Also in cantilevers and 
continuous beams compression steel is usually called for in the 
underside of the beam adjacent to the supports. 

Regarding compression steel the following points should be noted:— 



1 . Compression bars should conform to the same requirements 
as for tension bars regarding embedded length and adhesion or 
“ bond ” stress. 

2 . Tensile bars under stress tend to remain straight. Com¬ 
pression bars tend to buckle. If not otherwise adequately controlled 
or “ anchored ” against buckling, they would depend only upon 
the grip of the surrounding concrete for constraining them to 
the straight line. Since compression bars are near the upper 
turface of the beam (and the two outer ones also near the outer 
faces of the beam) there is only a relatively thin layer of concrete— 
also in compression and therefore itself tending to buckle—to restrain 
the bars from buckling in the direction of least resistance, splitting 
off or bursting this layer of concrete, destroying the bond and causing 
incipient failure of the beam. Such tendency is obviously greatest 
near regions of maximum stress in the bars, i.e. near points of maxi¬ 
mum bending moment. The concrete section along these bars is 
further a weakened zone. In order to guard against this tendency 
compression bars are tied down to the tension bars by frequent 
hoops or “ stirrups.” In most beams the arrangement of the shear 
reinforcement provides the necessary anchorage, but the Code of 
Practice requires that, ” In cases w here the compressive resistance 
of the concrote is taken into account, the compression reinforce- 
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inent shall be effectively anchored over the distance where it is 
required, at points not further apart (centre to centre) than 12 times 
the diameter of the anchored bar.” Smaller diameter bars, length 
for length and under the same compressive stress are more liable to 
buckle than heavier bars, and the above rule ensures them more 
frequent points of anchorage. Adequate anchorage is usually 
provided by a single stirrup or link passing around the whole group 
of bars as in Fig. 384 a. In large beams calling for heavy shear 

reinforcement it may be convenient to 
tie individual bars or pairs of bars 
vertically and also to provide horizontal 
ties at suitable intervals as in Fig. 384 b. 

3. Particular attention should be 
given to adequate cover. 

T and L-Beams. —Fig. 385 shows in 
section the usual type of construction 
adopted for the support of the floors 
in reinforced concrete framed buildings. 
The continuous floor slab S is carried 
by the internal secondary beams T, T, 
and the external beams L, L. The internal beams T, T are framed 
in between the main beams M which span between the columns C, C. 
The external beams L, L span between the columns at right-angles 
to the main beams, the whole structure being monolithic. Three 
floor slab spans are shown but these of course may be more numerous. 
The beams at T, T are usually called T-beams and those at L, L, 
L- beams. 

It will be apparent that in designing T and L beams, since these 
are monolithic with the slab, their deflections and induced stresses 



A B 

Fia. 384. 



Fig. 385. 


must be shared by the floor slab for some distance on each side of 
the beam, i.e. for some breadth B (or B' for L beams) so long as the 
monolithic character of the beams and slab remains unimpaired. 
The security of the monolithic connection between the stem or web 
of the beam (i.e. the projecting portion below tho slab) and the slab, 
obviously depends upon adequate resistance to horizontal shear at 
the section XY. This section is usually near the neutral axis 
where the horizontal shear reaches its maximum value. Hence, 
care must be taken to provide an ample section of shear reinforce¬ 
ment in the form of vertical stirrups or diagonal bars (or both) 
crossing the section plane XY to guard against shearing of the beam 
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at this level. Should fracture occur the floor structure would im¬ 
mediately be degraded to the condition of an independent slab 
simply resting on beams of greatly diminished strength. It is thus 
seen that in a T beam, a portion of the slab acts as the compression 
“ flange ” and the steel bars in the bottom of the beam as the 
tension “ flange.” The breadth b of the secondary beams T should 
be fairly generous to provide comfortable room for the shear and 
tensile reinforcement. A very narrow and deep beam would be 
more susceptible to shearing across XY. The breadth B of the 
portion of the slab to be assumed as acting efficiently as the com¬ 
pression flange is important. It will be noted this breadth does not 
extend to on each side of the beam centre. It is frequently 
asked, why, since the slab is monolithic, the breadth B is not made 
equal to D so that the whole area of slab might be utilized ? The 
beam through the agency of the shear reinforcement extending into 
the slab, coerces the concrete immediately above XY into a state 
of compression. This compression is passed on into the concrete 
to right and left of the beam, partly through shear resistance on 
vertical planes and partly through the transverse reinforcement in 
the slab. This coercive action however becomes less effective and 
ultimately dies away at any considerable distance from the beam T. 
Thus, to make B equal to D would seriously over estimate the 
capacity of the slab to act as the compression flange under full stress 
for such breadth. The sum of the actions is complicated by many 
factors such as thickness of slab, values of b and D and spacing of 
main beams M into which the beams T are framed. By a careful 
choice of proportions assisted by the results of tests, the following 
rules are laid down for the limiting values of B and B' in the case of 
T and L beams. 

Where in T-beams the slab takes the compression the breadth 
B of the T-beam shall be taken not to exceed the least of the 
following :— 

(а) One-third of the effective span of the T-beam, 

(б) The distance between the centres of the ribs of the T-beams, 

(c) the breadth of the rib plus 12 times the thickness of the slab, 

and for L-beams the effective breadth B' shall not exceed the least 
of the following :— 

(a) One-sixth the effective span of the L-beam, 

(b) The breadth of the rib plus one-half the clear distance 

between ribs, 

(c) The breadth of the rib plus four times the thickness of the 

slab. 

Moment of Resistance of T -Beams. —Fig. 386 shows the shape of 
the modulus figure (or effective area) of the concrete in compression 
according as the neutral axis is located above or below the under 
face of the slab. 

In Fig. 386 a, with NA above the under face of the slab, the 
modulus figure is the triangle akc with centroid at g , and its area is 
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|B x x. In Fig. 386B, with NA below the slab, the modulus figure 
is akdecfh with centroid at g. Its area 

= Area of trapezium akdh + area of triangle efc. 

= i (ak + hd) x t + W( x 0- 
From similar triangles 

hd x — t , et x — t 

— = - and f = - 

B x ox 

from which fid and ef are known or they may be scaled. 

In practice, the distance of NA above or below the under face 
of slab is usually small compared with t so that the triangular area 
efc is only a small fraction of the total area akdecfh whilst its in¬ 
fluence on the position of the centroid g is also very slight. For 
these reasons the small area efc is often neglected in practical cal¬ 
culations. The centroid of the trapezium akdh alone is slightly 
above the middle of the slab. The inclusion of area efc slightly 
lowers the position of g. If g be assumed at the centre of the slab 
thickness and area efc be neglected, the error in computing the 
Moment of Resistance on the concrete side is generally negligible 



Fio. 386. 


and on the safe side since both area and moment arm are slightly 
underestimated. We then have in Fig. 386a 


M.R. = *Bz/c x {d - ?) = /,A, x(d-?) 
and in Fig. 386b 


= B.M. 


Closely approx. M.R. — \(B + hd)tf c x [d — — f 8 A a x ^ 

- B.M., 

d being the effective depth of beam, f 9 and A, the permissible tensile 
stress and total area of steel respectively. In designing T-beams it 
will be noted that although the restricted breadth B applies to the 
beam dimensions, the width of the loaded area concerned is D since 
the load covers the whole floor area. 


Example 42 .—Design a T-beam for the following conditions : 
see Fig. 385. Spacing of T-beams D — 10 ft. Spacing of main 
beams M — 20 ft. centre to centre. Superimposed or useful load t 
200 lbs. per sq. ft. of floor area. Total depth of floor construction not 
to exceed 22 in. Ordinary Grade concrete of 1:2:4 mix to be used . 








REINFORCED CONCRETE 


479 


f e = 750, f, — 18,000, m = 18. The slab to be designed for a 
positive B.M. at the centre of the interior spans of — and near the 

centre of the two outer spans of The negative B.M. in the slab 

wl 2 

over the T-beams next to the end supports to be taken as — — 
wl2 

and-— at other interior supports. For the T-beam, a central 

positive B.M. of ^ and a negative B.M. of — ^ over the main 
beam supports to be assumed. 

Note .—The reasons for adopting these values lor the bending moments 
will be explained later in reference to continuous beams and slabs. 

Slab. —Span 10 ft. Adding 80 lbs. to the superimposed load of 
200 lbs. per sq. ft. to cover probable weight of slab 

,, uv 280 x 10 X 10 X 12 _ . |k 

B.M. per ft. width =-—- = 33,600 in. lbs. 

(outer spans). 

M.R. per ft. width = 138 x 12 x d 2 = 33,600 whence d = 4| in. 
With 2 in. cover to bar centres, total depth = 6 £ in. and weight 
per square foot = \\ X 150 — 81 lbs. 

Moment arm = 0-857d = 0-857 X 4-5 = 3-856 in. 

A, x 18,000 X 3-856 — 33,600 and A s — 0-485 sq. in. per ft. 
width. 

A | in. diameter bar has an area of 0-307 sq. in. and spacing 

0-307 _ rQ . . 

= X 12 = 7-59 m., say 7J m. 

Assuming a general case where there may be four or more 10 ft. 

wl 2 

spans, the B.M. at the centre of the interior spans is — = f of 

— — f X 33,600 = 28,000 in. lbs. This requires 0-404 sq. in. of 

reinforcement per ft. of breadth which is provided by ^ bars at 
7 1 in. spacing. It is desirable to keep the spacing constant in all 
the spans, so § in. bars for outer spans and in. for interior spans, 
both at 7§ in. spacing may be adopted. The outer edge of slab 
carried by the external beam framing between the columns is mono¬ 
lithic with it and consequently partially fixed. If fully fixed the 

wl 2 

end negative moment would be— —. The degree of fixation is 

uncertain since the external beam is not sufficiently rigid to resist 
the torsional strain caused by a one-sided loading. The case of 
slabs with partially fixed outer edges will generally be adequately 

provided for by assuming a negative end moment of — —, con¬ 
sideration being given to the relative stiffness of slab and external 
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beam. This end moment being one-half the central moment of 
xvfi 

— will be provided for by $ in. upper bars at 14J in. spacing for the 
12 

outer quarter span with suitable anchorage formed by bending down 
the outer ends of bars into the beam concrete. Upper steel consist¬ 
ing of | in. bars at 7| in. spacing will also be required over the 
quarter spans adjacent to the T- beams next to the end supports 
and 1 % in. bars at 7| in. over the quarter spans adjacent to the 
remaining interior supports. Distribution bars having area equal 
to at least 20 per cent, of 0*485 = 0*097 sq. in. per ft. width are 
provided by § in. bars at 12 in. spacing. 

T -Beam .—Span 20 ft. For breadth B, Fig. 387 we have :— 

(а) One-third of effective span of T-beam = $ x 20 ft. = 6 ft. 

8 in. 

(б) Distance between centres of T-beams — 10 ft. 

(c) Breadth b of rib + 12 times slab thickness = 6 ft. 6in. + 

(a) ia obviously the least whatever the value ultimately fixed for b. 
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Refer to Fig. 387. Making overall depth 22 in. and allowing 
2 in. cover to bar centres, effective depth d = 20 in. Assume 
6 — 14 in. 

or 

Deadweight of slab = 10 X X 1 X 150 . . = 813 lbs. 


Superimposed load 


15-5 x 7 X 1 X 150 
12 X 6 

= 200 X 10 . . . 


. = 226 „ 

. = 2000 „ 


Total load w per foot run of beam . = 3039 „ 

, , u>P 3039 x 20 x 20 X 12 

Positive B.M. at centre of span = - 

= 1,215,600 in. lbs. 

Depth of NA = 0 - 43 X 20 = 8-6 in. 

Moment arm = d — ^ = 20 — 3J = 16f in. 

A, x 18,000 x 16*75 = 1,215,600 and A, = 4*032 sq. in. 
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Six in. diameter bars provide 4*141 sq. in. 

Calculating the breadth B of the modulus figure of the concrete 
in compression and neglecting the small triangle below cd , 



B and for B we have 


£(B + |^B) x 6 * x 750 X 16J = 1,215,600 

from which B = 24 in. which is well within the specified maximum 
breadth of 6 ft. 8 in. If the small triangle were included the 
modulus figure area would be increased by only 3*7 per cent. 

Negative B.M. at Main Beam Supports .—This will also be taken 

=-— = — 1,215,600 in. lbs. Referring to Fig. 387—for 


resisting the negative B.M. the slab and upper part of the stem 
becomes the tension side and the lower portion of the stem the 
compression side. Considering the compression side first, with the 
NA 8*6 in. above lower edge of section, the effective area of concrete 
in compression is the triangle CDE with centroid at g. The moment 


arm is 



17*13 in. The M.R. of the concrete in com¬ 


pression 

- i x 14 x 8*6 X 750 x 17*13 = 773,420 in. lbs. 

Since this is insufficient to balance the B.M. the deficiency must 
bo provided by steel bars in compression embedded near the lower 
edge. The deficiency of moment — 1,215,600 — 773,420 = 442,180 
in. lbs. If the steel be placed at 2 in. inside the lower edge, its 

available working stress will be X 750 X 18 = 10,360 lb. per 

sq. in., i.e. m or 18 times the compressive stress on the concrete at 
this level. Equating its M.R. to 442,180 in. lbs., 

A, x 10,360 x 18 = 442,180 and A, = 2*375 sq. in. 

Four of the six in. bars carried through on the lower side 
giving 2*761 sq. in. will provide this area. The two others will be 
bent up to assist the tension bars required over the end supports. 
Over the main supporting beams the slab concrete (now on the 
tension side) is of no assistance and sufficient tensile steel is required 
to resist the whole B.M. of 1,215,600 in. lbs. The exact moment arm 
for this steel will be between 17*13 and 18 ins., actually 17*5 ins. 
Hence A s x 18,000 X 17*5 = 1,215,600 and A 8 = 3*845 sq. in. 
The two -}§ in. bars // bent up from below provide 1*38 sq. in., 
and the balance of 2*465 sq. in. may be made up by four additional 
in. bars giving 2*76 sq. in. 

3039 x 10 

The shear stress at supports = —--r- = 127 lbs. per 

1 r 14 x 0*857 x 20 r 

eq. in. 

Since this exceeds the permissible value of 75 lbs. shear rein¬ 
forcement will be required. The question of shear reinforcement 
will next be considered. 


B 
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Shear Reinforcement. —The incidence of the loads on a beam 
creates shear forces on vertical sections which in turn set up shear 
forces of equal unit intensity on horizontal sections. The variation 
of vertical shear force along a beam for many different systems of 
loading have been dealt with in Chapter III. In steel girders it is 
the function of the web members to resist the shear forces. Thus, 
in a braced or lattice girder, the shear forces are resisted by (a) a 
system of vertical struts and diagonal ties sloping downwards from 
supports to centre as in an N-girder, (b) a system of vertical ties and 
diagonal struts sloping downwards from centre to supports as in a 
“ Howe ” truss, or (c) a system of diagonal ties and struts sloping 
in the appropriate directions as in a “ Warren ” girder. In all these 
types of girders the shear forces are resisted by disposing the material 
along definite lines of action and taking care in the detailed design 
that the tendency of long compression members to fail by buckling 
is adequately controlled. In a plate girder which has a continuous 
web, the vertical and horizontal shear forces, which have for 
resultants diagonally inclined compressions and tensions, set up 
innumerable lines of action of compression and tension sloping in 
opposite directions. The resultant tensile forces are readily 
resisted by a web of suitable thickness but the resultant compressive 
forces, which would otherwise buckle a deep and thin web, have to 
be controlled by an adequate system of stiffeners located at satis¬ 
factorily close intervals. 

A concrete beam or girder also has a continuous web, but here the 
analogy ceases. The webs of concrete beams are thick and relatively 
shallow and the material is strong to resist diagonal compression but 
has practically no strength for resisting diagonal tension. The 
obvious arrangement of web or shear reinforcement is therefore to 
embed steel along the directions of diagonal tension as in an N-girder 
or vertically as in a Howe truss. A combination of both is fre¬ 
quently employed. Just as in a plate girder although probably the 
best type of web reinforcement is a system of angle stiffeners riveted 
to the web in directions inclined at 45 degrees downwards from 
centre to ends of span (still seen in a few early examples), con¬ 
venience of construction calls for vertical stiffeners, so in concrete 
girders it is often more convenient to use vertical wob reinforcement 
rather than diagonal sloping upwards from centre to ends, although 
the latter is more efficient. 

Destructive tests of concrete beams show that failure occurs as 
shown in Fig. 388. 

In the case of a beam as A, Fig. 388, very adequately provided 
with shear reinforcement from the ends to just beyond the loading 
Points P, P, fine cracks appear as the load is steadily increased. 
These cracks are in the neighbourhood of the point or points of 
maximum bending moment (depending on the system of loading) 
and their directions are approximately perpendicular to the axis of 
the beam. These cracks which open up in the later stages of loading, 
are not to be confused with the much more numerous and invisible 
cracks previously alluded to which occur in all beams in the early 
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Btages of loading as soon as the ultimate tensile stress of the concrete 
is exceeded. Under further increase of loading these cracks extend 
nearer to the upper face of the beam, the neutral axis rapidly rising 
with a corresponding diminution in the area of concrete in com¬ 
pression, until failure occurs by the crushing of the concrete CD at 
or very near to a section of maximum bending moment. It is to 
be noted that the steel is still unfractured and that few if any 
diagonal cracks will have occurred in the regions of heavy shear 
force near the supports. 

In the case of a beam B, with little or no shear reinforcement 
but with adequate tensile steel near the lower face, a few fine and 
roughly vertical cracks will appear as the steel becomes stretched 
beyond its safe working stress, but ultimate failure takes place 
along one (such as M') of the well defined diagonal cracks M, M, 
which occur at and near the localities of maximum shear force. The 
directions of these cracks M, M, slope approximately at 45 degrees 
and obviously indicate the existence of considerable diagonal tensile 
stresses acting in the directions of the arrows. This constitutes a 



typical “ shear ” failure. Between these two extreme cases many 
variant types of behaviour occur according as the efficacy of the 
shear or tensile reinforcement predominates. 

The action of diagonal or vertical shear reinforcement in pre¬ 
venting the creation of the diagonal cracks M, M in Fig. 388b should 
now be apparent. Referring to Fig. 389, and remembering the 
analogy with the braced girder, in the beam A having diagonal shear 
reinforcement, the shearing action of the load W is transmitted to 
the supports by the inclined tension in the diagonal reinforcement 
and along vertical lines of compression (shown dotted) in the con¬ 
crete. In beam B the lines of compression in the concrete are 
inclined and the vertical components of these compressive stresses 
are taken by the vertical reinforcement in the form of stirrups S. 
In the event of a crack MM as in A or NN as in B, tending to develop, 
the action of the diagonal bars D or of the stirrups S intersecting the 
line of the crack is shown diagrammatically at E and F respectively. 
Note that the diagonal bars act in the more direct manner. Whether 
diagonal bars or vertical stirrups (or both) are used usually depends 
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upon the number of horizontal bars which may be spared, for 
bending up, from the main tensile reinforcement in the bottom of 
the beam. It will be appreciated that a concrete beam does not 
fail in shear by slicing through on a vertical section but by tearing 
across the diagonal tension planes induced by the shear forces. 

It is further desirable that the shear reinforcement units should 
be closer together than the depth of the girder. Just as the spacing 
of the vertical web stiffeners in a plate girder is less than the depth 



in order to reduce the unsupported length l (Fig. 390a) of a thin 
compression strip of the web sloping at 45 degrees, so the shear units 
in a concrete beam should be sufficiently close together so that no 
diagonal plane extending through the full depth of the beam may 
occur without being intersected by a suitable amount of shear rein¬ 
forcement. In Fig. 390b, if the spacing l of the stirrups S were 
increased to L it would be possible for the beam to fail by diagonal 
tension across the plane CD. 



shown in Chapter IV., p. 108, that the intensities of vertical and 
horizontal shear in a beam are equal. Hence, if the horizontal shear 
stress be calculated the value of the vertical shear stress is known. 
In Fig. 391 the horizontal breadth of the area afcde represents the 
intensity of shear stress per unit breadth of the beam at any level 
in the section. From the upper face down to the neutral axis the 
























REINFORCED CONCRETE 


485 


variation in shear stress is represented by the semi-parabola a to e 
as for the upper portion of a solid rectangular section (see Chapter IV., 


p. 109). Below the NA, neglecting 
any tension in the concrete, the 
intensity of shear stress is constant 
and equal to fe or cd. The area of 
the figure afcde obviously gives the 
total shear force per unit breadth of 
the beam section. 

If x = Depth of NA, C and T = 

Total compression in concrete and 
total tension in main reinforcement 
respectively, then the vertical dimen¬ 
sions are as indicated. Let v = fe = 

Maximum intensity of shear stress. 

Area afcde = Area of semi-parabola afe + rect. area fede. 

= M X fe + fc Xfe 



= \x X v + (d — x) x v — v 


But this = area of rectangle gedh. 


H)‘ 


is the Moment Arm 


= say jd. 

Hence, total shear per unit breadth of beam = v X Moment 
arm X 1 in. 

Multiplying this by b the breadth of the beam section in 
inches, 

Total Shear on section = v X b X jd = V. 


and v = - ^ = also the intensity of the diagonal tension. 

In T-beams, b is the breadth of the stem or rib. 

The following points should be noted with regard to shear 
reinforcement. 

1 . The Code of Practice specifies that having calculated the value 
of the shear stress v as above, if at any cross-section this value does 
not exceed the permissible shear stress for plain concrete, no shear 
reinforcement need be provided. The permissible shear stress for 
plain concrete is taken as one-tenth of the permissible compressive 
stress for bending, i.e., one-tenth of the values for f c in Table 33, with 
the proviso that this figure shall not be taken greater than 150 lbs. 
per sq. in. This limit operates only in the case of those Special 
Grade Concretes for which f c exceeds 1500 lbs. per sq. in. The 
value most commonly concerned is 75 lbs. per sq. in. for Ordinary 
Grade Concrete of 1 : 2 :4 mix. 

2 . If at any cross-section the value of the shear stress as above 
calculated, exceeds the permissible shear stress for plain concrete, 
the whole shear at such cross-section shall be provided for by the 
tensile resistance of the shear reinforcement acting in conjunction 
with the diagonal compression of the concrete in the web. Further, 
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in no case shall the shear stress calculated as above exceed four times 
the permissible shear stress for plain concrete. 

It may be noted that several leading American authorities 
recommend that the shear reinforcement be designed to resist two- 
thirds of the diagonal tension and the concrete the remainder when 
the shearing stress calculated as above does not exceed 120 lbs. per 
sq. in., and that for beams with horizontal reinforcement only and 
without web reinforcement, 40 lbs. per sq. in. may be taken as the 
allowable maximum shearing stress on the concrete. , 

It is generally desirable to insert occasional stirrups throughout 
the entire length of a beam although they may not theoretically be 
necessary. 

Shear reinforcement in uniformly loaded floor slabs will usually 
not be required. A floor beam carries the load on a considerable 
area of floor concentrated on a relatively narrow web, whereas the 
slab itself may be regarded as a beam having a width equal to that of 
the loaded area and consequently possessing ample concrete shear area 
with correspondingly low shear stress. Floor slabs which may have to 
carry considerable local concentrations of load between beams should 
receive careful attention as regards additional reinforcement. 

Types of Shear Reinforcement .—Plain round steel is most 
generally employed, disposed in the form of loops (stirrups) or 
“ hangers ” as shown at A and B in Fig. 384. The sectional area of 
stirrups required by calculation for any given section of the beam 
will decide the number of vertical legs for an assumed diameter of 
rod and the arrangement follows accordingly. The detail should 
be as simple as possible consistent with ease in fixing and tying to 
main bars and placing of concrete. In heavy beams it may bo 
necessary to use loops over several or all of the main lower bars. 
When the design calls for top main bars, such loops embrace corre¬ 
sponding upper and lower bars as in Fig. 384B. In many cases 
although upper compression bars may not theoretically be necessary, 
additional upper “ hanger bars ” of suitable section will be required 
over which to anchor the loops or links. Stirrups which merely 
end in the concrete with turned down small hooks are not to bo 
recommended. Some patented bars have stirrups fabricated with 
the main bars. In general, such bars give limited latitude of 
arrangement and are deficient in anchorage. 

Diagonal shear reinforcement consists of bars sloping usually 
but not necessarily, at 45 degrees and suitably anchored at both 
ends. These are most frequently provided by bending up some of 
the horizontal tension bars near the points beyond which they are 
no longer required for resisting the longitudinal tension. Such bars 
being usually of considerably larger sections than those used for 
vertical stirrups, the necessary section is often conveniently pro¬ 
vided by bending them up progressively in pairs, two such bars 
being able to replace four, six, eight, or more stirrup sections. 
Both vertical and diagonal systems may be employed, as for 
instance when a pair of diagonal bars may be slightly under the 
requisite section and the deficit is made up by vertical stirrups. 
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The Code of Practice requires that:— 

1. The shear or web reinforcement shall pass round the tensile 
reinforcement or be otherwise secured thereto and shall be effec¬ 
tively anchored at both ends in such a manner that its full working 
stress can be developed. 

2. Tensile reinforcement which is inclined across the neutral 
plane of a beam and which is carried through a depth equal to the 
arm of the resistance moment may be taken as shear or web rein¬ 
forcement providing it is effectively anchored. 

3. Where two or more types of web reinforcement are used in 

conjunction the total shearing resistance of the beam shall be 
assumed as the sum of the shearing resistances computed for the 
various types separately. , _ ,, _ , 

Spacing of Shear Reinforce - *" a m b 

ment .—In Fig. 392 let s = Hcri- f— - - -j-j—y 

zontal spacing or pitch of stirrups, j p ! ! 

jd = Moment arm, b = Breadth - [a ; 

of beam. A A and BB are two . Xa v v b j ^ 

vertical sections of a beam s in. j . • 

apart. If V fl andV & are respectively ^ 5 s sj as-L 

the total vertical shearing forces A M B 

on these sections the vertical 

shear on the section MM, midway FlG - 392 * 

between AA and BB, assuming uniform variation of shear force, 


A M B 

K-- s 

Fig. 392. 


will be V = 


V a +V, 


It has been shown above that the maximum 


intensity of vertical shear = which is also equal to the maxi¬ 
mum intensity of horizontal shear at the same section at or below 
the neutral plane. The total horizontal shear on the area s in. 
long and b in. wide 

V , Vs 

~ bjd X S Xb ~ jd 

But this is evidently the horizontal and also the vertical com¬ 
ponent of the diagonal tension on a plane inclined at 45 degrees in a 
length of the beam of s in. A vertical stirrup or group of stirrups 
placed at P will have to resist in tension the amount of this vertical 
component. The horizontal component of the diagonal tension is 
transmitted to the horizontal reinforcement below NA thereby 
causing the increment in its tensile stress over the length s . 

If A* = Area of vertical steel in all stirrups at P and f t the safe 
unit tension, we have 

y s 

AJ t — from which 
Ys 

area A. = j-r% for an assumed spacing 8 
fsO d 
A f jd 

or spacing s = for an assumed sectional area A t of all 

the stirrups at P. 
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Many beams carry both concentrated and distributed loads. 
The shearing force diagram is then a combination of inclined lines 
and abrupt vertical steps as in Fig. 25, p. 60. In general, it will be 
sufficient to calculate the spacing s for the sections where the 
maximum shear forces occur and to carry this spacing through to 
the next drop in the S.F. diagram. Then recalculate the spacing, 
if stirrups are still required, over the next interval of the diagram. 
When the concentrated loads predominate, the slope of the inclined 
portions will be gentle and the above method will bo closely accurate 
and on the safe side. If the distributed load predominates or if all 
the load is distributed, the slope of the S.F. diagram will be steeper 
and the spacing s may be varied, increasing with the diminishing 
shear. In many beams and most slabs, all the load is distributed 
and in such cases, if the minimum spacing s for maximum shear at 

the supports be computed then the spacing at a distance of ~ from 

4 l 

the supports is ~s and at - from the supports, 25. 


8 

The Code of 


Practice requires that the spacing should not exceed a length equal 
to the moment arm. 

Diagonal Shear Reinforcement .—The Code of Practice states 
with regard to Bent-up Bars employed as shear reinforcement, that 
The resistance to shear at any section of a beam reinforced with 
bent-up bars may be calculated on the assumption that the bent-up 
bars form the tension members of one or more single systems of 
lattice girders in which the concrete forms the inclined compression 

members. The shear resistance at 
any vertical section shall then be 
taken as the sum of the vertical 
components of the inclined tension 
and compression forces cut by such 
section.” 

In Fig. 393, CD represents one, 
two or more bars bent up at 45 
degrees and having an aggregate 
sectional area of A, sq. in., AB the 
plane perpendicular to CD and 8 
the horizontal spacing of the bent 
up bars. Let V be the mean 
shear force between vertical sections P and Q and b the 


H—: 



j C- 


/r-i : 

i- 

7 

i 

i 


I j \ 

1 / 


\°i jj. 



I 


Fio. 393. 


vertical 
breadth of beam. 

V 

The intensity of vertical shear being also the intensity of the 
inclined diagonal tension, we have 

JB 

Length AB of inclined section = 

Area of section = 


sin 45 degrees 
sb 

sin 45 degrees 
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Total diagonal tensile stress on section AB for the horizontal 
length s 

_ _V sb _ Va 

bjd sin 45 degrees jd sin 45 degrees 

Equating this to the area A f of all bars crossing the section AB 
in horizontal length s multiplied by the working tension f 8 

Vs 

A J 8 = 7-j—;——— from which 


9 = 


and 


A, = 


jd sin 45 degrees 
A gfgjd sin 45 degrees 
V 
Vs 


(1) 


( 2 ) 


fjd sin 45 degrees 

Expressions (1) and (2) will give the spacing s for assumed area 
A, or area A, for assumed spacing s , on the assumption that the 
diagonal reinforcement resists all the shear. If diagonal reinforce¬ 
ment inclined at 45 degrees be assumed to resist half the shear and 

V 

the compression in the concrete to resist half, then substituting — 

£ 

for V in (1) and (2) above, 


and 


_ A JJd 
0-707V 
0-707V* 
fjd 


A,= 


(3) 

(4) 


The values for s and A f in (1) and (2) probably err on the liberal 
side. Those in (3) and (4) are more conservative but would appear 
to be rational and agree closely with recommendations of responsible 
American authorities. It may be noted that since the shear stress 
V 

calculated from ^ shall not exceed four times the permissible shear 

V 

stress for plain concrete and since ^ is also the intensity of diagonal 

compression (at 45 degrees) on the concrete, this compression 
is therefore limited to 300 lbs. per sq. in. for 1:2:6 O.G. concrete 
and to 600 lbs. per sq. in. for the highest grade concrete. 

It should however not be overlooked that the sharing of the 
shear on a vertical section between diagonal steel bars and a hypo¬ 
thetical column of concrete of reversed inclination fulfilling the 
function of an inclined strut in a lattice girder, virtually implies 
either a horizontal spacing of diagonal bars not exceeding the vertical 
depth between upper and lower main horizontal reinforcement, 
which would correspond with an imaginary lattice girder with 
cross-braced square panels, or with diagonal bars at wider spacing 
the hypothetical concrete struts would be inclined at a much smaller 
angle than 45 degrees and would be correspondingly more highly 
stressed. In the latter case the imaginary lattice girder would be 
similar to a double system Warren girder with ties at 45 degrees and 

B 2 
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struts inclined at some angle less than 45 degrees. In drawing 
comparisons between reinforced concrete and lattice girders the 
principal weakness appears to be the uncertainty in assessing the 
probable cross-sectional dimensions of the hypothetical concrete 
struts connecting adjacent or alternate diagonal bars. 

A further point to be noted is that if bent up bars are spaced 
as in Fig. 394 so that the line of resultant compression in the con¬ 
crete between the two bends B and D bisects the angle ABC, the 
tensions in AB and BC will be equal. Any deviation of BD from the 

bisector will result in unequal 
stresses in the branches AB and 
BC of the same bar. Since their 
cross-sections cannot be varied 
as can those of the members in 
a braced girder, either BC or 
AB will first attain the maxi¬ 
mum permissible working stress 
according as BD deviates to 
right or left of the bisector. The inferior branch would then be 
working at an uneconomic stress intensity. The horizontal spacing 
BC is obviously the most economical spacing for realizing the full 
capacity of the steel in tension. 

Bent up bars are carried forward in continuous beams to provide 
upper tension reinforcement for resisting the negative B.M. over the 
supports. The bond anchorage of the portion AB is then auto¬ 
matically ensured. When not so required as in a simply supported 
beam, CD should be hooked at D or continued the necessary 
specified bond distance to E and then hooked. Note that the 
effective grip of the concrete on both vertical stirrups and bent 
up bars only commences where the bars enter the zone of com¬ 
pression concrete above the neutral plane. 



Fig. 394. 




CHAPTER XIV. 


BENDING MOMENTS ON BEAMS AND SLABS. 

Bending Moments on Continuous Beams and Slabs with one-way 
Reinforcement. —In Chapter III. the computation of bending 
moments on fixed-ended and continuous beams by the method of 
characteristic points is explained and illustrated by examples. The 
proof of this method is based upon a knowledge of the slope and 
deflection of a bent beam, and the method results in finding the 
positions of the points of contraflexure which divide up the beam 
into an equivalent system of simply supported spans and canti¬ 
levers, from which the bending moments and shear forces are readily 
ascertained. The method in its general form of application assumes 
the beam to be of constant moment of inertia throughout its length. 
The positions of the points of contraflexure depend on deflection 
and deflection again is influenced by moment of inertia, elasticity 
and method of loading. In applying the results to reinforced con¬ 
crete beams we have to remember :— 

1. Reinforced concrete beams are not homogeneous, there is no 
ready means of calculating their exact deflection and their moment 
of inertia is not strictly constant. 

2. A continuous beam is understood to be a beam extending 
over two or more spans and resting on definite 'points of support, so 
that it is able to bend freely over the supports. Reinforced concrete 
beams and slabs, however, being monolithic with their supporting 
beams and having an appreciable width of bearing at such supports, 
are not so free to bend at these points. They may only bend up or 
down by slightly twisting the beams by which they are carried and 
the carrying beams frequently have a considerable resistance to 
twisting. 

3. The ends of a continuous beam or slab may be perfectly fixed 
horizontally or simply supported and between these two conditions 
is an infinite number of degrees of partial fixation. The extent to 
which a slab or beam may be considered absolutely or partially 
fixed—in other words, the amount of the negative bending moments 
at its ends—is never precisely known and calculations to estimate 
its approximate amount are exceedingly tedious. In all cases 
where a slab rests on an offset or is let into a chase in a wall the end 
can only be considered as simply supported. 

A careful study of the effects of these differences between the 
actual concrete beam and the ideal theoretical continuous beam, 
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indicates that the bending moments computed for the theoretical 
beam may be applied to the actual beam without involving a greater 
error than 10 per cent, and under most conditions appreciably less. 
This margin of possible error is one of the items covered by the factor 
of safety. 

Considering first the case of a single span beam with nominally 
fixed ends and uniform load. 

wl 2 

In Fig. 395 the parabola ACB of central height = — is the B.M. 

diagram for a simply supported beam of span l ft. under a uniform 
load of w tons per ft. If the beam is perfectly fixed at the ends, the 
horizontal line through P and Q, the characteristic points of the 
parabola, divides the diagram into the positive area DCE and the 


c 



negative areas DFA and EGB. Since P and Q are at two-thirds 

the central height CM, Positve B.M. at centre — \ = + — and 

3 8 24 


Negative B.M. at ends = 


2 wl 2 
3* 8 


wl 2 

72 * 


If we could be certain that this perfect state of fixation would 
hold, the bottom tension steel need only be carried through a little 
more than the central length DE sufficient to resist the central 
wl 2 

moment of + — and top steel from each end to just beyond D 


and E sufficient to resist the negative end moments of — 


wl 2 
72 * 


But 


the condition of perfect fixation can seldom be realized and a very 
slight inclination of the ends of the beam from the horizontal 
direction implied by perfect fixation results in a lowering of the line 
FG, and a movement outwards from the centre, of the contraflexure 
points D and E, with corresponding increase of positive and decrease 
of negative bending moments. Actually in cases where the intention 













BENDING MOMENTS ON BEAMS AND SLABS 493 


of the design is to provide fixation, the line FG will probably fall to 
some position fg within the central horizontal zone of the parabola, 
creating new points of contraflexure at d and e. Hence, in designing 
single span “ fixed ” beams, it is customary to provide for a possible 


1 wV^ 
'positive moment of — and also an end negative moment of — —, 

1 Ld 12 


that is, to cover any possible position of fg between upper and lower 
limits FG and F'G'. The disposition of actually necessary steel is 
then as indicated by full lines in the lower figure. The dotted lines 
indicate bottom steel often needed as compression reinforcement at 
and near the ends of the span. 

In framed concrete buildings the general arrangement consists 
of a system of columns and main beams with secondary beams and 
occasionally tertiary beams supporting the floor slabs. When not 
restricted by irregular plan outlines it is convenient and economical 
to arrange columns and therefore main beams at equal intervals, 
and the secondary and tertiary beams also at equal but shorter 
intervals. Such arrangement i3 of course most adaptable to build¬ 
ings rectangular in plan and these include the majority. Design is 
thus rendered less laborious since beams and slab systems are 
resolved into members continuous over two, three, four or more 
equal spans. Much time is saved if a table is prepared giving the 
coefficients to be applied to the quantity W l or wl 2 from which the 
probable maximum bending moments may readily be computed. 
The derivation of such coefficients by the characteristic point method 
will now be illustrated for a system of three equal spans. Where 
spans are unavoidably unequal each case must be worked out in¬ 
dividually, but the method is the same. 

Fig. 396 represents three equal continuous spans each of l feet, 
and we will consider first the case of uniform loading of w lbs. per 
ft. of span. It will be obvious that very different bending moments 
will result according as we consider certain spans loaded with the 
superimposed or live load and others unloaded, and that so far as 
concerns the live load we must consider all likely combinations of 
loading in order to arrive at the maximum bending moments on 
any one span. For the dead load which is invariable we need only 
consider the case of all three spans loaded. It is, therefore, con¬ 
venient to derive two sets of coefficients, one of which will apply to 
the case of the dead load covering all spans and also to the live load 
covering all spans (with of courso a different value of w), and the 
other to cases of variable live loading only. 

It is generally sufficient for the live load to consider alternate 
spans loaded and intermediate spans unloaded, or adjacent spans 
loaded and others unloaded, or all spans loaded. That is, it is 
unnecessary to consider cases of fractional loading of separate 


spans. 

Case 1 . —All three spans loaded. Ends simply supported. Dis¬ 
tributed load w lbs . per ft. 


In Fig. 396 the three parabolas of central height — to any scale 

o 
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, are B.M. diagrams for simply supported spans. Marking character¬ 
istic points 1 , 2, 3, and 4 at § height and J span of parabolas and 
adjusting the new B.M. base line ABCD so that la ~ 2 b and 3c — 4 d, 
the moments for the continuous beam may be scaled off. 



„K „ L negative B.M. — BK „ 
„ M positive B.M. = PQ „ 

GH=^-MP=^x~ = O-OSOivl 2 . 

11 11 o 

= OlOOutf 2 . 


T>.r 53 53 tol 2 

BK -66 MP - ® X T 


PQ = MP — BK = (0125 - OIOO)it( 2 - 0-025«’/* Thcso co. 
efficients may be conveniently tabulated as in the lower diagram and 
apply for dead and live load on all spans. Note that the moment 
GH in side spans does not occur quite at the centre of span but under 



the centre of AR. For practical design these are usually assumed 
to be the mid-span moments. 

Case 2 .—Spans 1 and 2 loaded with live load , span 3 unloaded. 

In Fig. 397 parabolas are drawn for spans 1 and 2 and the 
characteristic points marked as before. Note that the characteristic 
points for any unloaded span are on the horizontal line AD, the 
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height of the diagram being zero, § x 0 — 0. Adjust the new base 
line ABCD so that la — 2 b and 3c = 4 d. Bisect AR at G and NO 
at Q. Scale off GH, BK, PQ, and CL. 


GH 

BK 

PQ 

CL 


20 

33 

31 

33 


X 

X 


14*5 

3 


w l 2 

— = 0*074 wl 2 = Positive moment at E. 
8 


wl 2 

— = O'Wlwl 2 = Negative 

8 

9$ 

K. 

wl 2 

X -Q- = 0*0 55wl 2 = Positive 

8 

tt 

M. 

wl 2 

— = 0*034 wl 2 — Negative 

8 

99 

L. 


These coefficients will also apply when span 1 is unloaded and 
spans 2 and 3 are loaded. 

Cask 3. —Spans 1 and 3 unloaded and span 2 loaded. 



In Fig. 398 draw the parabola for span 2. Characteristic points 
are 1, 2, 3, and 4. Draw ABCD so that la = 2b and 3c = 4 d and 
scale off BK and PQ. 

2 wl 2 

BK = CL = - x — = 0*050 wl 2 — Negative moment at K and L. 

O o 

PQ — | x = O-OlSwl 2 — Positive „ M. 

O o 

Case 4 .—Spans 1 and 3 loaded , span 2 unloaded. 

In Fig. 399 draw parabolas for spans 1 and 3. Characteristic 
points are 1, 2, 3, and 4. Draw ABCD so that la = 2b and 3c = 4 d. 
Bisect AR at G and scale off HG and BK. 

9 6*7 wl 2 

HG = ——y X -ry- = 0 *101 wl 2 = Positive moment at E and F. 

33 8 

1Q.0 w 12. 

BK = ~~ x ~y- = Q'QSOwl 2 — Negative moment from K to L. 

33 8 


Note .—The figure 33 and consequent fractions of 33 results from adopting 
a vertical scale of 33 twenty-fourths of an inch as the central height of the 
wl ® 

parabolas or — . Any other scale would of course give the same results. 

o 
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We have now to select from the four cases the maximum values 
of the coefficients in each span since the beam or slab must be 
designed to meet all four variations of loading. The maximum 
positive moments in Spans 1 and 3 occur in Case 4 and = + QlOlwl 2 

( wl*\ 

Practically — 1. The maximum positive moment in the middle 



span occurs in Case 3 and = + 0*075 wl 2 



The maximum 


negative moments over the intermediate supports K and L occur 


in Case 2 and = — 0*117w;Z 2 



Tabulating these, we have 


the coefficients for three equal spans with ends simply supported, 
Figs. 400 and 401. 

1. For the uniform dead load of w lbs. per ft. 


+0 080 +0 025 +0 080 

n-a-•-a--—r 

OOO -O/OO -0-/00 000 

Fig. 400. 


2. For variations of uniform superimposed or live load of w x lbs. 
per ft. 

+ 0/0/ + O-075 +0 101 

nr- z - a - r 

0-00 -0-117 - 0U7 000 

Fig. 401. 

These coefficients may also be calculated with the aid of 
Clapeyron’s formula. The graphic method however is quicker and 
less open to arithmetical mistakes. Example 43 shows the method 
of their application. 

Example 43. —Calculate the bending momenta for the design of 
a slab 6 in. thick continuous over three spans of 10 ft. with freely sup - 
ported ends , to carry a superimposed load of 160 lbs. per sq.ft . 
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Doad load = 75 lbs. per ft. for ono foot width of slab. 

Live load = 160 ,, ,, ,, ,, 

For dead load wl 2 — 75 X 10 x 10 X 12 ~ 90,000 in. lbs. 

„ live „ wfi* = 160 x 10 x 10 x 12 = 192,000 „ 

Dead load Moments. 

At A and D = 0 (Since ends simply supported). 

„ E „ F (Case 1) = + 0-080 x 90,000 = + 7200 in. lbs. 

„ K „ L (Case 1) = - 0-100 X 90,000 = - 9000 

„ M „ (Case 1) = + 0-025 X 90,000 = + 2250 

Live load Moments. 

At A and D = 0. 

„ E „ F (Case 4) = + 0-101 x 192,000 - + 19,392 in. lbs. 

„ K „ L (Case 2) = - 0-117 x 192,000 == - 22,464 „ 

„ M (Case 3) - + 0-075 x 192,000 - + 14,400 „ 

Combining dead and live load moments, total moments to be 

designed for are 

At A and D — 0. 

„ E „ F = + 7200 + 19,392 = + 26,592 in. lbs. 

„ K „ L = - 9000 - 22,464 = - 31,464 „ 

„ M „ - + 2250 + 14,400 - 4- 16,650 „ 

It will be seen that there are small negative moments in the two 
outer spans under the live loading. In Case 3 there is a negative 
moment at the centre of the outer span due to live load = — 0-025 
X 192,000 = — 4800 in. lbs. But at this point there i° a positive 
moment due to dead load = closely + 7200 in. lbs., so that no 
actual negative moment occurs near E or F since the permanent 
positive dead load moment more than neutralizes tho incidental 
live load moment. 

At the centre M of middle span the Live load moment (Case 4) 
= — 0-05 X 192,000 = — 9600 in. lbs. Dead load moment (Case 1) 
— + 0-025 X 90,000 = + 2250 in. lbs. There is thus negative 
bending throughout the middle span for Case 4 of the live loading 
and top tension steel will be required at the centre to meet the 
difference between 9600 and 2250 in. lbs. 

The reader should havo no difficulty in deducing the moments 
for any case of loading after studying the above examples and the 
information given in Chapter III. 

Table 34 gives tho coefficients of wl 2 for uniformly distributed 
loading of w lbs. per ft., and of Wl for cases of loading where W lbs. 
is applied as a concentrated or “ pointload at the centre or at 
the one-third points of each span, for Dead loads. Table 35 gives 
the corresponding coefficients for maximum moments due to Live 
loads. 

In Tables 34 and 35 tho coefficients without brackets are for 
beams with simply supported ends. The coefficients in brackets 
apply to beams with perfectly fixed ends. Since most beams and 
slabs are monolithic with their supporting members, some degree 
of fixation usually exists and the true values of the moments 
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TABLE 34. DEAD LOAD. 


(+0042) (+0042) 

+ 0070 +0070 


i a 

000 -0-125 

“0-053) (-0053) 


w lbs. t >er fool*. 


I I AA 

-0 083 ) Coef iciente of wl 2 




(+0 042 ) (+0 042 ) (+ 0042 ) Load uni f orm ly 

+ 0080 +0025 +0080 

- jr - jr -- —distributed on 


ooo -oioo -o-ioo o-oo 

(-0063) (-0083) (-0083) (-0 083) - 

(+0*042) (+0 042) (+0*042) (+0-042) 

+ 0*07 7 +0 036 +0036 +0*077 


all Spans. 


i 

000 -0*107 -0*071 

(-0*083) (-0*083) (-0*083) 


-0*107 0*00 

(-0*083) (-0*083) 


(+0125) (+0125) 

+ 0*156 +0156 V 1 

n - 1 - s - 1 -r -*-s-*-r 

0*00 -0-188 000 _ r . . . . wl 

(-0*125) (-0 125) (-0125) —_9 L. ^1: 

(+0*125) (+0*125) (+0 125) W lbs, at centre 

+ 0 175 +0 100 +0 175 . , * 

-x- s - 1 -^-x- r fromf of each 

0 00 -0150 -0 150 0 00 Sban 

(-0*125) (-0*125) (-0 125) (-0*125) 1 

(+0 125) (+0*125) (+0 125) (+0125) 

+0 170 +0 116 +0 116 +0 170 


1- 

0 00 

A 

— 0*161 

- 

(-0125) 

(-0125) 





0 00 -0 334 0 00 ^ r • l r 4 

(- 0223 ) (-0 223 ) (-0 223 ) Coefficient of_WL 

(+0 112)(+ 0112 ) f+0 112 )(+0 112) (+0*112)(f 0 - 112 ) W lbs, at one-third 

+0*245+0*156 +0 067+0 067 + 0*156 + 0*245 . * r , 

-*- 1 _._i_ _ _* __ points oF each 

1 A3 p -r -1- 

0 00 -0 267 -0*267 0 00 Sban. 

(-0 223) (-0*223) (-0*223) (-0*223) ’* 

(+0112) (+0112) (+0112) (+0*112) (+0112) (+0*112) (+0112) (+0*112) 

+ 0241 +0-M8 +0 081+0112 +0112 +0081 +0148 +0*241 
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TABLE 35 . LIVE LOAD. 


(40021) (+0057) 


(+0 057) (40 021 ) 
4-0-096 


w, lbs, ber foot 


1 ■ 


0 00 -0-042-0-125 -0 042 ' 0 00 

(-0-104) (-0*02l)(-00B3)(-0'02l) (-0-104) 

(4-0 028) (4-0-060) (4-0 070) ( 4 -O 

40-101 40075 40 

-s-s- 

0-00 -0-117 -0-050 -0117 

(-0-112) (-0-028)(-0 097)(-0-028) (-0 097) (-0 


(40 032) (40-062) 
40-099 


(40 074) 
40081 


-0-021 -0-116 -0-045 -0-107 -0 

(-0-032)(-0-0 96)(-0 033) (-0 105) (-0 


Coe f ficient's of w ,l* 

,060) (40oa«) Load uni formly. 

) 101 distributed on 

7 oo ° lte r nate -?!i 

1-028) (-0112) adj acent Spans. 

)-074) (40-062) (+0-032) 

3-081 +0099 


a • 

>045 -0416 -0-021 0-00 

D033) (-0-096)(-0-032) (-0-113) 


(40 032) (4044l) 
40 203 


(40-141) (40-032) 


0-00 -0 063 -0488-0 063 0-00 

(-0-157) (-0-032) (-0425)(-0 032) (-0457) 

(40 042)( 4 0446) (40467) (- 


0-00 

(-0167) (-00< 

(40-045) (40 446) 
40-210 


-0-175 -0-075 -0-175 


0 04^(-0140)(-0 042) (-0 I40)(-0-042) (-0167) 


Coeff icienfs o f W ,l_ 

,0 ,46) [+0 042) W,. lbs _ a JL cenW 

i-o-2i3 

0-042) (-0-167) S pans. 


(40-174) 

+ 0 183 


(4 0 474) 
40485 


(40446) (40-045) 
40-210 


(-0457) (-0 045)(-0143) (-0-050) (-0-157) (-0-050) (-0 143)(-0-045) (-0-157) 


(40 056)(+0 ll2)(4 0 167) (40 187) (40412) (+0 056) 


4 0 278 40 223 


40 223 40-278 


0-00 -0-056-0412-0 334-0-112 -0 056 0 00 - r . . . r .,1 

(-0-276) (0) (-0 056)(0 223)(0 056) (0) (-0 278) Coeg iCiems —^ O r_W,k. 

(+0-074)(+0 I12)(+0186) (+0486)(+0486) (+0 186) (+0412) (♦0-074) - 

+0289 +0-245 +0 200 +0 200 +0245 40 289 points of alternate 

1 r or adiacent* 

0 00 -0-312 -0-312 000 - 1 - 

(-0 297) (0) (-0-074)(-0 252)(-0 074)(-0*574) (-0 074) ( 0 ) (-0 297) Sfr ans . 

(+0-08C)(+0-II2)(+0 I9l) • (40 l9l) (40 207) (40 207)(4049l) (+049l) (40-112) (40 080) 

40-288 40 237 40 209 40-223 40 223 40-209 40-237 40-286 


I A A A 1 

0-00 -0-032-0 064-0-312-0131 -0 115 - 0 286-0415 -0-131-0-312-0 0 64-0-032-0 00 
(-0-304) (0) (-0 080)(-0 255)(-0 0«0)(-0 096)(-0 27S)f0 096)(-0 080)(-0-2S5)(-0 080) (0) (-0-304) 
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therefore lie between those for free and perfectly fixed ends. Perfect 
end fixation is seldom if ever realized. It is however desirable to 
provide reinforcement for a rational degree of partial fixation. In 
any case provision should be made for a negative end moment of 
W//2 wl 2 

—. In ordinary cases — is advisable. When a beam frames into 


a very heavy column or pier the negative end moment approaches 

yj [2 

closely the maximum value of — — for perfect fixity. Alterna¬ 


tively when a deep and stiff beam is framed into a relatively slender 
column the restraint of the column on the beam is small. 

Whatever arbitrary negative end moment may be designed for, 
the action of such moment will be to modify the moments obtaining 
in the free ended beam as indicated by the tabular values, through¬ 
out all the spans. The requisite correction to be applied to the 
tabular values for simply supported ends is readily obtained from a 
moment correction diagram. 



A convenient form of such a diagram is given in Fig. 402. 
Ordinates above the base line oo represent negative bending moments 
and those below positive moments, the diagram being applicable to 
two, three, four, or five equal continuous spans. The lengths of the 
ordinates above or below the base line oo, give as fractional parts of 
the appropriate end moment, the moments which will be created at 
any section along the beam by the application of any proposed 
negative moment at the ends of the beam. Taking for example a 
continuous beam over four equal spans. The diagram concerned is 
the one between the numbers — 7, — 7, drawn in long dotted lines. 
Suppose it is proposed to provide reinforcement to resist a negative 
end moment of — ^ wl 2 . The application of this moment at each 
end of the beam, independently of the moments due to the loading 
on the free ended beam, will create the following further moments 
along the beam. The end moment of — fa wl 2 is represented by the 
number 7. At intermediate supports Nos. 1 and 3, positive moments 
of f of fawl 2 = + Q-OMwl 2 will be set up and at No. 2 support a 
negatire moment of \ of fa w ^ 2 = — 0-007w/ 2 will develop. The 
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moments at centre or at other points of the spans are readily 
apparent on inspection and scaling. The similar applied end 
moment for a live load of lbs. per ft. will be — Wi^ 2 > creating 

moments of + OOMuqZ 2 at supports Nos. 1 and 3 and — 0-007uqZ 2 
at No. 2. 

Now, from Tables 34 and 35 we have the coefficients of maximum 
moments for dead and live distributed loading with simply supported 
ends as follows, and applying the corrections having regard to the 
signs + and —, the required coefficients are obtained in columns 4 
and 7 below. The corrections for sections near centres of spans are 
interpolated from the correction diagram. 


At section. 

Dead load to lbs. per ft. 

Live load w\ lbs. per ft. 

Free ends. 

Correction. 

Required 

coefficient. 

Free ends 

Correction. 

Required 

coefficient 

At ends 

000 

- 0-0.30 

- 0 050 

000 

- 0-050 

- 0 050 

Near centre. Spans 







1 and 4 . 

+ 0 077 

- 0-018 

-f" 0-059 

4- 0-099 

- 0-018 

+ 0081 

Nos. 1 and 3 sup¬ 







ports .... 

- 0107 

4- 0-014 

- 0-093 

- 0-116 

4- 0-014 

- 0-102 

Near centre. Spuns 







2 and 3 . . . 

4- 0 036 

-f 0-004 

+ 0-040 

4- 0-080 

4- 0-004 

4- 0-084 

No. 2 support . 

- 0-071 

- 0-007 

- 0-078 

—► 

- 0-107 

- 0-007 

- 0-114 


The Code of Practice states that “ Unless more exact estimates 
are made, the total bending moments in cases of uniformly distri¬ 
buted loading over a number of approximately equal spans may be 
assumed to have the following values : 


Near middlo 

At support next 

At middle of 

At other 

of end span. 

to end support. 

interior spans. 

interior supports. 

Wl 

in 

Wl 

Wl 

4- — 


•4- ~—- 

— - 

^ 10 

10 

^ 12 

12 


whero W — total load (i.o. sum of dead and superimposed loads) 
on the beam or slab, and l — effective span of the beam or slab.” 

Distribution of Slab Loading to Secondary and Primary Beams.— 
Fig. 403a shows in plan columns equally spaced in both directions 
dividing the slab into squares with two-way reinforcement. All 
the beams are primary and similar. One half the slab load goes to 
each system of beams and the shaded area indicates the load distri¬ 
bution to one beam span. It is usual to apportion all the load to 
the beams although a small area of load surrounding each column 
is probably transmitted directly to the column by cantilevei action. 

If w lbs. per sq. ft. is the slab load, the load per foot run at the 
centre of each beam is wl lbs., diminishing to zero at the ends. 
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Fig. 404 shows the B.M. diagram for the beam if simply sup¬ 
ported. ACB is the load area. The total load = area ACB = \wl 

i u 'l 2 , A j w V 2, 

X * = Reactions at A and B = —. 

2 4 



B.M. at D == ~ X ~ X J. = 0-084 wl ». 

4 2 4 o 

« w/ 2 / 4 u’/ 2 Z _ , 

B.M. at E = — X - — A . —r- X r r ‘ 0071 ?r/ 3 . 

4 3 9 4 9 

B.M. at F = wl* l 1 wl 2 l A n 

T X 6-§'T Xls" 0040 *'- 



The B.M. diagram plotted to these values is the curve AMB. It 
is a cubic parabola which falls appreciably inside an ordinary para¬ 
bola of the same central height. The height of the characteristic 
points P, P is given by Area AMB — span l and equals, to the scale 
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of the diagram, 0*052 wl 3 , i.e. the height of the characteristic points 
0*052 r 

0*084 = ^ height DM. By the use of this diagram and 

its characteristic points in the manner already explained the positive 
and negative moments for any number of continuous beam spans 
of this type may readily be obtained. It may be noted that with 
this distribution of load the central B.M. on the simply supported 
span is one-third greater than for the same total load uniformly 
distributed over an equal span. This arrangement is suitable for 
the roofing of large covered tanks and other structures where a 
relatively close spacing of columns of about 15 to 18 ft. is not 
inconvenient. 


Fig. 403B is the plan of a common lay-out where the primary 
beams P, P of about 15 to 20 ft. span bridge over the shorter column 
intervals and the secondary beams S, S lf S of about 18 to 25 ft. span 
intersect the columns C and the primary beams at the mid-span 
points M. The slab has one-way reinforcement as indicated by the 
dotted lines. The secondary beams S will be designed for the load 
on the slab area CMMC. The 


load on a primary beam P may 
bo computed in two ways: 

(1) as its own weight plus the 
triangular distributed loads 
from the four areas CAM, plus 
the concentrated loads from 
secondary beams S x and S 2 
applied at its mid-point, or 

(2) as its own weight plus tho 
slab load for the area DEFG 
all treated as uniformly dis¬ 



tributed. The second method 


Fig. 405. 


involves much less tedious 


calculation and either method gives a closely similar result for 
the bending moment. 

In Fig. 405 the primary beams P are intersected at their one- 
third points by the secondary beams S. Either of the above two 
methods may be used for computing the load on the primary beam, 
but in this case the second method will result in bending moments 
somewhat excessive. It is evident that the load on areas abed will 


largely be transmitted directly to the columns through the secondary 
beams Sj and S 4 . Secondary beams with quarter point inter¬ 
sections on primary beams are occasionally used, but a multiplicity 
of secondary beams involves greater complication and cost of 
shuttering. 

Slabs Reinforced in Two Directions at Right Angles.— In the case 


of slabs square or nearly square in plan and supported, partially 
fixed or continuous at all four edges, it would appear rational to take 
advantage of the double system of support by reinforcing the slab 
in both principal directions. A certain fraction of the total load 
will then be transmitted by one system of reinforcement to the longer 
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supports and the remaining fraction through the other system to 
the shorter supports. If these two fractions of the total load might 
be closely approximately estimated, then for all practical purposes 
the design may proceed in the same manner as for a slab reinforced 
in one direction only. Much time and ingenuity have been ex¬ 
pended in attempts to establish an exact theory for the partition of 
the load and the problem is a fascinating one from the pure mathe¬ 
matical viewpoint. The assumptions, however, which preface the 
development of the various theories may be only approximately 

realized in practice. 

The deduction from Prof. C. 
i Bach’s experiments showing that 
| a square slab supported on the 
; four sides fractures along a dia- 
*7* gonal, would indicate two systems 
I of reinforcement at right angles 
{ to the diagonals. On the other 

_^ hand, the shape of the deflected 

slab being that of a saucer or dish 
instead of a trough as with two 
sides supported, a radial system of 
bars would appear to be rational 
but inconvenient practically. The most generally accepted method 
is that based upon the Grashof-Rankine theory or modified forms of 
this. Briefly, the argument is as follows. In Fig. 406 a unit load 
of w lbs. at c will be carried partly by the strip bb and partly by strip 
aa. These strips of unit width have the same deflection at their 
intersection c. Let u\ be the portion of w carried by strip bb and 
w 2 that carried by aa. Assuming equal moments of inertia of 
sections (closely true), the deflections are proportional to w x l A and 
w 2 L 4 and equating these 


b 



Fio. 406. 


w x l* — w 2 L 4 but u\ + w 2 — w and substituting w — w x for w 2 

L4 

w\l* = (w — w x ) L 4 from which w x = w X 
i.e. the proportion of the total load carried by the shorter system of 
reinforcement. Tabulating results for various ratios of ~ we have 


Ratio 

\ 

\ 10. 

11. 

1-2. 

13. 

1-4. 

l 

2 0. 

(G - R) . . . . 

w 

0-5(1 

0-59 

0-67 

0*75 

0-80 

0-83 

0-89 

— 1 (T and T) . . . . 

w 

0-50 

0-60 

0*70 

0-80 

0-90 

100 
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A simpler formula giving closely the same values, suggested by 
Taylor and Thompson, is 

^ ^ — 0-5 and the values by this are given in the lower line. 


There is obviously little advantage in providing tw< -way rein¬ 
forcement in rectangular slabs when the length L exceeds about 
1*5 times the breadth l , since nearly all the load is then carried by 
the reinforcement running across the shorter span l. It should be 
remembered that even in long and narrow slabs with one-way rein¬ 
forcement over the shorter span as in Fig. 405, there will still be 
small negative moments over the primary supporting beams. 
These will be of the order of about and will be covered by the 

prescribed minimum of 20 per cent, of distribution reinforcement 
placed near the upper face at and near the supports and near the 
lower face at and near the centre of the longer span. Inattention 
to this point is often the cause of unsightly transverse cracks. 

Example 44 .—A continuous interior slab is 15 ft. x 12 ft. in 
plan. The uniform live load is 220 lbs. per sq. ft. Concrete of O.G., 
1:2:4 mix and steel of 18,000 lbs. per sq. in. working tensile stress to 
be used. Ascertain suitable two-way reinforcement. 


Ratio ‘-g- 1*5. 


Assuming probable deadweight of slab 


as 80 lbs. per sq. ft., w = 220 -f 80 = 300 lbs. per sq. ft. 

L 4 

Load carried by shorter span reinforcement, w x = w x 
15 4 

= w x rrrr—nn = 0-7110 = 300 x 0*71 = 213 lbs. per sq. ft., and 
15 4 + 12 4 

w 2 = 87 lbs. per sq. ft. 

Taking the maximum positive and negative bending moments 

— and the B.M. in the shorter direction will determine the 

lJ lZ 


depth of the slab. 

Positive B.M. at centre of 12 ft. span = 


213 x 12 x 12 x 12 

12 


= 30,672 in. lbs. 138^2 - 30,672. b = 12 in., hence d* = 18*53 
and d = 4*31 say 4$ in. 

A slab thickness of 6 in. will give ample cover and the deadweight 
is within the assumed 80 lbs. per sq. ft. The moment arm = 0*857^ 
= 3*75 in. 


A, 


30,672 

18,000 X 3*75 


0*455 sq. in. Using | in. bars, a = 0*307 


sq. in. 

0 . 0*307 lft D1 Q . 

Spacing — —— X 12 — 8*1 say 8 in. 

0*455 

Positive B.M. at centre of 15 ft. span 


87 X 15 x 15 x 12 


— 19,575 in. lbs. 


12 
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If the long span reinforcement be placed above the short span 
bars the available depth is 4| — f == 3J in. Moment arm = 0-857 
X 3-75 = 3-213 ins. 

19 575 

A, = is wo’ x 3 : 213 = 0-34 8 < 1- “•» and 8 P acin 8 for t bars 

0*^07 

= ^340 x 12 = 1083 sa ^ 10 l ins * 

The positive and negative moments being equal, £ in. bars at 
the same spacings will provide the top reinforcement over the sup¬ 
ports. If adjacent panels be loaded and this panel unloaded a 
small negative bending moment will be developed over the whole 
span. Its amount, which may be estimated by the aid of the co¬ 
efficients in Tables 34 and 35 is approximately — 8500 in. lbs. over 
the 12 ft. span. Since the negative moment at the supports of this 
span is —30,672 in lbs. the negative moment of — 8500 will be safely 
covered if one-third of the top bars are carried through, and similarly 


Bottom Steel. Top Steel. 
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Fig. 407. 


for the 15 ft. span. An economy may be effected by increasing the 
spacing of the bars from the centre of the slab towards the supports. 
The above calculation concerns the spacing at the centre of the slab 
where the deflection is greatest. As the sides are approached the 
deflection of a strip adjacent and parallel to a support will be 
appreciably less than that of the central strip and here the reinforce¬ 
ment evidently is less stressed. A convenient and safe rule is to 
maintain the calculated spacing over the middle half of the slab 
width and then to increase the spacing progressively by using one- 
half the number of bars per foot breadth over the two outside quarter 
breadths. Fig. 407 shows the general arrangement of the bars on 
this basis. 

The shear per foot width at the longer supports — 213 X 12 
X 0-5 = 1278 lbs. The moment arm is 3-75 ins. Shear intensity 
1278 

= = 29 lbs. per sq. in. Shear reinforcement is therefore 

3*75 X 12 

unnecessary. 






CHAPTER XV. 


COLUMNS. 

Columns. —The general remarks on the inherent physical defects of 
columns in the opening paragraphs of Chapter V apply equally, if 
not in an accentuated degree to reinforced concrete columns. The 
material is less perfectly homogeneous, the elasticity less constant, 
the cross-section less uniform and the quality of the execution 
generally inferior than is the case with steel columns. It is well 
to keep these facts in mind. A distinction must be drawn between 
short and long columns, and between central and eccentric loading. 

Short Columns with Central or Axial Loading .—A short column is 
defined in the Code of Practice as “ A column of such length that 
no reduction in stresses for buckling is required under Clause 
702 (a) (ii).” Under this clause a reduction of the permissible 
working load as calculated for short columns is applied when the 
ratio of Effective Length to Least Radius of Gyration exceeds 50 or 
when the ratio of Effective Length to Least Lateral Dimension of 
Column exceeds 15. A footnote further states :— 

“ When in spirally reinforced concrete columns the permissible 
load is based on the core area, the least lateral dimension and radius 
of gyration of the column shall be taken to be the least lateral 
dimension and radius of gyration of the core of the column.” By 
“ spirally ” reinforced columns presumably columns with helical 
binding around the main reinforcing bars is implied. 

Earlier practice was based on the assumption that the sectional 
area of the main reinforcing bars was equivalent to m or fifteen times 
that area of concrete, whence the older formula for the safe load was 

P = Af e + (m - l)AJc 

where A = Area of section of column, by which the area of core was 
generally implied, A, = Area of steel and f e — Safe unit com¬ 
pression on concrete, m was generally taken as 15. 

Since, however, the recognition of the slightly plastic nature or 
“ creep ” of concrete under long sustained loading and that m has a 
variable value for different grades of concrete, this formula needed 
revision. For fuller information regarding creep the reader may be 
referred to the Paper by Dr. W. H. Glanville on “ Creep of Concrete 
under Load,” published in The Structural Engineer for February 
1933, and the Building Research Technical Paper No. 12, also by 
Dr. Glanville. Briefly, concrete under sustained loading yields 
appreciably more than indicated by its purely elastic strain. Hence, 

607 
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in a reinforced compression member the concrete might be visualized 
as progressively tending to evade its share of the load thus throwing 
a greater proportion on the steel, which in its turn, by reason of its 
increased elastic shortening, again progressively tends to build up 
the load on the concrete. This effect of creep of the concrete 
operates at a rate gradually decreasing with the length of time under 
load. Ultimately, and preceding actual failure, the steel will be 
carrying a greater proportion of the total load than would be 
indicated by the true elastic modular ratio. A higher value for the 
modular ratio termed the “ effective ” modular ratio, may therefore 
be safely used in the design of reinforced concrete members. Having 
regard to these considerations the following revised formulae for 
safe column loads are prescribed in the Code of Practice. 


Permissible Concrete and Steel Stresses in Axially Loaded 
Short Columns. 


Nominal mix. 

Direct concrete stress f e lbs. per sq. in. 

Ordinary grade. 

High grade. 

Special grade 
(limiting values). 

1:1:2 

780 

1000 

1250 

1 : 1-2 : 2-4 

740 

960 

1200 

1 : 1*5 : 3 

680 

880 

1100 

1:2:4 

600 

760 

950 


The crushing strength of the concrete required from the works 
test is equal to 3*75 times the direct concrete stress f c given above. 

Stress f 8 for Longitudinal Steel in Direct Compression. 

Mild Steel (B.S.S. No. 15). 13,500 lbs. per sq. in. 

Mild Steel (as above) but yield point not 

less than 44,000 lbs. per sq. in.. . . 15,000 „ „ 

Tension in Spiral Reinforcement same as above. 

Short Axially Loaded Columns with Lateral Ties.— The axial load 
P shall not exceed the value 

P =/A+/A .(1) 

where f e and f 8 have the values given above, A c = Cross-sectional 
area of concrete not including any finishing material applied after 
the casting of the column, and A, — Cross-sectional area of longi¬ 
tudinal steel. 

Longitudinal Reinforcement. —The sectional area of the longi¬ 
tudinal bars shall be not less than 0*8 per cent, nor more than 8*0 
per cent, of the gross sectional area of the column. At all joints the 
bars shall be overlapped for a length equal to 24 times the diameter 
of the upper bar or for a length sufficient to develop the force in the 
bar by bond, whichever is the lesser, unless they are otherwise 
efficiently jointed to develop the full stress. Main bars shall be at 
least \ in. and not greater than 2 in. diameter. The minimum cover 
is 1 in. or the diameter of the bar whichever is greater. 
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Transverse Reinforcement .—This consists of horizontal lateral 
ties as at A in Fig. 408, or helical (spiral) binding as at B. The 
pitch p of lateral ties must not 
exceed 12 in. and need not be 
less than 6 in. Within these 
limits p shall not exceed the least 
lateral dimension of the column 
or 12 times the diameter of any 
longitudinal bar. Where the 
pitch is the maximum permitted, 
the diameter of a lateral tio shall 
be at least one-quarter of the 
largest longitudinal bar secured 
by it. Where a closer pitch is 
used the diameter of the ties 
may be reduced provided that 
the volume of lateral reinforce¬ 
ment is maintained. 

The volume of transverse rein¬ 
forcement of either type shall not Fia 408 

be less than 0-4 per cent, of the 

gross volume of the column, and the ends shall be adequately 
anchored. 



Lateral Ties. 


Diameter of longitudinal 
bar (in.). 

Minimum diameter of ties (in.) 

(1 the diameter of the longitudinal 
bar but not less than in.) 

Maximum pitch of 
ties (in.). 

i 

.3- 

i ft 


6 

t 

3 

16 


n 

i 

A 


9 

i 

i 


101 

l 

i 



U 

A 



n 

A 


> 

u 

i 


12 

H 

1 



U 

A 



2 

1 




Note .—The figures in this table are subject to the provisions that the 
pitch is not more than the smallest side of the column, and that the volume 
is not loss than 0-4 per cent, of the volume of the column. 


Short Axially Loaded Columns with Helical Binding.— The axial 
load P for columns of this type shall not exceed the value given 
by Formula (1) above or Formula (2) below, whichever is the 
greater. 

P = /<,A* +/rA, + 2/frA* .... (2) 
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where f e >f s , and A, have the same values as in (1). 

A* = Cross-sectional area of concrete in the core, measured to 
the inside of the helical binding. 
f b = Permissible tensile stress in the helical binding (13,500 or 
15,000 lbs. per sq. in. respectively for Mild Steel, B.S.S. 
No. 15 or Mild Steel with yield point not less than 
44,000 lbs. per sq. in.). 

and = Equivalent area of helical binding (volume of helical bind¬ 
ing) per unit length of the column. 

Note. —In no case shall the sum of the loads contributed by the concrete 
in the core and by the helix exceed O SOuAc where “ u ” is the crushing 
strength of the concrete required from the works test given in L-~use 301 of 
the Code of Practice. This test requires a minimum crushing strength on a 
6 in. cube at 28 days, of three times the permissible working stress in bending 
(i.e. 3 x values of f c in Table 33). 

The pitch p of the helical binding, Fig. 408 b should not exceed 
3 in. or one-sixth the diameter of the core whichever is the lesser, 
and not be less than one inch or three times the diameter of the 
helical binding, whichever is greater. 

The minimum diameter for helical binding is & in. 

Long Columns under Axial Loading. —The great majority of 
reinforced concrete columns fall within the category of “ short 
columns.” In general building designs the storey height is com¬ 
monly about 10 feet although ground floor columns occasionally 
exceed this figure. At the present time relatively few records of 
tests on full-sized columns are available from which to derive reliable 
formulae for safe loads. Rules based upon theory alone would almost 
certainly be misleading, principally owing to the inability in practice 
to realize even approximately, the assumptions it would be necessary 
to make. It appears equally undesirable to attempt to adapt the 
existing formulae for long steel columns to the design of long con¬ 
crete colums. If “ long ” concrete columns without intermediate 
bracing should be really necessary in a structure, the most satis¬ 
factory treatment in the present state of knowledge would appear 
to be to apply an arbitrary and reasonably generous reduction to 
the safe loads prescribed for “ short ” columns of similar cross- 
section. This procedure has apparently been adopted in the Code 
of Practice and the recommendations there made are briefly as 
follows. 1 

The safe load for a “ short ” column having the same cross- 
section and reinforcement is first calculated from the Formula 

P = fcA c + /,A*. 

This load P is then multiplied by a reduction coefficient to allow 

1 The reader should refer to the Explanatory Handbook on the Code of 
Practice for Reinforced Concrete , by W. L. Scott, M. Inst. C.E., and Dr. W. H. 
Glanville for further information respecting the interpretation to be applied 
to the recommendations of the Code. Published by Concrete Publications, 
Ltd., 20 Dartmouth Street, London, S.W.l. 
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for the liability of the “ long ” column to fail by buckling. The 
reduction coefficient C is obtained from the formula 


1-5 


l 

30 d 


or C = 1-5 


l 

100r 


where l — effective length of column, d — least lateral dimension of 
column and r — least radius of gyration of column section, all in 
inch units. The following coefficients result :— 


Ratio of effective length to 
least lateral dimension of 
column. 


15 

18 

21 

24 

27 

30 

33 

30 

39 

42 

45 


Ratio of effective length 
to least radius of 
gyration. 


50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 


Reduction coefficient C. 


10 

0-9 

0-8 

0*7 

0*6 

0-5 

0-4 

0-3 

0-2 

01 

0 


The value to be assumed for the “ effective length ” will be 
largely a matter for personal judgment. For general guidance in 
respect of typical cases of end restraint the Code of Practice pre¬ 
scribes the following values :— 

1. For columns adequately restrained at both ends in position 
and direction, the effective length to be taken as 0*75 of the column 
length. 

2. For columns adequately restrained at both ends in position 
but not in direction, the effective length to be equal to the column 
length for columns of one storey and a value intermediate between 
0*75 and 1-00 of the column length depending upon the efficiency of 
the directional restraint. 

3. For columns adequately restrained at one end in position and 
direction and imperfectly restrained in both position and direction 
at the other end, the effective length to be taken as a value inter¬ 
mediate between the column length and twice that length, depending 
upon the efficiency of the imperfect restraint. 

These specifications for the effective length leave a considerable 
margin to personal judgment, especially in Case 3. The reader 
should refer to the column types shown in Fig. 98, p. 140, which 
illustrate the principal cases of end restraint. 

Columns Subject to Combined Bending and Direct Compression.— 
Nearly all practical columns are subject to both bending and direct 
loading. The usual causes which operate to produce bending 
moment in columns are :— 

1. The various physical defects noticed in Chapter V. 
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2. Eccentricity of loading as shown in Fig. 95b or that caused 
by alternately loading and unloading equal adjacent spans sup¬ 
ported by the column, 

3. The application of lateral load such as wind pressure, and 

4. The incidence of a permanent or variable load carried by a 
bracket on one face of the column as indicated in Fig. 95c. 

Generally, if P lbs. be the central or axial load and M in. lbs. the 
bending moment on a column section, these are equivalent to the 
direct load P acting at an eccentricity e in. from the centre such 
M 

that e = p. The design of the cross-section is then concerned 

with the axial load P producing uniform stress distribution over the 
section and the bending moment P x e 
producing increased compressive stress at 
one face and decreased compressive stress 
or possible tension at the opposite face. 
When the eccentricity is small compared 
with the depth of the section up to a 
certain ratio, no tension will be developed. 
If the eccentricity be large considerable 
tensile stress may be developed on the 
face of the section remote from the 
eccentricity. Since the causes which pro¬ 
duce eccentric loading may usually operate 
from either side of the column it is 
necessary to provide symmetrical rein¬ 
forcement in most practical columns. 

Case 1. — Eccentricity small and no 
tension developed . See Fig. 409. 

A c = Area of concrete. A, = Total 
area of steel. I c == Moment of inertia of concrete area. I # = 
Moment of inertia of steel area, m = Modular ratio. P = Load. 
e = Eccentricity. Pe = M. 

Equivalent Moment of inertia in terms of concrete area = I, 

= lc + I. 

= + a, (m - 1) 



Stress due to direct compression = 

Stress due to bending = 
Intensity of compressive stress f e — 
Intensity of compressive stress /„'= 


P 

Ac + (m — 1) A/ 



P Mxi 

A e + (m-l)A, + 2I„ * 

P Mxi. 

A* -f (m — 1)A, 21, '* 
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Example 45 .—A rectangular column is 20 in. x 15 in. and is 
reinforced with eight 1J in. diameter bars with net cover of 1£ in. 
The direct load is 200,000 lbs. and a bending moment of 280,000 in. lbs. 
is applied in the plane of the longer axis. Assuming m — 18 calculate 
the intensities of stress in concrete and steel. See Fig. 410. 

A c — 20 X 15 — 300 sq. in. A, - 8 X 1*227 = 9-816 sq. in. 


Eccentricity 


280,000 

200,000 


1-4 ins. 


Stress due to direct compression 

200,000 


I, = 


300 + (18 - 1) X 9-816 
15 X 20 x 20 X 20 


= 429 lbs. per sq. in. 


12 


+ 7-362 X 17 x 7-875 2 = 17,760 in. units. 


Note that bars aa on the axis XX are neglected in calculating the 
moment of inertia. 




-rJ 

1 T 1 




' I 

hH 




^1- 

G N 


nr 

! 

+ c ! i k 

--y --fc-'ty-J 

t 



I 


¥ \ i 



Stress duo to bending — ± 280,000 X 10 , ro „ 

-- = ± 168 lbs. per sq. in. 

17,760 r 'l 

Maximum f e = 429 + 158 = 587 lbs. per sq. in. 

Minimum f' c — 429 — 158 = 271 ,, ,, 

17*875 

Compressive stress in bars s = 18(271 H- X (587-271)) 

= 9963 lbs. per sq. in. 

Case 2. — Eccentricity large , such that tension is developed at the 
side remote from the point of application of the load P. See Fig. 411. 

Symmetrical reinforcement is provided and the concrete on the 
tension side of the neutral axis is assumed unable to contribute any 
tensile resistance. Two conditions require to be satisfied :— 

1. Total compression in bars cc and in the concrete to left of 
NA—total tension in bars tt to right of NA must = P, and 


8 
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2. The moment of the total compression + moment of total 
tension about the gravity axis GG must — the bending moment P X e. 
Let A c = Area of bars cc and A t = Area of bars tt . In this case 

A c - A*. 

f c = Compressive stress in concrete at left-hand face of section. 
m = Modular ratio, x = Distance of NA from left-hand face. 
Total compression in concrete — \fjbx. 

Additional compression in bars cc = A c x (m — l)/ c X X ^ 

Tension in bars tt = A t x mf c x ^ . 

Hence, for condition 1, we have 

x — d + y\ 


P = bff* x + I A c X (m — l) f c X 


-(-■ 


A ( x mfc x 


+ y — A 


and for condition 2, taking moments about GG 

- d + y 


Pe = \fM x 


(-5) 


+ A c (to - l)/ c 


X y 


+ A,to/ c 


d + y — x 


X y 


(I) 


(II) 


The determination of x and f c from these two expressions is 
tedious, involving the solution of an unwieldy cubic equation. 

They may be converted into graphs from 
which fairly close values for x and f c may 
be obtained by interpolation but unless 
such graphs are accurately plotted to 
very open scales their use is limited. 
Probably the most satisfactory pro¬ 
cedure is as follows :— 

P and e are known. A section is 
required to satisfy the above two con¬ 
ditions such that a specified value of f e 
shall not be exceeded, x and f c are the 
unknown quantities. Assume a prob¬ 
able section and an approximate value 
for x, and insert this in Equation I. The 
resulting value of f e (quickly obtained 
with slide-rule) is then applied in Equa¬ 
tion II to check for Pe. The extent of 
the disagreement will indicate the modi¬ 
fication to be made in the value of x . 
Two or at most three trials will result 
in a close solution. 

Example 46. —A square column section is required to resist a 
direct central load of 30,000 lbs. and a bending moment of 200,000 in. 
lbs. f e is not to exceed 700 lbs. per sq. in. m = 15. See Fig. 412. 



..- 1 
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Fig. 412. 
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Assume a section 12 in. x 12 in. with four 1 in. diameter bars 
at 9 in. centres. The specified loading is equivalent to a direct load 

of 30,000 lbs. applied at an eccentricity of — 6§ in. 

30,000 

Assume x = 7 in. 

Area of two 1 in. bars — 1*67 sq. in. 

Compression in concrete ~ \ X 12 x 7/ c = 42 00/ c . 

5-5 

Compression in bars cc = —f c X 14 x 1*57 — 17*27/ c . 

Tension in bars It = ^~f c X 15 X 1*57 = ll*78/ c . 

p — Total compression — Total tension. 

P - (42*00 + 17*27 —ll*78)/ c - 47*49/ c - 30,000 

x 11 . 

whence f c — G32. Taking moments about GG, d — - = — in. 

O t) 

632 {(42*00 X V) + (17-27 x 4J) + (11*78 X 4£)} = 179,949 in. lbs. 

As this falls short of 200,000 try x = 6J in., which gives f e = 724 

and moment about GG = 210,539 in. lbs. The required value of 
x is evidently between 6£ and 7 in., and an inspection of the pro¬ 
portional differences (200,000 - 179,949) and (210,539 - 200,000) 
shows it to be almost exactly 6| in. Checking this value in Equa¬ 
tions I and II, f e = 692 lbs. per sq. in., and the moment of resistance 
— 199,773 in. lbs., practically 200,000. 

0 o j | 

Compressive stress in bars cc = — - - 2 -—- X 692 X 15 = 8045 
lbs. per sq. in. 

rjl _ 11 

Tensile stress in bars tt = X 692 x 15 = 5969 lbs. per 

sq. in. 

Bending Moment in Columns.—As already stated, few if any, 
columns carry purely axial loads. All above ground structures are 
exposed to lateral wind loads and in monolithic frames consisting 
of columns and beams, the columns are subject to variable and 
reversing bonding moments consequent to the loading and unloading 
of adjacent beams which intersect them. On the assumption of a 
perfectly elastic structure, it is possible to calculate the theoretical 
moments which obtain under stated conditions of loading. Such 
calculations aro extremely tedious for relatively simple frames. 
Moreover, reinforced concrete frames are far from being perfectly 
elastic structures and therefore extreme refinement of calculation 
is unnecessary in practical commercial designs and unremunerative 
for the time spent upon it. What is of importance is to recognize 
the significance of the causes of bending stress and their probable 
magnitude in relation to other major stresses, and to appreciate 
when they may safely be neglected or need to be approximately or 
closely estimated. 
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In buildings of relatively small height, it is common practice to 
neglect the stresses due to wind pressure. The Code of Practice for 
instance, exempts buildings the height of which is less than twice 
the width, provided these are stiffened by floors and/or walls. In 
monolithic framed buildings of the warehouse type of four or five 
storeys height and three to four bays in depth and of usual 
rectangular design, the bending stress at the foot of an internal 
column (due to a horizontal wind pressure of 15 lbs. per sq. ft.) will 
be of the order of 60 to 70 lbs. per sq. in. which is still relatively 
small as compared with a permissible total stress of 600 or 700 lbs. 
per sq. in. Its neglect would not endanger the stability of the 
building but would just be another item covered by the factor of 
safety. In the skyscraper type of building wind load is all im¬ 
portant and may even cause uplift in windward columns (Refer to 
Fig. 285, p. 372). Other examples where wind bending moments 
must be carefully investigated are the column supports of elevated 
tanks, lofty staging, and chimneys. 



Fio. 413. 


The external or “ wall ” columns of buildings are subject to 
greater bending moment than internal columns. Referring to 
Fig. 413a, the external column has to resist the negative end 
moment due to both the dead and superimposed loads of beam L, 
whereas at B the moments due to the deadweight of beams E and F 
largely balance each other and practically only the superimposed 
load S on either beam E or F creates moment which is communicated 
to the column. The wind moment, when required to be taken into 
account, will obviously increase or decrease the column moment 
according as the wind pressure acts from right or left. 

Since the direct vertical load on external columns is usually only 
about one-half that on an internal column, the proportioned effect 
of the end beam moment is greater, resulting in greater eccentricity. 
It should be borne in mind that a relatively small eccentricity may 
cause a large increase in the compressive stress in the concrete com¬ 
pared with the axial stress only. 

Since the column changes curvature at the point X, it is evident 
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that in Case A the sum of the column moments M and Mj must 
balance the beam moment N, and in Case B the sum of M and M x 
must balance the difference between the beam moments N and N x 
about X. If the column above and below X is of the same stiffness 
(i.e. of the same length and moment of inertia), M will equal M x and 
M = M x = JN. In Case B for equal stiffness of the column above 
and below X, M = M x = |(N — N a ). The ability of a member 
to resist bending varies directly as its moment of inertia and in¬ 
versely as its length, i.e. as ^ or its stiffness K. Thus, in the case of 


a short and heavy section column, its stiffness will be large com¬ 
pared with that of a long and much lighter section beam framing 
into it. The ability of the beam to constrain the column to bend 
will bo small and the tendency of the column to retain its straight¬ 
ness and vertically will cause the beam to realise nearly the con¬ 
dition of a perfectly fixed ended beam with a negative end moment 
W 12 

closely approaching — —. On the other hand, a short and heavy 


section beam framing into a long and lighter section column will, 
by reason of its much greater stiffness, constrain the column to 
bend readily and cause the beam to approach nearly the condition 
of a simply supported beam when the negative end moment would 
be relatively small and tend to approach zero. The latter case is 
less likely to occur in practice since a heavy beam implies a heavy 
load and consequently calls for relatively heavy columns. 

Inspection of the coefficients in Table 36 will confirm this point. 


At one end of the series = 10 and r = 1. Hence 

I c h 

and = I"'. 

I hf 


10 1 


10 = } 


That is, the stiffness of the beam is 10 times that of the column. 
For these ratios the negative end moment in the beam at the wall 
column is only —- -fa id 2 . At the other end of the series 

I 6 — 0-5 and \ — 5. Hence -~ = 0*5 = ~ and ~ = 10^. 

I c h 10/i I c h l 

That is, the stiffness of the column is 10 times that of the beam and 
the negative end moment in the beam at the wall column is 
practically — wl 2 or the beam is virtually perfectly fixed. 

The coefficients in Table 36 are those proposed by Edward 
Smulski and were computed by the theory of least work. They are 
to be applied in the formula M = C wl 2 where M = Bending Moment 
in End beams connected monolithically with Wall columns and 
C — the fractional coefficient in the Table. Their application is as 
follows :— 

Design the end beam at the wall support for Bending Moment 
“ At Wall Column ” 

In the top storey column consider Bending Moment “ At Wall 
Column ” as resisted by the column just below the beam. 
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In lower storeys consider half of this Bending Moment resisted 
by the column above and half by the column below the beam. 

In the Table I 6 = Moment of Inertia of beam. I c = Moment of 
Inertia of column. I — Length of beam, h = Height of column. 
w — Uniform load per foot run of beam. 

Table 36. —Moment Coefficients C for End Beams Connected 
with Wall Columns. 

To bo used in Formula M Cicl *. 


llatio of length of beam to height of column, -. 

A 



l. 

2- 

3. 

4. 

5. 


Bending moment 

Bending moment 

Bending moment 

Bending moment 

Bending moment 

n 

in end beam. 

in end beam. | 

in end beam. 

in end beam. 

in end beam. 

le' 


At 


At 

! 

At 


At 


At 


At wall 
column. 

centre 
and at 
interior 

At wall 
column. 

centre 
and at 
interior 

At wall 
column. 

centre 
and at 
interior 

At wall 
column. 

centre 
and at 
interior 

At wall 
column. 

centre 
and at 
interior 



column. 


column. 


column. 


column. 


column. 

0-5 

-L. 

1 5 

-1- 

1 2 

14 

i 

1 2 

i 

‘i » 

* 

_A_ 

1 3 

JL. 

1 2 

i J 2' 

i 

1 2 

1 

1 

A_ 

-V 

A. 

i 

-JL 



u 

l 

1 8 

1 2 

1 5 

1 2 

1 4 

1 2 

J 4 

1 2 

1 3 

J 2 

2 

-JL 

-1- 

. 1 - 

1_ 

1 

JL 

.A. 

1 

A_ 

1 

24 

1 i 

1 8 

1 2 

1 & 

l 2 

1 8 

1 2 

14 

1 2 

A 

-A- 

JU 

JL 

_ 1 _ 

. 1 _ 

_1 

1 

.1. 

1 

1 


36 

1 0 

2 3 

J l 

2 0 

l i 

1 H 

1 2 

1 7 

1 2 

10 

1 

—L~ 

.JL 

_l_ 



1 . 

. 1 . 

1 

1 

7 2 

10 

44 

10 

32 

i l 

2 7 

11 

2 5 

1 f 


Note .—Bending Moment in Beam at wall column and interior column, 
Negative. 

Bending Moment at Ontro of Beam, Positive. 

Bending Moment in column below beam, Negative—above Beam, 
Positive. 


It may be noted that in apportioning one half the beam end 
moment to the upper and one half to the lower column, equal 
stiffness of upper and lower columns is implied. A column may 
continue with the same section through two or more storeys of 
equal height, when this division of the beam moment obtains. 
Where a marked reduction of column section occurs from a low'er 
to an upper storey, the apportioning of the beam end moment 
should obviously be in the ratio of the column stiffnesses. If 
K u == Stiffness of upper column and K* - Stiffness of lower column, 
then the share of the beam end moment M„ resisted by upper column 

K K 

will be M tf . —-rgr and by the lower column M*. for all 

~r lv u + Ivj 


practical purposes. 


Further, in most practical examples where 


l 

h 


will be in the neighbourhood of 2 and ~ from 1 to 3, the beam end 

lc 

moment at the wall column will be in the vicinity of — ^ to — 
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The coefficients in Table 36 are practically identical with those 
recommended in the Code of Practice. 

Column Footings. —Probably the most suitable footing for con¬ 
verting an axial column load into a closely uniformly distributed 
load over an adequate foundation area would be a circular slab. 
Since this does not lend itself to a practical system of reinforcement, 
the alternatives are a square slab with two- or four-way reinforce¬ 
ment or an octagonal slab with four-way reinforcement. Although 
the latter would realize more uniform distribution it is more trouble¬ 
some and expensive to construct. If bending is to be resisted in 
addition to an axial load, both circular and octagonal slabs are 
inferior to square and rectangular. The design of footings is also 
complicated by the fact that the thickness demanded for shear 
resistance is large relatively to the length and breadth or “ span ” 
dimensions, and the application of the usual beam or cantilever 
calculations is open to criticism. 

It is evident from its shape that a square slab cannot realize a 
perfectly uniform distribution of pressure on ground of uniform 
bearing capacity. Across 

the two shorter axes are Y 

zones where the intensity - 
of pressure will tend to be 
greater than over the corner 
areas, and only by variable 
distribution of the steel 
can an approximately ideal 
solution of the problem x * 
be achieved. Variable and 
irregular bar spacings are r 
to be avoided in the main 
since the accurate fixing of 
the steel on the job is less 
likely to be secured. 

Three principal mothods 
of design will be considered. 

Method 1.— Fig. 414 Fig. 414. 

shows the plan of a square 

footing for a column with axial load of P lbs., with similar reinforce¬ 
ment in both directions. Since both systems of bars act simultane¬ 
ously and in unison, one half the work done in bending the slab will 
be resisted by each system. 

Assuming uniform distribution of pressure on the ground equal 
to p lbs. per sq. ft., then 

P -f* Weight of slab 
P = ‘ 

Considering a section YY across the slab, the upward reaction 

p 

through G and downward load acting through g each = - . The 
weight of the slab being distributed does not affect the bending 
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moment. One half of these forces acting at G and g operate to 
create moment on the section YY, the other half being concerned 
with section XX. Taking moments about YY 


B.M. on YY = 


P 

4 



P e P (l ~ c) 

4*4 16 


This moment is to be equated to the moment of Resistance of 
section YY. The minimum slab thickness t is controlled by the 
resistance to “ Punching Shear.” It is evident that the con¬ 
centrated column load would shear or “ punch ” a square hole 
through the slab if this were unduly thin. The safe punching shear 
stress is usually taken as 120 lbs. per sq. in. 

The punching shear force around perimeter of column is obtained 
by multiplying the total load on the column by the ratio of not area 
to gross area of the footing. (The weight of slab being balanced by 
the upward reaction does not enter into this calculation.) We then 
have 

l 2 _ c 2 

Punching shear force = P X —^—■ = 4c x t X 120. 

from which t is obtained. This value of t is taken as the depth of 
slab from upper face to level of reinforcement. 

Example 47.— Design a footing for a column 26 in. square carry¬ 
ing a had of 365,000 lbs ., the permissible pressure on the ground being 
2 tons per sq. ft. O.G. Concrete 1:2:4. f 8 = 18,000. m — 18. 
See Fig. 414. 

1. Find Area of Footing. —Assume weight of slab 35,000 lbs., to 
be checked later. Total load on foundation — 365,000 + 35,000 
- 400,000 lbs. 

Area of slab = = 89*3, say 90 sq. ft. 

2 X 2240 J ^ 

A slab 9 ft. 6 in. square gives area = 90J sq. ft. 

2. Find t for Punching Shear =120 lbs. per sq. in. —Area of 
26 in. square colum = 4-7 sq. ft. Net area of slab = 90-2 — 4*7 

= 85*5 sq. ft. Punching shear = X 365,000 — 345,980 lbs. 

i/U'Z 


t x 4 x 26 X 120 = 345,980 and t = 27J in. 

This will be the effective depth to mean level of reinforcement. 
Total depth say 31 in. Weight of slab = 2 ft. 7 in. x 9 ft. 6 in. 
X 9 ft. 6 in. X 150 = 34,972 lbs. Assumed weight 35,000 lbs. 

3. Check for Shear Stress Causing Diagonal Tension in Concrete .— 
The calculated depth of 27 J in. should now be checked to ascertain 
if shear reinforcement will be required. Tests indicate that in 
reinforced concrete footing slabs diagonal tension develops at a 
distance from the face of the column equal to the effective depth of 
the footing slab. The dotted square in Fig. 414 is drawn at a 
distance of 27| in. from the faces of the column. Its side is 
26 + (2 x 27f) = 81 i in., and its perimeter 4 x 81 £ = 326 in. 
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The area of slab outside this perimeter — 

j — 44*2 sq. ft. The upward shear on the vertical 
44-2 

faces of this square = X 365,000 = 178,858 lbs. 

Intensity of vertical shear or diagonal tension = Total shear 
4- bjd. Here b = 326 in., and jd the moment arm — 0-857 x 27-75 
in. 

Hence shear intensity = r-—- * 7 fl**ff -= 24 lbs. per sq. 

J 0-857 X 27-75 X 326 1 H 

in. Since this is below the permissible stress of 75 lbs. for the 
concrete in question, shear reinforcement is unnecessary. 

Note. —If the upper surface of the slab is sloped off forming a truncated 
pyramid, the reduced depth at the face of the dotted square should be used 
instead of 27*75 ins. The shear intensity would then be greater. In nearly 
all cases the choice of a suitable depth for the outer edge of a pyramidal footing 
will ensure a depth at the dotted square section such that the employment of 
shear reinforcement is avoided. 


is 12 



4. Calculate B.M. on Section YY. 

B.M. a. VY - _ 2,007,500 in lb,. 

. 2,007,500 

A * 0-857 X 27-75 x 18,000 ' ° 8q ' m ‘ 


No. 16 bars jj in. diameter give an area of 4-90 sq. in. 

5. Bond Stress. —The embedded length of the bars from the 
section of maximum stress is 55 in. Circumference of | in. bar 
= 1-96 in. f b = Mean bond stress lbs. per sq. in. Hence 

55 x 1-96 x f b = 0*307 x 18,000 and f b — 52 lbs. per sq. in., 

which is well below the permissible bond stress of 100 lbs. per sq. in. 
for 1 : 2 : 4 O.G. concrete. 

The intensity of bond stress at section of maximum shear 

y 

= —— where V = Total vertical shear on section, jd = Moment arm 
jdO 

and O = Sum of the perimeters (circumferences for round bars) of 
all the tensile reinforcing bars. 

Shear at one face of column = J x Punching shear == J 

X 345,980 — 86,495 lbs. 0 for 16 bars § in. diameter = 16 x 1-96 

= 31-36 in. 


86,495 

0-857 X 27-75 X 31-36 


= 117 lbs. per sq. in. 


This value of f b should not exceed 200 lbs. per sq. in., or twice 
the permissible average bond stress for the concrete in question. 

Method 2.—This method, sometimes called the “ cantilever ” 
method is considerably favoured in American practice. « 
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Adopting the same data as in Example 47 above and referring 
to Fig. 415, the footing slab is divided into four trapezium shaped 

areas as adef and the bend¬ 
ing moment at ad due to the 
upward ground reaction on 
the area adef is calculated on 
the assumption of uniform 
pressure on the foundation 
area. Proceeding as in Ex¬ 
ample 47, the three first steps 
regarding area, thickness t 
and diagonal tension will be 
the same. 

The B.M. at column face 
ad is obtained by summing 
up the moments due to 
the rectangular area abed 
(moment arm 22 in.) and the 
two triangles abf and dee 
(moment arm § x 44 in.) multiplied by the net unit upward pressure 
causing bending. 



The net load causing bending = 


365,000 
9-5 X 9-5 


4045 lbs. per sq. ft. 


B.M. due to rectangular area abed =& 3§ X 2£ x 4045 x 22 
= 706,980 in. lbs. 

B.M. due to triangular areas abf and dee = 3 5 X 3 5 X 4045 
Xfx44 = 1,595,230 in. lbs. 

Total moment — 2,302,210 „ 


A# = 


2,302,210 

0-857 X 27-75 X 18,000 


= 5-38 sq. in. 


No. 18 bars § in. diameter give an area of 5-522 sq. in., although 
17 bars (5-215 sq. in.) are nearly sufficient. It will be seen that the 
result obtained by either of the above methods is closely the same. 
In either case the calculated number of bars should be so spaced as 
to come within the “ effective width ” of the footing which is taken 
as the width of the column plus twice the effective depth of slab 
plus half the remaining distance to the edgo of the slab on each side. 
Jn the example the effective width = 26 + (2 x 27-75) + 16-25 
— say, 98 in. The spacing for the 16 bars (Method 1 ) will thus be 
6 £ in., and for the 18 bars (Method 2) 5J in. An additional bar will 
be placed in the 8 in. margin outside the effective width. The bar 
ends are usually bent up 3 or 4 in. 

Since the shear and bending moment diminish towards the edges 
of the slab the upper surface may be sloped so as to leave an edge 
thickness of from 8 to 12 in. If steeper than about 1 in 4 top shutter¬ 
ing will be necessary, the cost of which will often exceed the saving 
in concrete. Shear and bond stresses should be carefully checked 
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if the depth is so reduced. A ledge of 5 or 6 in. width should be left 
around the column on which to erect the column shuttering before 
commencing the slope. 

Method 3.—The footing may also be designed on the lines of a 
grillage foundation which results in rather more steel but probably 
secures a more rational distribution of the stresses. Referring to 
Fig. 416, one-half of the column load is assumed to be taken by each 
of the two intersecting beams abed and efgh incorporated in the 
pyramidal base block. These in turn distribute the load over the 
slab area. Again retaining the same data as in Example 47, the 
same area, punching shear and effective depth of 27*75 in. will 
obtain. Considering the beam abed to have an effective width of 



Fio. 416. 


30 in., the upward reaction contributing to bending moment is 
lbs. per sq. ft., and B.M. at fg = R X 21 in. lbs. 

= \ (9| X 3$ X 4045) X 21 - 1,412,210 in. lbs. 


1,412,210 

0*857 X 27*75 X 18,000 


= 3*30 sq. ins. 


No. 9 bars H in. diameter giving 3*34 sq. in., with spacing 3J in. 
will be within the 30 in. effective width. A similar group is provided 
for beam efgh. For the four quarters of the slab outside the beams, 
considering a 12 in. width, 

4.045 

B.M. = 1 x 31 X — 5 - X 21 = 148,654 in. lbs. 
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1. Far a Slab of Uniform Thickness, 

138 bd 2 = 148,654. b = 12 ins., and d = 9J in. 

Allowing for suitable arrangement of bars and cover total depth will 
be 12 in. 

148 654 

A, per foot width = q-857 x 9-5 x 18,000 = 1-02 fK l- m - 
0*307 

Spacing for § in. bars = — X 12 = 3*6 say 3J in. 

2. With the four comers of the Slab concreted up to form a 
pyramidal block , the effective depth will increase from base to sum¬ 
mit and the bar spacing may be progressively increased from out¬ 
side towards the centre. Effective depth at top= 25 in., where 

148 654 

A„ per foot width = a orn - - - Vo T w i = s< i- ,n -> 


0-857 x 

. , . . , 0-307 

spacmg for f in. bars = ^ ^ 


25 X 18,000 
X 12 = 9*6 in. 


and 


The adopted dimen¬ 


sions are shown in Fig. 416. 

Checking for bond stress—Shear at column face = | x Punching 
shear = 86,495 lbs. O for No. 9 bars H diameter = 19*43 in., and 

/. — -- = 188 lbs. per sq. 


0*857 x 27*75 x 19*43 


in., which is within 


200 . 


The embedded length of the bars is 40 in. -r H = 58 diameters. 

The ends will be bent up as before. 

Footings Supporting Eccentric 
Loads. —The bending moment causing 
eccentricity may act in a permanently 
fixed plane, or as in the case of wind 
moment, it may act in any direction. 
In the former case the footing may be 
designed for the known permanently 
eccentric loading. In Fig. 417 the 
column carries a central load P whilst 
a lateral load L causes a clockwise 
bending moment about the base. The 
action of P alone causes the centre of 
pressure to fall at o. The inclined 
resultant of L and P displaces the 
centre of pressure from a to b (A to B 
in plan). If the centre of the original 
footing for the central load only, shown 
in dotted lines, be moved from A to B 
there is still acting at A the vertical 
load P which will cause a greater in¬ 
tensity of pressure along the edge XX 
of the base than along the edge YY. The bending moment due to L 
which equals P multiplied by the eccentricity ab , causes the greater 
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intensity of pressure along YY and the lesser intensity along XX. 
These opposite effects together rectify the inequality of pressure on 
the base in its new position, shown in full lines, and restore the con¬ 
dition of uniform pressure on the ground. It will be noted that a 
new force is introduced, namely the horizontal displacing force L 
or the horizontal component ah of the inclined resultant C b which 

= -^xP, and tends to move the base block towards the right. 

GL\j 

This must be adequately resisted by the lateral ground pressure G 
or by basal friction or both acting together. 

The footing may now be designed for uni¬ 
form upward reaction from the ground. The 
punching shear should preferably be calculated 
for the three faces ef t fg , and gh only, especially 
if the edge XX is near the left-hand column 
face. 

One of the commonest causes of bending 
moment at a column foot is the negative end 
moment of an intersecting beam. Fig. 418 
indicates the character and sense of the 
moments in such case, the bending being greatly 
exaggerated. 

Eccentricity of loading due to wind pressure may be treated as 
in the following example. Since the wind load may act in any 

direction, a square footing is 
obviously indicated. In Fig. 
419 aJjcd is a square footing of 
side l ft. required to carry a 
column loaded with an axial 
load of P tons and acted upon 
by a bending moment of M ft. 
tons which may operate from 
any one of the four sides. 

p = Unit pressure due to 
axial load P in¬ 
clusive of weight of 
footing. 

Pi = Maximum unit pres¬ 
sure duo to bend¬ 
ing moment M. 

, r M 

^ = ±675 



p = S an<] 



p -|- p l = p 8 the permissible safe pressure on ground. 

P. = l + ™ or Ai» = R + 6M. 

If P = 140 tons, B.M. = 60 ft. tons and safe pressure is not to 
exceed 2J tons per sq. ft., 2 - 5i 3 = 140i + 360 whence l = 8 ft. 7 in. 
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to nearest inch say 8| ft. If the B.M. acts from the left side in the 
direction of the arrow 


Unit pressure due to 140 tons 


140 x 3 x 3 
26 X 26 


1*87 tons per 


sq. ft. 

tx. j .6x60x3x3x3 . n . 

Pressure due to B.M. — ±-—-—---— = ± 0-56 tons 

26 x 26 X 26 


per sq. ft. 

Pressure per sq. ft. along edge of slab be = 1-87 + 0*56 = 2*43 
tons per sq. ft. 

Pressure per sq. ft. along edge of slab ad — 1*87 ■— 0-56 = 1*31 
tons per sq. ft. 

These intensities of pressure are plotted in Fig. 419 and since 
they may be reversed by the moment acting from the right, the load 
area for design will be efghk. It will make little difference practically 
whether the B.M. at YY is calculated from the trapezium reaction 
mjgh acting through its centroid T or the rectangular reaction mjgn 
acting through R, that is, assuming uniform ground pressure of 
2-43 tons per sq. ft., less the unit pressure due to weight of slab, 
which in this example would be approximately 300 lbs. per sq. ft. 
The dimensions of the slab should be large enough so that — p Y does 
not exceed + p otherwise there will be uplift along the side from 
which the B.M. acts. Note that a slab to carry 140 tons of axial 


load only would have an area of 


140 

2*5 


= 56 sq. ft., with side i = 7 ft. 


6 in. 



CHAPTER XVI. 


RETAINING WALLS. 

Retaining Walls. —Retaining walls in reinforced concrete are of two 
principal types. Fig. 420 A and B are examples of the “ cantilever ” 
type and C the “ counterforted ” or buttressed (or bracketed) type. 
The dead weight of such walls is relatively small compared with that 
of gravity walls in masonry or plain concrete and stability is assured 
by utilizing the weight of the prism of earth abed resting on the 



horizontal slab. In A and B both the vertical and horizontal 
members act as cantilevers with the main reinforcement adjacent 
to the faces ad and dc, and consisting of vertical and horizontal bars. 
Cantilever walls are economical up to heights of about 16 to 20 feet, 
depending upon character of earth fill and relative costs of shuttering 
and concrete. Loftier walls are usually of the type C. Fig. 420 d 
is the section of a recently erected wall of considerable length, 44 ft. 
high and carrying the surcharge of railway tracks. In this case the 
buttresses are on the outside and so shaped as to permit of roofing at 
LL and the utilization of chambers K between the counterforts. 
It is obvious that types A, B, and C entail erection and subsequent 
back filling whilst type D requires external shoring of the face during 
construction. The general remarks in Chapter XII. regarding 
retaining walls apply equally here. A factor of safety of 1-5 to 2*0 
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against overturning should be realized, special attention given to 
efficient drainage of the back fill and liability to sliding forward 
guarded against. Where considered necessary a projecting tongue p 
may be provided beneath the base slab to give greater resistance to 
sliding. In type C the vertical slab is designed as a continuous slab 
spanning the intervals between the counterforts which are tied back 
to the rear of the base slab and suitably reinforced for shear. 

Example 47 .—Design a retaining wall 22 ft. high to support 
filling weighing 120 lbs. per cub. ft. with horizontal upper surface , 
angle of repose 30 degrees and maximum permissible pressure on 
foundation 1*75 tons per sq.ft. O.O. Concrete of 1 : 2 :4 mix,f t — 16,000 
lbs. per sq. in.,f c = 750 lbs. per sq. in., and m = 18. 



Fig. 421. 


In Fig. 421, total earth pressure per foot run of wall by Rebhann’s 
method (see Chapter XII., Fig. 315) = Area of EP triangle x unit 
weight of filling — \ x 11 X 12 -8 X 120 = 8448 lbs. assumed acting 
at one-third the height of the wall above 



Fig. 422. 


the base in a direction inclined 30 degrees 
to the horizontal. 

Horizontal component of this pressure = 
8448 X cos 30 degrees = 7316 lbs. It may 
be noted that the horizontal pressure by 
Rankine’s formula would be 9680 lbs. The 
position of the vertical cantilever relatively 
to the base will be governed by local con¬ 
ditions. In this example we will consider 
the toe to project 3 ft. from face of wall. 
The breadth of base for a wall of this type 
may be from 0*45 to 0*6 of the height, de¬ 
pending on character of filling and bearing 
capacity of ground. Assume the base 11 ft. 
wide. 


Vertical Cantilever. —Fig. 422 is a diagram of horizontal pressure 
intensity. Considering a one foot length of wall, total horizontal 

* 7316 

pressure = 7316 lbs. Average pressure per sq. ft. = lbs. and 
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maximum intensity at base level — 
Increase of intensity per ft. of depth 


7316 x 2 
22 

__ 665 _ 
~ 22 " ~ 


= 665 lbs. per sq. ft. 
30-23 lbs. per sq. ft. 


Assume provisional thickness of base slab — 2 ft. B.M. on face 
slab per ft. run of wall— 

At 20 ft. depth - 1 x 20 x 30-23 x 20 x ¥ X 12 

= 483,680 in. lbs. 

At 13 ft. depth = £ x 13 x 30-23 x 13 X *$■ X 12 

= 132,830 in. lbs. 

At 7 ft. depth - |x 7 x 30-23 X 7 x 1 X 12 

= 20,740 in. lbs. 

For the specified working stresses and m = 18 the Moment of 
Resistance at any section of the cantilever — 1466c? 2 (Table 33). 
b — 12 in. and d = effective thickness of wall in inches. Equating 
M.R. to B.M. 


At 20 ft. 146 X 12 X d 2 = 483,680 whence d = 16-65 say 17 in. 

„ 13 ft. 146 x 12 x d 2 = 132,830 „ d = 8-72 „ 9 „ 

„ 7 ft. 146 x 12 x d 2 - 20,740 „ d = 3-46 „ 3-5 „ 


Allowing 3 in. cover from centre of steel the total thickness at 20 ft- 
depth = 20 in. and theoretical thickness at 7 ft. depth = 6-5 in. A 
minimum thickness at the top of the wall of 10 in. is desirable to 
permit of efficient pouring and tamping of concrete. Making the 
top thickness 10 in. there will be a face batter of 10 in. on 20 ft. 
depth, the back of the wall being vertical. 

The available effective thicknesses now are 

At 7 ft. depth 10-5 in., at 13 ft., 13-5 in., and at 20 ft., 17 in. 


Steel area required = 
At 20 ft. A 8 = 
At 13 ft. A s = 
At 7 ft. A, = 


Bending moment 


Moment arm x 

f. 


483,680 


0-847 

X 17 X 16,000 


132,830 


0-847 

X 13-5 x 

16,000 


20,740 


0-847 

X 10-5 X 

1(5,000 


Adopting 1 in. diameter vertical bars, suitable spacing would be 
4J in. pitch from bottom of wall to 13 ft. below top. 

12J in. pitch from 13 ft. to 7 ft. below top. 
and 25J in. pitch from 7 ft. below top to coping, 
giving areas per ft. run of 2-21, 0-74, and 0-37 sq. in. respectively. 

These dimensions give ample embedded length for bond without 
hooking the upper ends. Hooks would further tend to obstruct the 
placing and tamping of concrete in so narrow a wall. Horizontal 
distribution bars J in. diameter will be placed in the wall and base 
at 12 in. spacing. 
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Overturning Moment. —This may now be checked. Assuming 
base slab provisionally 11 ft. wide, 

Weight of earth on rear slab CD Fig. 423 = 20 X 6£ X 120 
= 15,200 lbs. 

Taking moments about A, moment of stability = (15,200 X 7$) 
+ (11 X 2 x 150 x 51) + (20 x lj X 150 X 4) = 152,217 ft. lbs. 

Overturning moment = 7316 X 7J = 53,650 ft. lbs. 

The factor of safety against overturning about A is therefore 
nearly 2*9. This calculation neglects the contributory effects of 
friction between the earth and back of wall and of the resistance to 
shearing or rupture of the earth above CD, both of which tend to 
increase the factor of safety. 

Resultant Pressure on Base. —If the moment of stability, 152,217 
ft. lbs. obtained above be divided by the sum of the weights of the 
prism of earth CDEF, Fig. 423, and the wall concrete, the distance 
from A to the vertical line of action of the total weight is obtained. 
The sum of these weights is 

Earth CDEF . . . = 15,200 lbs. 

Base slab . = 3,300 ,, 

Vertical slab . . . = 3,750 ,, 


22,250 lbs. 

152,217 

Distance of vertical resultant from A = ~ 6-84 ft. 

22,2o0 

Combining the inclined earth pressure of 8448 lbs. acting at G 
with the vertical weight of 22,250 lbs. the resultant cuts the base at 
point P, 4*47 ft. from A, which point falls well within the middle 
third of the base width. For intensities of pressure on foundation 
4-47 

we have m = = 0*406. 


Vertical component of resultant = 22,250 + (8448 x sin 30 
degrees) = 26,474 lbs. 

2 x 26 474 

Intensity of pressure at A =-y~— (2 — 3 m) — 3764 lbs. 


per sq. ft. 

Intensity of pressure at H = 


2 x 26,474 

11 


(3m - 1) = 1050 lbs. 


per sq. ft. 


The intensity at A = 3764 lbs. per sq. ft. is within the specified 
permissible pressure of 1*75 tons. It is undesirable to have the 
maximum permissible pressure at the toe diminishing to zero at the 
inner edge of the base, as recommended by some designers, since 
on any but a rock foundation some appreciable compression of the 
soil would take place at the toe with a corresponding slight forward 
heeling over of the wall which destroys the sense of stability con¬ 
ferred by the face batter, and makes for a progressive increase of 
foundation pressure. 
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Base Cantilevers .—It is evident from an inspection of the 
foundation pressures at A and H that the toe AB will be exposed to 
a net upward pressure causing positive bending moment requiring 
reinforcement on the under side, whilst the rear slab CD will be 
exposed to a net downward pressure causing negative bending, by 
reason of the heavy weight of earth which it supports as compared 
with the smaller upward ground reaction. This will call for rein¬ 
forcement at the upper side. Fig. 423 shows the upward and 
downward pressure distribution diagrams superposed. The vertically 
lined areas show the net loads contributing to bending of the slab. 



B.M. on cantilever AB = 3 X 
in. lbs. 

Assuming effective depth — 21 in. 
A 193,458 


^ 3764 1- 3024 j 


X 19 in. = 193,458 


0-847 X 21 X 16,000 


0-68 sq. in. per ft. run of wall. 


If one-third of the vertical bars are bent into the toe the area of steel 
per foot would be 0-739 sq. in. It will, however, be convenient to 
bend all the vertical bars into the toe to obtain the necessary 
bond. 
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B.M. on cantilever CD (effective depth 21 in.) = 
X 48 in. = 264,024 in. lbs. 



1650+87\ 

2 ) 


9 64 024 

A * = 0-84 7 ~ X 21 x 16,0 0 0 = 0 93 Sq ' in ' ^ ft ‘ FUn ° f WalL 

Bars l in. diameter at 7f in. spacing provide this area. 

Shear Stresses .—Horizontal shear at junction of wall slab with 
base (effective thickness — 17 in.) = J X 20 X 20 X 30*23 — 0046 
lbs. 

Maximum shear stress = -- ~~ -— = 35 lbs. per sq. in. 

12 x 0*847 x 17 r ^ 


Vertical shear at C = 6£ x * ^ ^ — 5500 lbs. Effective 

depth = 21 in. 

Maximum shear stress = —-^ = 27 lbs. per sq. in. 

12 x 0*847 X 21 r ^ 

4 _ qo*>4 

Vertical shear at B = 3 X ---— = 10,182 lbs. Effective 

depth = 21 in. 

Maximum shear stress = —--— = 48 lbs. per sq. in. 

12 x 0*847 x 21 i 'l 

Each of these stresses is well below the permissible stress of 

75 lbs. per sq. in. 

Bond Stresses .—At junction of wall with base 


tut • -o it 6046 x 4*25 

Maximum Bond stress = —-——--— 

12 x 3*14 X 0*847 X 17 


= 48 lbs. per 


sq. in. 

a. n ^ • -r> i . 5500 x 7*75 _ 0 

At C, Maximum Bond stress = —--r—- — --= 73 

12 X 2*75 X 0*847 X 21 

lbs. per sq. in. 

At B, Maximum Bond stress = ——~ ^ 

12 x 3*14 x 0*847 x 21 

lbs. per sq. in. 

Each of these is below the permissible maximum of 200 lbs. per 
sq. in. The length of embedment for 1 in. bars at 16,000 lbs. per 
sq. in. is 54 in., and for | in. bars 48 in. These lengths are provided 
by the arrangement shown in Fig. 424. Expansion joints may be 
spaced at horizontal intervals of 25 to 30 ft. If expansion joints are 
not to be provided, horizontal temperature reinforcement of sectional 
area = 0*002 to 0*004 of the concrete area should be employed in 
order to limit the formation of unsightly cracks. This steel should 
be placed at both faces of the wall. 

The mean area of section of the wall face per foot of height is 
15 x 12 = 180 sq. in. Taking 0*003 X 180 = 0*54 sq. in. as the 
mean section of steel per foot of height, the \ in. bars at 12 in. near 
the back of the wall provide 0*196 sq. in. leaving 0*344 sq. in. per ft. 




RETAINING WALLS 


533 


for distribution near the front face. The front face and the upper 
and thinner portion of the wall undergo greater variations of 
temperature than the back face and lower and thicker portion. If 
therefore \ in. bars at 6 in. spacing, giving 0-392 sq. in per ft. of 
height be adopted near the centre of the face, the spacing may be 
opened out to say 7 in. in the lower third of the height and reduced 
to 5 in. in the upper third. This arrangement is indicated in 
Fig. 424. 

An adequate rubble drain should be provided behind the face 
leading to satisfactory weep holes. A working joint, shown by 



dotted lines, will usually bo formed just above the base slab and if 
the wall be a long one the vortical shuttering may be arranged for 
casting the wall in three or four lifts with the usual grooved working 
joint at each lift. 

Sliding on Foundation .— 

Horizontal pressuro against wall =7316 lbs. per ft. run. 

Vortical ,, on foundation = 26,474 ,, ,, 

Coefficients of friction for checking the liability of walls to slide are 
given on p. 396, from which a reasonable average value is seen to 
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• be 0*4, although on wet clay this value may be in the neighbourhood 
of 0-3. In this case, taking the value 0*4. 

Frictional resistance to sliding = 26,474 x 0*4 = 10,590 lbs. 
This neglects any resistance from the earth in front of the wall 
footing or the cohesion of the earth behind the wall which must be 
destroyed for the wall to slide. The pressure tending to cause 
sliding is 7316 lbs. Theoretically the wall is safe against sliding on a 
reasonably dry foundation. It is, however, a wise precaution to 
provide a projecting tongue beneath the wall as shown in Fig. 424. 

Example 48.— A counterforted ivall 30 ft. high retains earth with 
horizontal upper surface. The horizontal pressure is assumed equal 
to that of a fluid weighing 25 lbs. per cub. ft. O.G . Concrete of 1:2:4 
mix y f s ~ 18,000 lbs. per sq. in. f c — 750 lbs. per sq. in. and m = 18. 
The earth filling may be taken as weighing 100 lbs. per cub. ft. 

The width and thickness of base slab and toe projection are 
assumed as in Fig. 425. Counterforts will be 
spaced at 10 ft. centres. 

Vertical Face Wall .—Considered as a con¬ 
tinuous slab supported by the counterforts, 
the lowermost strip of one foot height is the 
most heavily loaded and the thickness might 
theoretically be diminished towards the top. 
This, however, is practically inconvenient ex¬ 
cept ih very high walls (see Fig. 420 d), 
and the thickness will be kept uniform and 
the spacing of horizontal bars suitably in¬ 
creased from bottom to top. 

Height above base slab = 27*5 ft. Hori¬ 
zontal pressure at this depth = 25 X 27-5 = 
688 lbs. per sq. ft. = w. 

Central B.M. on lowermost one-foot 
wl 2 

strip = — to allow for continuity == 

-- = 82,560 in. lbs. 

M.R. = 138 X 12 X d 2 = 82,560 whence d = 7-1 ins. A mini¬ 
mum thickness of 10 in. is desirable for convenient placing of con¬ 
crete, which will provide a net cover of 2-5 in. 

. 82,560 rjn . ri. r 'JiL 

A - = 0-857 X 7-1 x TST d oo = 0 76 *>■ "• P" ft - ° f Wld,h ' 

| in. diameter bars at 7 in. spacing will be adopted for a height of 

21*67 

5 ft. 10 in. above the base slab. At this level the steel area = —— 

27*50 

X 0*76 = 0*60 sq. in. £ in. diameter bars at 6 in. carried up for a 
further 8 ft. will reach the centre of the height where the steel 
section required is 0*5 X 0*76 = 0-38 sq. in. £ in. diameter bars at 
9£ in. provide this area and this spacing will be maintained to the 
top, having in view the temperature stresses. 



OQft v in v in v 19. 
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The bending moment at the counterforts is negative and pro- 
wl* 

viding for — — the positive reinforcement may be bent to the 


inner face at about one-fifth of the span on each side of the counter¬ 
forts or short straight rods inserted at the inner face over this 
length. The latter method is simpler to fix and saves bending. 
The vertical spacing of these negative bars will be the same as for 
the positive bars. For adequate bond the | in. bars should have a 
length on each side of the counterforts of 45 X £ = 34 in., and the 
f-in. bars 45 X f = 29 in., in this case rather more than one-fifth of 
the span. 

Assuming the thickness of the counterforts as 18 in., the shear 
and bond stresses may now be checked. Clear distance between 
counterforts ~ - 8 ft. 6 in. 

End shear on lowermost one-foot strip = 688 X 4*25 = 2924 lbs., 

2924 

and unit shear stress = —-—-7--— = 40 lbs. per sq. in. 

12 x 0*857 x 7*1 ^ ^ 


Permissible 75. 


2924 X 7 

Maximum bond stress = --— - -— = 120 lbs. 

12 X 2*356 X 0*857 X 7*1 

per sq. in. Permissible 200. 

Vertical rods J in. diameter spaced at 24 in. will act as dis¬ 
tributors and tying rods for the horizontal bars. 

Overturning Moment. —The weight of wall per 10 ft. length 
— 394,925 lbs., inclusive of earth at 100 lbs. per cub. ft. carried on 
rear slab. 

Distance of resultant weight from toe = 8*71 ft. 

Moment of stability about too = 3,440,328 ft. lbs. 

Horizontal pressure per 10 ft. length = \wh 2 x 10 = \ X 25 
X 900 X 10 = 112,500 lbs. acting horizontally at 10 ft. above 
foundation level. 

Overturning moment — 1,125,000 ft. lbs. 

Factor of Safety against overturning — = 3*1 nearly. 


Foundation Pressures .—Combining the horizontal pressure and 
vertical weight, the inclined resultant cuts the base at 8*71 

— I X 101 = 5*86 ft. from the toe, which is within the 

\394,92i> / 

middle third of the base width, m — = 0*39. 

15*00 


Intensities of pressure on foundation 
394 9*>5 

At toe = 2 X " X (2 — 3m) — 4370 lbs. per sq. ft. 


994 9*> 'i 

At rear = 2x 5 X (3m - 1) = 896 „ „ 

Pear Base Blab. —This is usually designed as a continuous slab 
supported at the counterforts. The load contributing to bending 
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moment and shear is the difference between the downward acting 
weight of the earth and slab and the upward reaction from the 
foundation. This is a maximum at the rear edge of the slab and 
decreases towards the face wall since the upward reaction from 
foundation increases from right to left. Considering a strip 12 in. 
wide at the rear of the slab, from the diagram of foundation pressure 
intensity, we have (Fig. 426). 

Upward pressure per foot run = 1128 + 896) = 1012 lbs. 

Downward ,, „ = (27-5 X 100) + (2*5 X 150) 

= 3125 lbs. 

Net downward load = 3125 — 1012 = 2113 lbs. per ft. run. 

T> ‘ 4 -* t> AyT 4 - 4 . r i wl 2 2113 X 100 X 12 

Positive B.M. at centre of bay = —- = -—-- 

J 10 10 

- 253,560 in. lbs. 

M.R. - 138 x 12 x d 2 = 253,560. 
whence d = 12*41 in. 



The depth must be checked for shear since this will be the con¬ 
trolling factor. Taking the assumed thickness of 30 in. and effective 
depth as 27 ins., the end shear at the face of the counterfort is 
$(10 - 1*5) X 2113 - 8980 lbs. 


Intensity of shear stress = 


8980 

12 X 0-857 X 27 


= 33 lbs. per sq. in. 


The depth, 12-41 in., calculated for bending only would obviously 
be insufficient for shear and bond. Working to the 30 in. thickness 
with effective depth 27 in. 


A,= 


253,560 


0-857 X 27 x 18,000 


— 0-61 sq. in. 


| in. bars at 8 in. spacing provide 0-66 sq. in. per ft. width. This 
spacing may be increased towards the face slab as the net down- 
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ward load decreases. For a 12 in. strip adjacent to the face slab 
there is a net upward load of ^(3370 + 3138) — 3125 = 129 lbs. per 
ft. run, so that the bending moment is reversed at 14 in. behind the 
face slab. This is also apparent from the diagram of pressure 
distribution on the base. The B.M. decreases as the load so that 
on the fourth one-foot strip yy (Fig. 426) from the right, the net 
downward load is 2113 — 3(1128 — 896) == 1417 lbs. per ft. run, 


and the spacing of 8 in. may here be increased to 


2113 

1417 


X 8 = 11-93, 


say 12 in. Over the remaining distance the same rate of increase 
of spacing is followed up to a maximum of 18 in. 

The negative moment at the counterforts will be provided for by 
short, straight rods extending a suitable distance on each side of the 
counterforts to ensure adequate bond. The same size of bars and 
spacing as deduced above for the positive bonding moment will 


wV^ 

serve for an equal negative moment of —— at the counterforts, 


and checking these for maximum bond stress, we have at the right- 
hand edge of slab where the spacing is 8 ins., 


Maximum bond stress = - - - — ^ -prr— = 110 lbs. 

0-857 x 27 X 12 X 2*35 

per sq. in. 

These negative bars should extend for 45 X £ = 34 in. on each 
side of the counterfort. 

Toe Cantilever .—The upward bending moment on the toe 


/4370 + 3370 

l 2 



X 3-5 X 1-84 X 12 = 270,096 in. lbs. 


Effective depth = 27 in. 


A* = 


270,096 


0-857 X 27 x 18,000 


— = 0-65 sq. in. per ft. run. 


£ in. bars at 8 in. spacing provide 0-66 sq. in. The toe may be 
sloped off if desired, to say 15 in. at the front edge. 


Shear stress at wall face 


3495 x 3-5 
12~x~0*857 X 27 


45 lbs. per sq. in. 


Maximum bond stress at wall face = 


3495 X 3-5 X 8 
0-857 x 27 X 12 X 2-35 


= 150 lbs. per sq. in. 

The bars have an embedded length in the toe of 55 diameters, 
which is adequate for grip and thoy will be carried the same distance 
behind the face into the base slab. 

Counterfort Reinforcement .—The horizontal pressure acting 
against the counterfort, which latter may be regarded as a vertical 
triangular cantilever anchored to the base, is 


£ X 25 X 27*5 X 27-5 X 10 

= 94,530 lbs., acting at one-third the height. 
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The B.M. at L = 94,530 x -y- = 866,525 ft. lbs. 

The main reinforcement consists of bars embedded along the 
edge ab , Fig. 427. The moment arm of these bars about L is 10 ft. 
1 .V in., allowing for 2J in. cover. 
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Tension in bars ab = = 85,583 lbs. 

JLU'lZo 

. 85,583 . 

A ' = ii» = 4 ' 76 ,n - 


Five 1J in. bars give 4*97 sq. in. The sectional area required at 
any intermediate point distant d ft. from a — Sectional area at 
d 2 

D X Hence two of the five bars may be stopped at the point 

j 2 q 

where D = 25*6 ft. For — = d = 19*8 say 19 ft. 6 in. 


The centre bar will need to be continued 50 diameters, say 5 ft. 
beyond this point to ensure adequate bond. The remaining two 
bars will continue to the top and all will be hooked at their upper 
ends. The lower ends are also continued for 5 ft. into the base and 
hooked. 

Horizontal and vertical bars arranged in pairs are embedded in 
the body of the counterfort to transmit the horizontal and vertical 
shear forces per 10 ft. length of wall. The total horizontal reaction 
at each counterfort due to the pressure on the face = J X 25 X 27*5 
X 27*5 X 10 = 94,530 lbs. Using in. bars in pairs, two bars 
provide 0*497 sq. in., which at 18,000 lbs. per sq. in. give a tensile 


resistance of 8946 lbs. 


The number of pairs required = 


94,530 

8946 


= 11 . 


The spacing is obtained by dividing the horizontal pressure triangle 
into 11 equal areas and locating the pairs of bars closely at the level 
of the centroids of these areas. The vertical bars are calculated 
similarly. From Fig. 426 it is seen that the net downward load to 
be supported over the distance of 9 ft. 6 in. = |(3125 — 896) x 9J 
X 10 = 105,925 lbs. per counterfort. Using f in. bars in pairs, one 
pair has a tensile resistance of 0*884 X 18,000 = 15,912 lbs., and 


number of pairs required = 


105,925 

15,912 


The spacing is again 


arranged to suit the triangular load distribution. The horizontal 
pairs of bars in the counterforts are looped around the back of the 
main diagonal bars ab and hooked around two of the vertical bars 
in the wall face as indicated on Section Z — Z of Fig. 427. The 
vertical pairs may be hooked to the lower bars in the base slab or 
otherwise be embedded for a minimum length of 45 diameters in the 
base slab. 



CHAPTER XVII. 


TANKS AND RESERVOIRS. 

Tanks. —The first requirement for concrete tanks is practical im¬ 
permeability. In order to realize this in a high degree, since no 
concrete is absolutely watertight, special care should be taken in the 
grading of the aggregate and in the moderate use of water in mixing. 
Vibration, where available, will ensure increased density. A suitable 
mix for tank work is as follows :— 

2£ parts aggregate £ in. to f in. 

if „ „ I in. to | in. 

2J „ sand J in. down 

1 „ cement 

Not less than 50 per cent, of the sand should be retained on 

No. 30 sieve (Holes 0*0198 in., wire 0*0135 in. diameter, —30 meshes 

per in.). A very fine dusty sand should not be used. For 1 : 4J 
concrete, the cement volume, or corresponding weight, if so specified, 
is increased to 1J parts. A minimum thickness of 5 in. for 1 : 4£ 
concrete and 9 in. for 1: 6 concrete is desirable with increased thick¬ 
nesses for greater head of water as follows :— 


For 1:6 concrete. 


Thickness of wall. 

5 in. 

6 in. 

7 In. 

8 In. 

9 In. 

10 In. 

11 in. 

12 in. 

13 In. 

14 in. 

16 in. 

Maximum depth of water In feet. 

1 ; 4£ cone. 

1 : 6 cone. 

16 

18 

21 

24 

27 

18 


33 

22 

36 

24 

39 

26 


1 


These thicknesses might be slightly reduced if it is intended to 
give the tank a bitumastic lining. Such lining should be unneces¬ 
sary if proper care is taken regarding grading and water content and 
the adoption of a suitable working stress for the reinforcement. In 
order to limit the micro-rupture of the concrete to capillary propor¬ 
tions a relatively low working stress for the steel should be adopted. 
A tensile stress not exceeding 10,000 lbs. per sq. in. is desirable. 
Bearing on the above points the reader is recommended to read the 
paper on “ Reinforced Concrete for Water-retaining Structures,” by 
H. C. Ritchie, M. Inst. C.E., published in the Transactions of the 
Institution of Water Engineers for 1932. 

640 
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Open Circular Tanks .—The cylindrical walls of circular tanks are 
usually designed as thin cylinders resisting tension only. Tensile 
resistance of the concrete is neglected and the sectional area of the 
reinforcement is proportioned to resist the whole of the circum¬ 
ferential tension. Since the fluid pressure varies directly as the 
depth, the steel area is varied accordingly by assuming the tank side 
to consist of a number of superimposed rings of unit height and cal¬ 
culating the reinforcement at a sufficient number of vertical intervals. 
In an open tank of 60 ft. diameter with a maximum depth of 20 ft. 
of water, the pressure per sq. ft. at the base of the ring wall is 
20 X 62*5 = 1250 lbs. = p, Fig. 428. Assuming that the drum is 
not monolithic with the base, the resultant pressure on one side of 
a diametral section per foot of height, is p X d = 1250 x 60 
= 75,000 lbs. This is resisted by the tension T in two sections of 
the ring reinforcement. 

75 000 

Taking/, = 10,000 lbs. per sq. in., A, = 2 x 10 000 = 3 ' 75 sq ‘ in ‘ 

per ft. of height for the lowest one-foot ring. Four 1J in. bars having 

4 12 

an area of practically 4 sq. in. would give a spacing of X -r 

u'/O 4 


= 3*2 in. Such bars in the lower part of the wall would be arranged 
in two rings and staggered with 
a pitch of 6-4 in. in each ring. 

We may, however, regard this 
from another viewpoint. Be¬ 
fore the stress in the steel 
reaches 10,000 lbs. per sq. in., 
corresponding to a stress in the 
“ surrounding ” concrete of 
about 700 lbs. per sq. in., the 
concrete would have been so 
ruptured as to cease to offer 
any tensile resistance. Suppose, 
in the above example, thick¬ 
ness of the lowest 12 in. ring of 
concrete is 11 in., then so long as 
the concrete remains intact the 
resultant tension T= 37,500 lbs. 

may be equated to the combined tensile resistance of the concrete and 
reinforcement. Suppose m — 16, then the equivalent concrete area = 
(12 x 11) + (m — 1) A, and the mean stress in the concrete would be 



= (12 X 11) + (15 X3-75 ) = 19 °' 2 8ay 200 lb8 - Per Sq - in - With 
the steel stressed to only 200 X 16 = 3200 lbs. per sq. in. Since 
this would be within the tensile breaking stress of good concrete, it 
would appear at first sight that conditions would be safe and that the 
concrete might be relied upon to assist in opposing the bursting 
action. It must be borne in mind, however, that such a calculation 
gives the average concrete stress and therefore implies a much more 
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intimate distribution of the steel than obtains with the relatively 
heavy sections under consideration, and also that the concrete has 
no local defects, i.e. that it is perfectly homogeneous. It is more 
probable that the concrete in the immediate neighbourhood of the 
steel becomes cracked in the relatively early stages of loading and 
that as the steel takes up a greater share of the total load with corre¬ 
sponding elastic extension, the cracking of the concrete cumulatively 
extends to the outer and inner faces. With the steel stressed to 
10,000 lbs. per sq. in. the elastic increase of circumference for a 


60 ft. diameter is 


10,000 X 3 1416 x 60 X 12 
30,000,000 


— 0*754 in. which 


represents closely the aggregate width of the cracks in the concrete 
and emphasizes the importance of thorough mixing, grading, and 
placing, since if only a few cracks resulted at locally defective places, 
serious leakage would occur, whereas with good homogeneous con¬ 
crete this extension of 0*75 in. would be distributed over a very 
large number of fine cracks of capillary magnit ude. 

In large circular tanks the preferable type of construction appears 



Fio. 429. 


Fio. 430. 


to be that of an independent drum let into a circular groove in the 
base and suitably sealed with bitumen as in Fig. 429. The mono¬ 
lithic continuity between drum and base is thereby interrupted and 
the expansion of the lower part of the drum is not restrained by 
the rigid base. 

When the sides are monolithic with the base as in Fig. 430 it is 
evident that a considerable bending moment will be set up at A due 
to the restraint of the base slab and the bending action will extend 
to some level L at which the deflection d sensibly equals that duo to 
the extension of the hoop reinforcement when fully stressed. Above 
this level the internal pressure is resisted by the hoop reinforcement, 
whilst below L a diminishing amount of stress will be carried by the 
hooping steel and an increasing amount by suitable vertical reinforce¬ 
ment, the tank side between A and L acting principally as a canti¬ 
lever. Special care needs to be taken at the bottom corner where a 
strong fillet with diagonal bars thoroughly bonded into sides and 
bottom is necessary. Several theories have been proposed for 
determining the height AL and magnitude of the bending moment 
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for tanks of various proportions and the reader is referred to the 
articles by H. Carpenter in Concrete and Constructional Engineering 
for April 1927 and June 1929 for an exposition of Reissner’s theory. 

Rectangular Tanks Sunk Below Ground Level. —These may be 
open or roofed. Considering first the open type. A vital considera¬ 
tion is the condition of the ground as regards sub-soil water level. 
The ground may be naturally dry and well drained or the water 
table may be very little below the surface. Again, a tank in porous 
soil may be adjacent to a canal or to a river with considerable 
fluctuation of water level and therefore exposed to corresponding 
variation of external pressure against its walls and uplift against its 
bottom. Taking the dimensions in Fig. 431 and supposing the sub¬ 
soil water to rise at times to within 4 ft. of ground level, the weight 
of the tank per foot run when empty = (2 X 14 X f X 150) 
-f (20 X 1 X 150) = 6500 lbs. The upward hydrostatic pressure 
equals the weight of displaced waters 21 § X 10 X 1 X 62-5 
= 13,542 lbs. The net upward pressure tending to lift the tank is 
13,542 - 6500 = 7042 lbs. per ft. 
run. The available resistance is the 
friction between the tank sides and 
the earth which would be almost 
negligible in the case of water¬ 
logged soil. With a depth x ft. of 
water in the tank such that 20 X a; 

X 62-5 = 7042 or x = 5-64, say 
5 ft. 8 in. the stability of the tank 
would be critical. 

The safeguarding of tanks against uplift may be effected by 
increasing the dead weight which is wasteful, by extending the base 
as shown by the dotted lines and by suitably reinforcing the canti¬ 
lever so formed or by some system of gravity anchorage. In the 
case of some large sewage tanks in porous ground adjacent to a river 
with very variable flow, the foundation was formed by sinking closely 
spaced circular cribs to a sound bottom, filling these with plums in 
lean concrete and anchoring the tank bottoms to this filling by a 
suitable number of vertical rods. 

Narrow tanks may have a slab bottom reinforced for the span 


Fia. 432. 

between the side walls, but for widths exceeding about 10 ft. a system 
of internal transverse ribs, or external ones if a flush internal surface 
is necessary, may be adopted, as shown in Fig. 432 A and B. The 
bottom and sides are then reinforced longitudinally for the span 
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between the ribs. It will be apparent that with the tank empty, the 
design of the sides will follow closely that for a counterforted retain¬ 
ing wall and the bottom ribs may be treated as partially fixed beams. 
The magnitude of the external pressure against the sides is not sus¬ 
ceptible of very exact estimation. Suppose for example the earth 
to weigh 110 lbs. per cub. ft. when dry and to contain 20 per cent, 
of voids, its weight when waterlogged would be 110 — loss of weight 


in water, or 110 — 


/80 

\100 


X 62-5 


= 60 lbs. per cub. ft. 


Since the 


voids are permeated with water, we must add to the pressure due to 
this saturated earth, the horizontal pressure due to the known head 
of water, i.e. 62-5 X head in ft. The uncertain factor is the angle 
of repose of the saturated earth which is certain to be small. Finely 
divided earth and especially running sand would slump to the con¬ 
dition of thin mud and so approach nearly to the condition of a fluid. 
The natural slope might be observed roughly by inspection of a 
freshly exposed excavation. It is unlikely to exceed more than 5 to 
10 degrees. Probably the most reasonable and safe assumption 
would be to treat it as a fluid, i.e. with angle of repose equal to 
zero. In the above example we should then be dealing with an 


equivalent viscous fluid 


80 20 

of density = — X 11° + ^ X 62-5 


= 100*5 lbs. per cub. ft. When the sub-soil is naturally and 
permanently dry or capable of being efficiently drained the danger 
of uplift is eliminated. 

In designing the sides these should be reinforced for the two 
conditions—tank empty, with earth pressure acting against the 
outside, and tank filled, with the water pressure acting against the 
inside with the external earth pressure disregarded. This obviously 
calls for double reinforcement as also does the partition wall in a 
tank divided into two compartments either of which may be filled 
whilst the other is empty. 

Hoofed Tanks .—If the tank is roofed and the roof and bottom 
suitably reinforced to provide supports or reactions for the sides 
according as the tank is empty or full, the sides may be designed as 
supported slabs with main vertical reinforcement if of moderate 
depth, or as a system of vertical beams or counterforts spanning 
between roof and floor with horizontally reinforced panel slabs 
between, for deeper tanks. 

In Fig. 433, for depth h ft. the total horizontal water pressure 
per foot run — \wh 2 ’ 1 where w = 62*5 lbs., acting at two-thirds the 
depth. 

R A = J X \wh 2 = \wh 2 
R B — I X | wh? = \wli 2 . 


The B.M. at a section P, x ft. below the surface 


= M — R a x x — \wx* x ~ 

o 

= lwh*x — . 


• (1) 
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The moment will be a maximum where 


whence 


~ = \wh 2 - | wx 2 = 0 
x 2 h 2 , h A 

2 = 6 and * = V3 = ' 


22500 


Inserting this value of x in Equation (1) the maximum B.M. 
= 0-064 wh* ft. lbs. 

This is an important case of bending moment since it enters into 
calculations concerning strutted sheet piling, coffer dams, dock gates, 
and other vertical beam structures exposed to water pressure. 

If the moments at vertical in¬ 
tervals of say 3 ft. be calculated from ._ A 

Equation ( 1 ) the bending moment I—.*■ 1 r- ~A~^' rf- 

curve AMB is obtained. Note that / \ A 

this is an unsymmetrical curve with Jc , / 2 

its maximum ordinate LM at the • \ 

depth 0-577 X 18 = 10-38 ft. below A. I fim 

From this moment curve the requi- *7 * p \ 

site reinforcement for resisting the h^ie 22780 \ 

outwardly acting water pressure may I j y?3328_ m 

be calculated. A curve of similar type j j x 22500 J 

will obtain for the moment due to \1 J 

the inwardly acting earth pressure / 15470 / 

with tank empty. Taking the case of f\ y 

tank full and counterforts, say 10 ft. j J 

apart, the B.M. per counterfort would _ j 

be ton times the values shown on B 

Fig. 433 which are the moments in F IG> 433 . 

foot pounds per foot run of sides. 

The maximum moment in a counterfort at depth AL = 23,328 
X 10 X 12 = 2,799,360 in. lbs. Returning for a moment to the 
side panels between the counterforts, the average pressure per 
square foot on the lowermost horizontal strip of one foot height 
= 62-5 x 17-5 = 1094 lbs. = w. 

«^ wl 2 1094 X 10 X 10 X 12 . 

B.M. — — = - - -— 109,400 m. lbs., where 

l =z span between counterforts. 

For f 8 = 10,000, f c = 700 and m — 18 the M.R. = 159 bd 2 . 
b ~ 12 in. 159 x 12 x d 2 — 109,400 whence d = 7-6 in. But 
watertightness could be secured by a slab thickness of effective depth 
of say 6 £ in., in which case the M.R. of the slab would be reduced to 
159 x 12 x 6-5 X 6-5 - 80,613 in. lbs. and the span l between 

1094 x Z 2 X 12 

counterforts would need to be reduced so that --- 

= 80,613 whence l = 8-58 ft., say 8 ft. 6 in. instead of 10 ft. It will 
generally be more economical to use the minimum slab thickness for 
watertightness and to deduce the counterfort spacing in this way. 


T 
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Reverting to the counterforts, the maximum bending moment at 
depth AL is now 279,936 x 8-5 = 2,379,456 in. lbs. Higher work¬ 
ing stresses may obviously be employed in the counterforts since 
their depth will considerably exceed the thickness required for water- 
tightness. Taking f s — 16,000, f e = 750 and m = 18 the M.R. 
= 146 bd 2 . Assuming 6 = 15 in., 146 X 15 X d 2 = 2,379,456 and 
d == 33 in. or with 2 in. cover, 35 in. over all. The lever arm is 

2 T7Q 

0*847d (Table 33) - 0-847 x 33 - 28 in. and A, = 

= 5-31 sq. in. Six ly^ in. bars give 5-318 sq. in. 

It will be noted that the above calculation assumes the counter¬ 
fort or rib as simply supported at top and bottom. Some designers 
assume the upper end simply supported and the lower end as fully 
fixed. The relatively flexible roof cannot contribute any appreciable 
fixation moment to the upper end of such a rib and it is doubtful if 



the average tank bottom of 10 or 12 in. thickness can exert much 
control over an external side rib of from two to three feet depth, 
except in the case where stiff internal or external bottom ribs are 
spaced to match the side ribs. For the lower end fixed and upper 
end simply supported, the moments may be obtained by the aid of 
the characteristic points, the ordinates of which for this particular 
moment diagram are as indicated in Fig. 434, tho P ordinate being 
0-61 X maximum ordinate LM and the Q ordinate 0-69 x LM. 
Neglecting P (adjacent to the simply supported end) and drawing 
AQ, then for full fixation at B the maximum positive moment is 
given by DE and negative moment at B by BC to the scale of LM. 
The probable moments obtaining are more likely to be those to right 
and left of the dotted line AF, where BF is of the order of J to \ BC. 

Since the inner face of such vertical ribs must be reinforced 
against the outward earth pressure with tank empty, such reinforce¬ 
ment would take care of a relatively small negative moment as BF 
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with tank full and earth pressure neglected. It appears, therefore, 
to be sound practice to design the vertical ribs as simply supported 
at both ends for the two conditions : (1) Tank empty with earth 
pressure acting, and (2) Tank full and earth pressure neglected. 

The shear force diagram is readily plotted by successively 
deducting the triangular areas of the load diagram from the reaction 
at the upper end. Thus in Fig 434, R A — \wh? per ft. run 
or J X 62-5 X 18 x 18 x 8-5 — 28,688 lbs. per counterfort with 
8 ft. 6 in. spacing. 

The shear at a depth x ft. below A = (£wh 2 — x 8*5. 

Zero shear will be at H where \wh 2 — \ivx 2 , i.e. where x = or 

V3 

at level LM where the maximum bending moment occurs. By 
inserting 3, 6, 9, 12 ft., etc., for x a sufficient number of points is 
obtained through which the shear force diagram GHK may be drawn, 



point H coinciding with LM. The maximum shear = 57,375 lbs. 

57 375 

Shear intensity — -— = 137 lbs. per sq. in. Since 

J 0*847 x 33 X 15 r 1 

this exceeds 85 lbs. for 1:1 *5 : 3 concrete shear reinforcement 
is necessary at the lower end. Four of the l-fa in. bars bent up at 
45 degrees and carried for 50 diameters into the base would take 
care of this shear. At the upper end the shear intensity = 137 
X 0*5 — 69 lbs. per sq. in. which is permissible. The tank roof 
will consist of a single or double system of beams corresponding with 
the spacing of the counterforts with a slab designed to carry its own 
dead weight plus any earth or asphalte cover and snow load, the 
design being similar to that for a iloor. 

Rectangular Tanks above Ground Level. —Fig. 435 indicates, with 
deflections greatly exaggerated, the character of the deformation of 
the sides and ends of tanks reinforced horizontally. 

In a square or nearly square tank, as at Fig. 435a, all four sides 
will be subject to both positive and negative bending moments. 
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The load per foot run on a one-foot horizontal strip of the sides at 
depth h ft. is uniform and — 62*5/i lbs. = w. The moment diagram 
is therefore parabolic, the total height CM of the parabola ACB 
w l2 

being —. It is apparent from the character of the distortion that 

o 

points of reversed curvature will occur at p, p, and the parabolas 
must be adjusted in position so that the points s , s , where the 
moment curves intersect the base lines coincide with the points p f p. 
Further, at the corners, the negative moment DB must balance the 
negative moment DE. For a square tank the moment curves for 
two adjacent sides will obviously bo equal and similar in position. 

In a rectangular tank as at Fig. 435b, of length L ft. and breadth 
l ft., the greater bending moment on the longer sides creates a larger 
negative moment DB calling for an equal negative moment DE at the 
ends of the shorter sides to balance it. This negative moment DE 
ivl 2 

may exceed — in which case the parabola EFG falls below the line 
8 


DH and the whole length of the shorter sides is subject to negative 
moment as indicated by the dotted lining. There are no points of 
reversed curvature and the character of the distortion is shown by 
the curve KN, i.e. the shorter sides are deflected inwards. As will 
be seen from the bending moment coefficients in Table 37 positive 


bending moment in the shorter sides is annulled when the ratio y 

has the value of closely T36. The coefficients in Table 37 are 
derived from considerations of the relative stiffnesses and deflections 
of the longer and shorter sides. 


Table 37. 


Ratio y. 

M >/2 

Coefficients of — for 
o 

M a . 

m b . 

M u . 

10 

-f 0-334 

4- 0-334 

- 0-667 

M 

+ 0-470 

4- 0-200 

— 0-740 

1*2 

+ 0-613 

+ 0-173 

- 0-827 

1-3 

+ 0-763 

4- 0 073 

- 0-927 

1-4 

+ 0-920 

- 0-040 

- 1-040 

1-5 

4- 1083 

- 0-167 

- 1*167 

1-6 

4- 1*253 

- 0-307 

- 1-307 

1*7 

4* 1-430 

- 0-460 

- 1-460 

1-8 

4- 1613 

- 0-627 

- 1-627 

1-9 

4 1-803 

- 0-807 

- 1-807 

20 

4- 2-000 

- 1-000 

- 2-000 


The above coefficients will also apply to the bending moments 
on the walls of rectangular chambers such as pump houses, sumps, 
etc., sunk below ground level. In these cases the pressure is 
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applied from the outside and the character of the distortion and 
sign of the bending moments as indicated in Fig. 435 will be reversed. 

In all rectangular tanks a satisfactory area of tensile reinforce¬ 
ment in addition to that required to resist the bending stresses in 
the side walls, must be provided to resist the direct bursting action 
which tends to separate the sides from the ends and the ends from 
the sides. This direct tension is relatively small compared with the 
tension due to bending. For example, in a 16 ft. square tank 
12 ft. deep, the steel area to resist the bending moment on the lower¬ 
most one-foot horizontal strip of the sides would be closely 2-4 sq. in., 
whilst the steel area to resist the direct tension would be only 0-6 sq. 
in., with f 8 = 10,000 and f c — 700 lbs. per sq. in. The reinforce¬ 
ment in the tank bottom contributes to this direct tension and the 
steel area provided to resist the bursting pressure should be so 
disposed in sides and bottom that its centroid falls sensibly at the 
level of the centre of pressure on sides and ends, i.e. at two-thirds 
the depth below top water level. 

Elevated Tanks. —Elevated tanks are required for service 
reservoirs, balancing tanks on lines of water conveyance and for 
general works supply. For the two first purposes they are neces¬ 
sarily located at points of considerable altitude and are thus con¬ 
spicuous objects. It is therefore desirable that care should be taken 
to render their appearance amenable to their environment. It is 
matter for regret that so few of these structures, especially in this 
country, can lay claim to any appreciable degree of aesthetic quality. 

The earlier elevated tanks were of iron or steel supported on 
masonry or braced steel towers. When carried on maSbnry towers 
greater opportunity exists for the provision of pleasing structures 
and abroad are many excellent examples in this regard. The most 
notable example in England is the Norton water tower on the 
Vymwy aqueduct about three miles south of Runcorn. A descrip¬ 
tion and drawings of this structure are published in the Minutes of 
Proceedings of the Inst. C.E. y vol. cxxvi. 

The relatively smaller cost of concrete tanks and speed of con¬ 
struction have greatly contributed to their adoption. If well 
designed and carefully constructed they can claim many advantages 
as compared with iron and steel tanks and relatively little additional 
outlay is needed to make them presentable. Practical impervious¬ 
ness may be secured at first by the use of suitable and carefully 
placed concrete and a reasonably low steel stress, but trouble 
frequently develops when the tank is put to work, principally due 
to repeated fluctuating strains which are the common cause of the 
development of incipient cracks. Especially is this the caso in 
connexion with tanks constructed on the top of large capacity coal 
bunkers, where the strain fluctuation, due to considerable variation 
of loading, is severe. Leakage through fine cracks may be un¬ 
important as regards loss of water but none the less results in steady 
corrosion of reinforcement. Leakage of rust coloured water from 
concrete tanks, especially through working joints, is a common 
occurrence. Concrete tanks are difficult to repair efficiently and in 
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the majority of cases where repairs become necessary, an originally 
unintended asphalt lining is called for. This is an expensive item 
and itself is not immune from the risk of cracking under tempera¬ 
ture variations and repeated straining of the structure. Further, 
the asphalt lining of vertical faces requires adventitious support if 
the depth exceeds a very few feet. The provision for such support 
is seldom foreseen or included in the original design. The possible 
future extension of a tank is occasionally a consideration. This 
may be effected satisfactorily in the case of rectangular iron tanks 
but is practically impossible with concrete tanks. 

The majority of reinforced concrete elevated tanks are circular 
in plan and are supported on four, six, eight, or more main columns 
with a suitable arrangement of supporting beams incorporated with 
the tank floor. The column layout being decided, fairly obvious 
arrangements of floor beams are as shown in Fig. 436. The inter¬ 
section of more than two main beams at the centre is to be avoided 
because of the crowding of reinforcement. 





The columns when lofty, are divided into suitable “ short ” 
sections by horizontal braces which should be well haunched at 
their intersections with the columns. These braces are subject to 
severe reversed bending moments due to the horizontal wind load. 
Diagonal bracing is seldom employed. The external appearance is 
greatly enhanced by incorporating the columns with a continuous 
screen wall suitably treated, or by carrying the tank on a circular 
or octagonal tower. One of the most successful examples of this 
latter type of construction is the St. Charles water tower at 
Nancy. 

The following example indicates the general lines of procedure 
in the design of an elevated circular tank of 75,000 gallons capacity. 
Referring to Fig. 443, the following general dimensions are adopted. 

Height of tank floor above foundation level, 56 ft. 

Internal diameter of tank, 30 ft. Depth of water, 17 ft. 

Four columns at 21 ft. centres, with tank floor supported by 
four main beams connecting the column heads and two secondary 
diametral beams with bracket extensions. Two systems of hori¬ 
zontal bracing are provided at vertical intervals of 18 ft. The tank 
wall is of the independent drum type illustrated in Fig. 429. 
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A closely approximate estimate of the probable weight of the 
structure is as follows :— 

Dead Weight Empty .— lbs. 

Wall, average thickness 9 in., diameter 30 ft., height 

18 ft. 196,800 

Floor, 32 ft. diameter, 10 in. thick. 100,570 

Four columns 27 in. square, o4 ft. long .... 164,025 
Eight braces 24 in. x 18 in. x 19 ft. long . . . 68,400 
Four main beams 36 in. x 24 in. X 19 ft. long . . 68,400 
Two secondary beams 30 in. x 18 in. X 19 ft. long 36,000 
Four footings, 10 ft. x 10 ft. x 2 ft. average depth. 120,000 
Ring beam, extra to tank floor. 28,800 

Weight of tank, empty = 782,995 

Weight of water, tank full. 751,250 

Weight of tank, full = 1,534,245 

Foundation Pressures , No Wind Pressure Acting .— 

Tank empty. Uniform 

foundation pressure. . — ■■ — 1058 lbs. sq. ft. 

1 4 x 10 X 10 ^ 

Tank full. Uniform founda- 

A . 1,534,245 

tion pressure . = --—-— == 3836 „ 

1 4 X 10 X 10 

Overturning Moment .—A wind pressure of 20 lbs. per sq. ft. acting 
horizontally on the curved surface of the tank seen in elevation, will 
be assumed. This fairly generous wind pressure is adopted to cover 
the wind pressure on columns and braces which is neglected in the 
subsequent calculations. 

Wind pressure on tank — 31*5 x 21 x 20 = 13,230 lbs. 
Overturning wind moment = 13,230 X 65 = 859,950 ft. lbs. 
Moment of stability, tank empty = 782,995 X 10-5 — 8,221,448 
ft. lbs. 

Hence the structure is amply safe against overturning. 
Foundation Pressures , Tank Full with Wind Pressure Acting .— 
Central load on one column, tank full and no wind pressure 

= ™ = 383,562 lbs. 

4 

Additional pressure on one of two leeward columns, due to 

, t 859,950 ,, . . 

wind pressure = 4 X —^— = 20,475 lbs. This is also 

the uplift on each windward column. 

Total central load on one leeward column, tank full and wind 
acting = 383,562 + 20,475 = 404,037 lbs. 

Maximum uniform foundation pressure due to central loading 

404,037 AfiAn r*. 

= TKTTui = 4040 lbs - Per 8 <1- ft - 


10 x 10 
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To this must be added the additional unit pressure due to the 
bending moment at the foot of the column. This will be considered 
later. 

In the absence of diagonal bracing, the columns and horizontal 
braces are subject to bending moments. 

In Fig. 437 the horizontal wind load of 13,230 lbs. constitutes the 
horizontal shear at a section XX. This is resisted equally by the 
four columns, being 3308 lbs. in each column, so that the bending 
moment in each column immediately above and below an inter¬ 


section point P with a horizontal brace PQ = 


13,230 

4 


X 9 X 12 


- 357,210 in. lbs. 

The bending moment due to wind pressure alone at P and Q in 
the horizontal brace PQ is obviously equal to the sum of the column 
moments immediately above and below the intersection point P, 
in this case = 2 X 357,210 = 714,420 in. lbs. 



Dividing this by 10 ft. 6 in. the vertical shear V in the brace 
714 420 

would = = 5670 lbs. 

10-5 X 12 

In the absence of any other cause of bending moment in the 
columns, these would be designed for an axial load of 404,037 lbs. 
and a bending moment of 357,210 in. lbs. and the horizontal braces 
for the values above stated. 

In designing the braces, the bending moment due to their own 
weight should not be forgotten. It is usually considerable. 

The column bending moments may, however, be considerably 
increased dependent upon the extent to which the tank may over¬ 
hang the column supports. 

In Fig. 438a where there is no overhang, the negative moments 
AC and BD at the partially fixed ends of the main floor beams are 
communicated to the columns and are additional to the wind 
moment. By cantilevering a suitable proportion of the tank weight 
as in Fig. 438b, part or all of the negative moment due to the central 
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span may be balanced. Thus, on the left-hand side of Fig. 438b 
with a small amount of overhang, AF represents the negative 
moment due to the cantilevered portion of the tank, which tends to 
bend the head of the column over to the left. AC represents the 
negative moment in the central span tending to bend the head of the 
column to the right. The difference FC = LA is evidently the 
moment at the head of the column which in this case operates to 
bend the head of the column in the direction of the arrow or inwards 
towards the centre line. On the right-hand side of Fig. 438b with a 
large amount of overhang, BH represents the negative cantilever 
moment and BD the negative moment in the central span. The 
difference DH KB is the column head moment which here operates 
to bend the head of the column outwards away from the centre line. 



Fig. 438. 


There will obviously be a location for the columns where the inward 
and outward negative moments will be balanced, if so desired. 
This position may be found by successive trials after the loading has 
been closely ascertained but such position should be checked for the 
two conditions of the tank—empty and full. If this position for the 
columns be adopted the only bending moment to which the columns 
will be subject will be that due to the wind pressure. 

With the dimensions obtaining in the present example the un¬ 
balanced moment at the column head may readily be obtained as 
follows. In Fig. 439 from symmetry each main beam carries one- 
quarter of the total load of the tank, water content, floor and any 
secondary beams concerned. 

If the moments about YY be calculated for the loading on the 
triangle BOC and for that on the segment BAC, one-half their 
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difference is evidently the moment applied at the head of each of 
the two columns B and C in the planes xx. Similar moments will 
be applied in the planes yy due to the loads in the adjacent sectors 
BOE and COD. These two moments acting at right-angles together 
with the wind moment acting in one direction (xx or yy) only, in 



combination with the axial load will furnish the data for the design 
of the column section and the ultimate foundation pressures. 

With the dimensions indicated in Fig. 443 the unbalanced moment 
at the head of each column works out to closely 791,000 in. lbs. 
This moment acts in both principal planes since two main beams 

intersect each column on adjacent 
faces. The wind moment acts in one 
plane only. 

Design of Column Section .—The 
column section adopted is shown in 
Fig. 440. 

Central load P on one leeward 
x column —■ 404,037 lbs. 

Bending moment M in plane of 
wind pressure — 791,000 in lbs. un¬ 
balanced moment due to vertical load¬ 
ing + 357,210 in. lbs. wind moment = 
1,148,210 in. lbs. 

Area of twelve 1J in. bars = 21-2 
sq. in. = A,, 

A c = 27 X 27 — 729 sq. in. 

tv * . 404,037 , „ 

Direct compression == 7 29 + (17 x 2 Pl) = + 371 lbs - P** s q- 

in. 



Fio. 440. 
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I e = I c + 1, = — + (14136 X 17 X ll 2 ) + (7 068 X 17 X 3-672} 
= 74,979 in. units. 

Bending stress in plane of wind = = ± 207 lbs. 

Ji X VTji/ 79 

per sq. in. 

Bending stress in plane at right-angles to wind plane, 

.ni aaa • 791,000 x 27 , _. 0 „ 

M = 791,000 in. lbs., = —-——— = ± 143 lbs. per sq. in. 

2 X 74,979 1 ^ 

Fig. 441 shows the unit concrete stress at the four corners of the 
column, for the basal section. 
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Fig. 441. 


Fig. 442. 


Maximum, Foundation Pressures .—The bending moments at the 
base of the column, together wi + h the known axial pressure, enable 
the maximum intensities of pressure on the column footing to be 
computed. 

Footing 10 ft. square. Uniform pressure due to axial loading 
= 4040 lbs. per sq. ft. (see above). 

^ f 1,148,210 

Bending moment m plane oi wmd direction =-—— 


95,685 ft. lbs. 

I = -h X 104. 


c / .My 95,685 X 5 X 12 

y = 5 ft. /=±- r =-1(^000- 


± 675 lbs. per sq. ft. 

Bending moment in plane at right-angles to wind direction 
™.«H> _ ft. lb „. ^65,917X5X12 


12 


10,000 


= ±396 lbs. 


per sq. ft. 

Fig. 442 shows the distribution of foundation pressure for a lee¬ 
ward column. 

If the detailed reinforcement be worked out for the tank wall, 
floor, beams and wind braces in accordance with the methods already 





556 


STRUCTURAL ENGINEERING 


explained, the final design will be found to agree very closely with 
the estimated weight. The floor may suitably be provided with two- 
way reinforcement and the wind braces will work out a little lighter 
than indicated in the general arrangement shown in Fig. 443. 

Both concrete and steel tanks are occasionally constructed with 
a central access shaft. Fig. 444 illustrates a type of tank originally 
proposed by Dr.-Ing. 0. Intze. The special merit claimed for this 
design appears to be that the overhang may be so adjusted that the 
inward radial horizontal thrust of the conical portion of the floor 
balances the outward radial horizontal thrust of the domical portion. 
Or, if AO represents the inclined thrust per foot of circumference 
due to the loading to the left of OV and BO the inclined thrust per 
foot of circumference due to the loading to the right of OV, then if 
AO cos AOC be equal to BO cos BOD the resultant load on tho 
support will act vertically. 

This is virtually the same principle explained previously regard¬ 
ing the balancing of the moments at the column heads in tho case 
of tanks with horizontal slab floors. The loading to tho left or 
outside of OV comprises the domed roof, lantern, snow load, tank 
wall, conical portion of floor and weight of water resting on the 
conical slope. To the right or inside of OV the loading comprises 
the central shaft, domed portion of floor, and supported annular 
volume of water. The tank is here shown supported by a masonry 
tower. In an all-concrete structure the circular sole beam at O 
would of course be monolithic with a ring of supporting columns. 

The usual accessories are the rising main M from pumps or 
gravity supply from a distant storage reservoir, overflow pipe F with 
washout connection and valve W, and float F operating either an 
external indicator or a suitable electrical appliance E for controlling 
the starting and stopping of supply and where necessary to indicate 
the water level at a distance. A stop valve S on the rising main is 
desirable in case of an accident to the main below. This type of 
tank obviously involves fairly expensive shuttering. 

Service Reservoirs. —Service reservoirs are large capacity tanks 
required for storing a supply of water for the district served, sufficient 
for a period of a few days. Such reservoirs are supplied either by 
pumping from a low level source or by gravity flow through a pipe 
line from a distant storage reservoir. The number of days storage 
to be provided will depend principally upon the variation in the 
rate of daily consumption of water in the district supplied, the 
occurrence of unexpected draw-off for fire services and the possible 
interruption of supply due to breakdowns on the aqueduct or pump¬ 
ping systems. Since pumps are usually in duplicate and in the case 
of the larger cities and towns the aqueduct consists of a double or 
triple line of pipes, this latter consideration becomes less important. 
Usually two to four days supply to the district served, dependent on 
the above considerations, is deemed adequate. 

Earlier service reservoirs were constructed with brick walls, 
usually with blue brick facing, and brick or plain concrete floors, 
both backed by heavy puddle sheeting. When covered, the roof 
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was formed of shallow brick or concrete arches or vaulting sup¬ 
ported on a system of brick walls, brick piers or cast iron columns 
and girders. Many such are still in service and when well con¬ 
structed on sound foundations, can claim appreciable advantages 
over the more modern reinforced concrete types. 



Fig. 444. 

Reinforced concrete service reservoirs are usually rectangular 
and occasionally circular in plan and are frequently provided with 
one or more division walls to permit alternate cleaning of compart¬ 
ments and the execution of maintenance repairs. A site sufficiently 
elevated to give the required head of water above the district served 
and low enough to provide an economic gradient for the pipe line in 
cases where a gravity supply is concenied, is desirable. A rock, 
firm gravel, or stiff clay foundation is a further desideratum. 

Fig. 445 shows a half plan and section of a typical rectangular 
service reservoir of 660,000 gallons capacity. The depth of water 
is 17 ft. A central wall divides the reservoir into two compartments, 
each having its own supply, overflow and washout connections and 
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water level indicators, and an automatic electric starting and stop¬ 
ping gear for the pump motors is actuated by the float F. The roof 
columns are 15 in. square spaced 16 ft. in both directions, supporting 
beams A and B, the roof slab having two-way reinforcement. The 
inlet main delivers water at C and O' and the overflows 0, washouts 
W and outgoing supply mains M are assembled at the sumps S, S. 
A stop valve on the supply main is accommodated in th* chamber E 
clear of the toe of the embankment. The internal washout valves 
W, W are operated from the roof. A valve P in the dividing wall 
permits of equalizing the water level or of isolating either com¬ 
partment for cleaning. The floor has a fall of 6 in. diagonally from 
H to the sump at S. The roof has a fall of 8 in. from centre to sides 
and is covered with 4 in. of gravel and 8 in. of soil. Manholes H 
with ladders provide suitable means of access and ventilators V 
project 2 ft. above the earth cover over the roof. 

A by-pass, connecting the inlet and outlet mains is frequently 
provided. 

Service reservoirs are usually partly sunk below ground level 
and subsequently banked up with the earth from the excavation, the 
embankment slopes being turfed or soiled and grass sown. 

The floor and walls are 12 in. thick and the roof 7 in. The floor 
and walls are designed as continuous slabs with two-way reinforce¬ 
ment on both faces to meet the conditions :— 

1 . Reservoir full and no earth pressure from outside. This 
loading obtains under test conditions before constructing the em¬ 
bankment, or in the event of the embankment shrinking from con¬ 
tact with the walls, or in the case of the subsequent removal of 
parts of the embankment. 

2. Reservoir empty with earth pressure acting on the outside 
faces of walls. 

3. Reservoir empty with unequal distribution of reaction beneath 
the floor due to concentration of loading in the neighbourhood of 
column bases, and also the possibility of uplift due to the accumu¬ 
lation of hydrostatic pressure beneath the floor. In all cases this 
latter possibility should be guarded against by an efficient system of 
subsoil drainage. Before laying the floor, any noticeably weak 
local patches of the foundation bed should be excavated and filled 
with a satisfactory mix of concrete. 

The central dividing wall is of course designed for full water 
pressure in either compartment, the adjacent one being empty, 
together with the proportion of roof load coming upon it as direct 
compression. 

The roof slab is treated as a slab continuous in both directions 
with the necessary two-way reinforcement for units square in plan. 
The loading consists of weight of slab, gravel, and earth cover and 
an adequate allowance for snow. It is unnecessary in temperate 
climates to cover the roof with an excessive thickness of earth. Any 
unwarrantable roof load causes additional compressive stress in walls 
and columns and these already have considerable bending stresses 
to withstand. 
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Reservoirs with Independent Walls .—Many service reservoirs are 
constructed with independent walls. In this type of structure the 
walls are designed as retaining walls subject to lateral pressure from 
either side. If long, vertical expansion joints are commonly intro¬ 
duced at intervals of 30 to 40 ft. Three types of wall are available— 
an L shaped cantilever, a counterforted wall with internal counter¬ 
forts or the same with external counterforts. The last named 
requires considerable additional excava¬ 
tion. Internal counterforts are objection¬ 
able as impeding free circulation of water 
and occupying useful storage volume, and 
the cantilever wall is more usually adopted 
for moderate depths. In order that it may 
act as designed, a free joint J, Fig. 446, 
must be provided between the wall and 
roof slab, the vertical reinforcement here 
being interrupted. At J a layer of water¬ 
proof paper or felt will be interposed. 

It will be obvious that the stability 
of this type of wall with reservoir full 
and no external earth pressure, may only 
be assured by the active weight W of the 
volume of water abed above the base slab, and it is therefore vital 
that any accumulation of uplift must be precluded by an efficient 
system of underdrainage. The under drains also carry away any 
leakage which may pass through defective floor joints and it is 
desirable that the trunk drain should be led into an accessible 
chamber where its discharge may be observed. The design of this 
type of wall will be similar to that already described for cantilever 
retaining walls. 

If the wall is designed as a vertically reinforced slab fixed at the 
base and supported or partially fixed at 
the roof level, the vertical reinforcement 
will be carried through at J, Fig. 447, 
and inclined steel H placed in the haunch. 

Floors .—Floors are constructed in 
one or two layers and may consist of 
plain or reinforced concrete. Plain con¬ 
crete slabs are advisable only where the 
ground is very uniform and capable of 
carrying the load without appreciable 
Fia. 447. local subsidence, a stiff clay foundation 

being preferable. Such slabs, 9 or 10 in. 
thick, should be cast in panels not exceeding 15 ft. square, laid on a 
3 in. thick screeding of lean concrete covered with a sliding layer of 
Sisalcraft or similar waterproof material. Fig. 448 shows a half 
section and plan of a service reservoir of 300,000 gallons capacity 
near Dersingham, Norfolk, having mass concrete walls and plain 
concrete floor, with the roof of reinforced concrete flat slab con¬ 
struction supported by mushroomed 14 in. square reinforced columns. 
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The site is on stiff boulder clay. The floor slabs are laid on a 3 in. 
thick screed and are 9 in. thick. In Fig. 448 the heavy dotted lines 
show the location of the joints between floor slabs and wall sections. 
The numbers in the small circles indicate tho sequence of casting of 
the various sections. It will be noticed that panels Nos. 1 were first 



concreted so that after shrinkage of these panels had occurred, the 
narrower closing panels Nos. 2, having the much smaller width of 
5 ft. 2 in. would have a correspondingly smaller amount of shrinkage. 
In the case of the walls, the shorter sections Nos. 4 were cast last 
for the same reason. All the vertical wall joints have a full depth 
grouting hole at the points marked by the small black circles H. 
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Those were formed as shown in Fig. 449. The ends of the No. 3 
sections were formed with a vertical groove G by fixing a moulding 
strip behind the shuttering S. Before proceeding to cast a section 
No. 4, pipes of 4in. internal diameter were placed in the grooves G 
as shown on the enlarged section. The opposite faces of No. 3 
sections were hacked over and thoroughly cleaned and No. 4 section 
concreted. The pipes were later withdrawn and the vertical dowel 
holes grouted up. This method proved very satisfactory. The 
joints J are nowhere wider than hair cracks and no other cracks have 
appeared. The concrete for walls and 
floor was of 1:2:4 mix with coarse 
aggregate of screened beach shingle up 
to 1| in. The crushing tests averaged 
about 6000 lbs. per sq. in. For the 
reinforced concrete roof the mix was 
1 : 2*3 : 3*7 with the coarse aggregate 
limited to £ in. maximum size. 

It is now general practice to construct 
floors in two layers. Both may be re¬ 
inforced or the lower layer may be of 
plain concrete and the upper one re¬ 
inforced, usually with waterproof sheet¬ 
ing between the two layers. The bottom 
layer may then include or replace the 
3 in. thick screed above mentioned. 

The edges of the slabs in the bottom 
layer are commonly butt jointed and the 
joints between the panels of the upper 
layer sealed by one of the methods 
described below. 

The main causes of cracks or opening 
joints and consequent leakage in floors 
are inferior concrete, poor workmanship 
and shrinkage or contraction of the 
concrete during the sotting and curing p IG , 449 . 

periods. The two first are concerned 

with proper attention to the specification clauses. A certain amount 
of shrinkage cannot be avoided, but by ensuring that the concrete is 
kept wet during construction and curing and that the reservoir is 
gradually filled before being allowed to dry out thoroughly, the 
shrinkage will be reduced to a minimum. A covered reservoir is 
unlikely to become actually dry unless put out of service for a 
protracted period. 

The total linear shrinkage of concrete exposed in the open air 
may reach a value of 0*0005 of its original length. If, however, the 
above precautions are taken, it appears rational to assume that the 
shrinkage factor may be reduced to the order of 0*0002. The linear 
shrinkage in a length of 25 ft. of plain concrete would thus be 
0*0002 x 25 X 12 ---- 6 3 o or say 4 V in., and somewhat less for rein¬ 
forced concrete in which the tension in the concrete induced by the 
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shrinkage is slightly reduced by the resistance to compression of the 
. embedded steel. A limit of 25 ft. is generally recommended as the 
maximum length of reinforced floor panels and 15 ft. for those of 
plain concrete. With these limits the effect of shrinkage in opening 
the joints is still sufficiently appreciable to necessitate caulking of 
the joints in the upper layer. In floors having two layers the upper 
and lower joints are staggered in order to oppose a devious course 
and increased resistance to flow, to possible leakage. Further, the 
floor panels are cast chequer wise so that the first series may develop 
full contraction before the second or closure 
panels are laid, so reducing the opening of 
J joints to the minimum. By this procedure a 
! a f i 25 ft. square closure panel, assuming equal 

h --|»- 1 shrinkage in opposite directions towards its 

centre, might be expected to open the joints 
by about in., and smaller panels proportion- 
, ately less. 

L - *rr:r» J It is important to understand clearly what 

I b i is implied by the terms Construction, Con- 

traction, Expansion, and Sliding joints, since 
' these are often employed somewhat loosely in 

current literature in referring to various types 

j_ _I of joints. The following definitions are quoted 

F J ' f u ! from the Code of Practice for the Design and 

! c I Construction of Reinforced Concrete Structures 

| -—— 1-j for the Storage of Liquids. 1 

(a) Construction Joint. —A joint produced 

I__. by temporary cessation of the placing of con- 

! j ] crete, such joint being treated so as to make 

! ^ ^ r I the continuity as complete as possible, as, for 

-—I... ' j example, by hacking and grouting against the 

_ hacked surface. 

(b) Partial Contraction Joint. —A joint pro- 

^ r _| duced by temporary cessation of the placing 

j of concrete, such joint being treated so as to 

1_j ensure complete discontinuity in the concrete, 

Fio. 450. the reinforcement running through. 

(c) Complete Contraction Joint. —A joint 
with complete discontinuity in both reinforcement and concrete, 
without an initial gap between the faces. 

( d ) Expansion Joint .—A joint with complete discontinuity in 
both reinforcement and concrete, and with an initial gap between 
the faces. 

(e) Gliding Joint .—A joint with complete discontinuity in both 
reinforcement and concrete, and with an interposed bituminous or 
other layer which facilitates movement in the plane of the layer. 

The joints as shown in Fig. 450 are diagrammatic. Some of the 


Fio. 450. 


1 Published by the Institution of Civil Engineers, Great George Street, 
London, S.W.l, 1938. 
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practical methods of effecting such joints will now be considered. 
Construction joints necessarily occur in all monolithic work. Their 
location is mainly influenced by the extent of concrete which may be 
placed per day or shift. Fig. 451a shows the usual form with 
vertical stop board V and key piece K. Where reinforcement is 
continuous suitable notches or holes are provided for the bars to 
project a distance at least longer than the splice length. Before 
resuming concreting the face of the set concrete is thoroughly 
roughened, washed, and saturated with water. Fig. 451b shows a 
partial contraction joint with notched stop board and fillet F. 



Fig. 451. 


Before continuing concreting the face EF is left smooth and pre¬ 
vented from adhering to the succeeding slab by waterproof paper or, 
if quite dry, may be coated with bitumastic paint. A complete 
contraction joint would be similarly treated but the reinforcement 
would be interrupted. 

Where freedom for lateral movement is necessary, an expansion 
joint having a width not less than one-sixth of the depth of the slab 
or a minimum of J in., the joint being later filled with plastic 
bituminous stopping. This type of joint is commonly needed where 
the floor abuts on an independent wall section, as in Fig. 451c. 
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Between plain concrete slabs or where reinforcement does not 
run through, an open joint of width not less than one-sixth of the 
slab depth or a minimum of J in., may be subsequently filled with 

1 : 1£ cement mortar, preferably in two operations with the longest 
practicable interval between. An alternative treatment is to form 
a much wider joint not exceeding 12 in. and not less than 6 in. 
width which may then be filled with the same mix of concrete as 
used for the slab, care being taken to wash thoroughly the adjacent 
set edges of the slabs. 

When the slab dimensions are sufficiently large so that the con¬ 
traction will appreciably open the joints, a positive seal may be 
effected by the insertion of a crimped copper sheet strip of about 
No. 20 gauge, as in Fig. 451 d. Provided the joints are not more 
than 10 ft. apart for 1 per cent, reinforcement or 12 ft. apart for 

2 per cent, reinforcement, such copper strips are not needed. 
Fig. 45 1e shows a type of joint in which a block of concrete B is first 
cast beneath the line of the joint, covered with waterproofing 
material to pormit lateral movement of tho slabs resting upon it 
and an open joint, subsequently run with bitumen, formed between 
the slab edges. 

A modification of this is shown in Fig. 45 If where an under drain 
D is formed in the block B beneath the joint in order to collect and 
readily lead away any possible future leakage. The drain is covered 
by loose pre-cast slabs S, in. thick and the block B is formed with 
lateral grooves L for gathering water which may collect in the gravel 
filling G. The drains D connect with a trunk drain to tho inspection 
chamber. 

A final treatment of the floor surface by trowelling immediately 
before the initial setting of the concrete, with dry Portland cement, 
using 2\ lbs. per sq. yd., gives a dense and smooth surface. 

A practical application of the sliding joint is shown in Fig. 429 
where the drum of a circular tank is free to expand without restraint 
by the floor, thus eliminating bending moment around the lower 
corner. 

In the case of walls all construction joints should be efficiently 
roughened, washed and saturated with water immediately before 
resuming concreting. Walls are usually carried up in lifts of 3 to 
6 ft. It is undesirable to exceed the latter figure. Horizontal con¬ 
struction joints are probably the commonest sources of leakage. 
Special care is needed to clean out all dirt, chips, and shavings and 
to roughen the surface. Before depositing concrete in the succeed¬ 
ing lift, a layer of about 3 in. from which the coarse aggregate has 
been omitted should first be placed. This is then followed up with 
the normal mix. Excessive rodding in the lower part of the lift 
tends to settle the coarser aggregate and float the cement to the 
surface thus producing a porous layer just above the joint. Succes¬ 
sive lifts should be cast at as short intervals as are practicable and 
all vertical construction or contraction joints should extend the full 
height of the wall. It is desirable to construct the walls in alternate 
sections with as long an interval as possible before filling in the 
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intervening gaps in order to reduce the shrinkage to the minimum. 
Both vertical and horizontal joints should be V-grooved on the water 
face and pointed with adhesive elastic composition. 

With a section or panel length of about 25 ft. and joints of the 
types b and c in Fig. 450, watertightness is secured by the insertion 
of a copper sheet as in Fig. 45Id. 

The question of provision for expansion and contraction due to 
changes of temperature is a much debated one. Under normal con¬ 
ditions of service, that is, containing water and with earthen pro¬ 
tection there can be but a small range of temperature. It is neces¬ 
sary, however, to consider the possibility of the tank remaining 
empty for a considerable period during a hot and dry season, and 
also the conditions obtaining during construction when the concrete 
may not be too well protected from sun and wind and before the 
external bank and roof cover have been placed. In some cases 
expansion joints may be required to compensate for strain move¬ 
ments in adjacent members. A reservoir constructed during a cold 
season may be expected to be tighter than one constructed during a 
hot summer when both temperature contraction and shrinkage will 
be acting in the same sense during the following cold spell. 

The simplest type of expansion joint consists of a metal strip 8 
to 10 in. wide, one half being firmly embedded 
in the concrete behind the end stop board and 
the projecting half, coated with suitable non- 
adhesive material, is enclosed by the concrete 
of the succeeding section of wall. Before 
concreting this latter section the end face of Fm. 452. 

the section in which the expansion strip is 

embedded must also be coated or faced with waterproof paper or 
bitumen sheeting to prevent adhesion to the end face of the succeed¬ 
ing section. 

A crimped or corrugated copper strip firmly embedded on both 
sides of the joint as in Fig. 452 serves the same purpose. The small 
cavity is required to give the strip freedom of action. The dis¬ 
advantage of in-built metal strips lies in their inaccessibility for 
repair without cutting into the structure, should future leakage 
occur through fracture or corrosion of the metal. Fig. 453 illustrates 
three continental examples of expansion joints which are accessible 
and renewable without destruction of any part of the structure. 
The two upper figures show types of expansion joints used on the 
water face of two French reservoirs. The joint in the lower figure 
is employed across the bottom and up the sides of a rectangular 
reinforced concrete aqueduct near Filago in North Italy. This 
aqueduct has a total length of 523 metres comprising a reinforced 
concrete arched span of 58 metres over the river Brembo and 31 
spans of 15 metres carried on reinforced concrete trestle piers. The 
rectangular trough girder is 10 ft. wide and 6 ft. 4 in. deep. The 
aqueduct is constructed on a gradient of 1 in 2000 for a delivery of 
closely 6 cubic metres per second. The expansion joints shown in 
Fig. 453 are introduced over alternate piers, that is, at 30 metre 
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intervals and at two points on the arched span. The piers at the 
expansion joints are split for the greater part of their height and so 
are sufficiently flexible to accommodate themselves to the expansion 
and contraction of the adjacent 30 metre lengths of the trough 
girder. 

Barrage de ta Bouit/ouse. 
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A queduct over the Brembo Valle y, Jta/y^ 

EXPANSION JO!MTS. 

Fig. 453. 


In addition to the usual precautions taken to ensure water¬ 
tightness, many reservoirs have been lined with asphalte or cement 
mortar rendering, either as a feature of the original design, or with 
a view to stopping leakage which has taken place subsequent to 
completion. These measures, generally speaking, are unsatis¬ 
factory. Rendering almost invariably flakes off and asphalte lining 
applied to vertical or steeply battered walls exceeding a very few 
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feet in height, eventually sags down in festoons and ultimately tears 
apart unless retained by a brick or reinforced concrete facing. 
Fig. 454 shows the method of keying the asphalte lining to steeply 
battered concrete walls at the Ambergate service reservoir of the 
Derwent Valley Water Board. 1 

The Ambergate service reservoir is designed for a total eventual 
capacity of 80 million gallons. It receives water from the Howden 
and Derwent storage reservoirs and distributes and regulates the 
supply to Leicester, Derby, and Nottingham and to the southern 
part of the County of Derby. The depth of the water is 23 ft. The 
walls and floor are of 1 : 6 mass 


concrete, the floor being 12 in. 
thick. Both walls and floor are 
covered with J in. of asphalte 
and Fig. 454 gives a section of 
the horizontal keying grooves 
formed at 2 ft. intervals of 
height on the inner faces of the 
walls which have batters vary¬ 
ing from about 1 in 12 to 1 in 3. 

The Frankley service reser¬ 
voir 2 near Birmingham for the 
distribution of water from the 
Elan Valley Waterworks has a 
capacity of just over 200 million 
gallons. The maximum depth 
is 35 ft. It is semicircular in 



Fia. 454. 


plan with floor 9 in. thick and 

side walls of 1 : 6 mass concrete. Both outer walls and floor are 


covered with asphalte | in. thick, that on trie inner faces of the walls 
being retained by a facing of blue brickwork from 9 in. to 4J in. 
thick. Expansion joints in the walls were inserted every 100 ft. 
The asphalte lining is continuous over these joints and an asphalte 
key was fixed in the centre of the wall across each joint. Each key 
consisted of a rectangular plate of asphalte 6 in. by 2 in. run into 
vertical recesses 3 in. by 2in., left opposite one another in the con¬ 
crete on each side of the joint. A somewhat similar expansion 
joint was employed at the Ambergate reservoir where the asphalte 
key was briquette-shaped in horizontal section instead of rectan¬ 
gular. The engineer considered that such joints should preferably 
be not more than 40 to 50 ft. apart. 


1 Mins, of Proceedings , Inst. C.E ., vol. ccvi, Part 2, 1917-18. 
1 Ibid., vol. cxc, Part 4, 1911-12. 
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Is the preceding chapters relating to Reinforced Concrete, fre¬ 
quent mention has been made of Ordinary Grade, High Grade and 
Special Grade Concrete. In this appendix is stated what is implied 
by these three grades of concrete as specified in the Code of Practice 
for Reinforced Concrete, issued by H.M. Stationery Offico in 
January 1934. 

Clause 101 states : 

“ This Code of Practice relates to the use of reinforced concrete in 
buildings (other than reservoirs, tanks and structures designed for the 
storage of fluids) wherein the loads and stresses are transmitted to the 
foundations by a framework of roinforced concrete or partly by a 
framework of reinforced concrete and/or by party walls, bearing walls, 
or bearing structures.’* 

Clauses 301 and 302 relate to the Strength Requirements and 
Permissible Stresses of the above mentioned grades of concrete and 
the Permissible Stresses of Reinforcing Steel. These are as follows : 

301. CONCRETE. 

(a) Grades Of Concrete. —Three grades of concrete designated Ordi¬ 
nary Grade, High Grade and Special Grade shall be recognised. The 
requirements for each grade shall be as follows :— 

(b) Ordinary Grade Concrete. —(i) Strength and consistence tests 
shall be made when required by the Designer and shall then be carried 
out as specified in Appendices (VII), (VIII) and (VI) respectively).* 

(ii) The minimum cube strengths, the permissible strosses and the 
appropriate value of the modular ratios for Ordinary Grade Concrete 
shall be as given in Table 1. 

(c) High-Grade Concrete. —(i) Preliminary tests shall be made prior 
to the commencement of the work and in accordance with Appendix (VII) 
unless satisfactory evidence of strength is produced from reliable sources. 

(ii) The work shall be carried out under special supervision through¬ 
out and shall be in charge of a Foreman and a Responsible Supervisor 
or Clerk of Works, both competent and qualified for the execution of 
reinforced concrete work. 

(iii) Works tests for strength and consistence shall be carried out as 
specified in Appendices (VIII) and (VI) respectively. At least two 
strength cubes shall be tested weekly and whonover any of the materials 
or tho mix is changed. At least one consistence test shall be made 
daily. The first of such strength and consistence tests shall be made 
immediately concreting is commenced. 

(iv) The minimum crushing strengths, the permissible stresses and 
the appropriate values of the modular ratios for High Grade concrete 
shall be as given in Table 2. 

y d) Special Grade Concrete. —(i) The requirements for High Grade 
concrete given above in paragraphs (i) and (ii) shall be complied with. 

* See pp. 576-679. 
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(ii) The structure or portion of a structure in which Special Grade 
concrete is to be used shall be calculated and designed as a continuous 
monolithic framework, bending in all members being taken into account. 

(iii) Special provision shall be made to ensure a uniform supply of 
cement throughout the work. 

(iv) The water content, including the moisture in the aggregates» 
shall be controlled in such a manner that the ratio of the water to the 
cement will not at any time exceed the ratio used in the preliminary 
tests by more than 10 per cent. 

(v) The grading of the aggregates shall be carefully controlled 
throughout the work in order to ensure that at all times it shall conform 
closely to that used for the preliminary tests. 

(vi) Works tests for strength and consistence shall be carried out as 
specified in Appendices (VIII) and (VI) respectively. At least two 
series of two strength cubes shall bo tested weekly and in addition 
whenever any of the materials or the mix is changed. At least one 
consistence test shall be made daily. The first of such strength and 
consistence tests shall be made immediately concreting has commenced. 

(vii) The permissible stresses shall be based on the results of the 
preliminary cube tests and shall not exceed the values permitted for 
similar mixes of High Grade concrete by more than 25 per cent. Shear 
and bond stresses shall also not exceed 150 lb. per sq. in. 

The permissible stresses, the minimum crushing strengths required 
from the works tests, and the appropriate modular ratios shall be 
obtained from the relations given in the headings of Table 3. 

(viii) Where it can be shown that the conditions under which the 
work is to be carried out are favourable with regard to temperature and 
humidity, and such that there is no risk of temperatures less than 
50° F. during the placing of the concrete and that the concrete will be 
maintained in a damp condition for at least 14 days, the preliminary 
test requirements given in Table 3 may be reduced by 20 per cent, 
(i.e. may be taken as equal to 4a;). 

(e) General. —For all grades of concrete where the strengths specified 
in Tables 1, 2 or 3 are reached beiore the age of 28 days these earlier 
tests may be accepted. 

Where the works cube tests at the age of 28 days show strengths 
which fall below the appropriate values in the Tables the concrete shall 
not bo condemned if subsequent tests at the age of 56 days show 
strengths not less than the figures specified for the age of 28 days plus 
10 per cent. 

Where works cube tosts show strengths consistently above those 
specified the Designer may authorise a reduction in the number of tests 
required. 

In no case should the consistency of the concrete be such as to 
produce a slump, when tested in accordance with Appendix VI, of 
more than 6 in., and wherever possible a smaller slump should be 
maintained. 

(/ ) Method of Measuring Materials. —The quantity of cement shall 
be determined by weight. 

The quantities of fine and coarse aggregate shall be separately 
determined either by volume or equivalent weight. 

(g) Proportions. —Concrete in the proportions given in Tables 1, 2 
and 3 or in intermediate proportions shall be recognised for all grades 
of concrete. 
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of the fine and coarse aggregates, each measured separately, to the quantity of cement, and shall be obtained by proportion from 
the two nearest defined mixes. 

The tabulated values of the modular ratios are given to the nearest whole number : nevertheless, more exact values, calculated 
from the formula 40,000/3x, may be used. 



Proportions. Minimum cube strength Permissible concrete stresses. 

Cub. ft. of aggregate per requirements at 28 days. Lt> per sq in. 

112 lb. bag of cement. Lb. per sq. in. vrnH.iiar 
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two nearest defined mixes. 



Proportions. Minimum cube strength Permissible concrete stresses. 
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The volume of coarse aggregate shall be twice that of the fine aggre¬ 
gate except that when specially authorised by tho Designer it may be 
varied within tho limits of one and a half and two and a half times the 
volume of fine aggregate. 

302. REINFORCEMENT. 

(a) General. —The stresses in the steel reinforcement shall not 
exceed the values given in Table 4. 

Where the stresses given in column (2) are used, only steel complying 
with the requirements stated in the heading shall be used throughout 
the job. 

Table 4. 



Permissible stress. 

Lb. per sq. in. 


(1) 

Mild steel com¬ 
plying with B.S.S. 
No. 15. 

(2) 

Mild steel com¬ 
plying with B.S.S. 
No. 15 and with 
a yield point 
stress of not less 
than 44,000 lb. 
per sq. in. 

See Appendix (V). 

Bending. 

Tension in longitudinal steel in beams, 
slabs or columns subject to bending . 

18,000 

20,000 

Compression in longitudinal steel in 

The compression stress in the 

beams, slabs or columns subject to 

surrounding concrete multi- 

bending where the compressive resist¬ 

plied by the modular ratio. 

ance of the concrete is taken into 
account. 

Compression in longitudinal steel in 
beams where the compressive resist¬ 
ance of the concrete is not taker into 
account. 

18,000 

20,000 

Direct Compression . 

Compression in longitudinal steel in 
axially loaded columns. 

13,500 

15,000 

Tension in spiral reinforcement . 

13,500 

15,000 

Shear. 

Tension in web reinforcement 

IS,000 

18,000 


(b) High Yield Point Steel.- —In solid slabs, other than flat slabs, 
subject to bonding, the permissible stress in steel complying with B.S.S. 
No. 165 for Hard Drawn Steol Wire or other Specification for high yield 
point steel approved by the competent Building Authority may be 
increased up to a value equal to 0*45 of the yield point stress but not 
exceeding 25,000 lb. per sq. in., providing that the area of steel in 
tension does not exceed 1 per cent, of the effective area of the slab. 
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The Appendices (VII), (VIII), and (VI) above referred to on 
p. 570 are the following: 


APPENDIX VI. 

STANDARD METHOD OF TEST FOR CONSISTENCE 
OF CONCRETE . 

The test is to be used both in the laboratory and during the progress 
of the work for determining the consistence of concrete. 

The test specimen shall be formed in a mould in the form of the 
frustrum of a cone with internal dimensions as follows : Bottom dia¬ 
meter, 8 inches ; top diameter, 4 inches, and height, 12 inches. The 
bottom and the top shall be open, parallel to each other, and at right 
angles to the axis of the cone. The mould shall be provided with 
suitable foot pieces and handles. The internal surface shall be smooth. 

Care shall be taken to ensure that a representative sample is taken. 

The internal surface of the mould shall be thoroughly clean, dry and 
free from set cement before commencing the test. 

The mould shall be placed on a smooth, flat, non-absorbent surface, 
and the operator shall hold the mould firmly in place, while it is being 
filled, by standing on the foot pieces. The mould shall be filled to about 
one-fourth of its height with the concrete which shall then be puddled, 
using 25 strokes of a f-inch rod, 2 feet long, bullet pointed at the lower 
end. The filling shall be completed in successive layers similar to the 
first and the top struck off so that the mould is exactly filled. The 
mould shall then be removed by raising vertically, immediately after 
filling. The moulded concrete shall then be allowed to subside and the 
height of the specimen measured after coming to rest. 

The consistence shall be recorded in terms of inches of subsidence of 
the specimen during the test, which shall be known as the slump. 


APPENDIX VII. 

STANDARD METHOD OF MAKING PRELIMINARY 
CUBE TESTS OF CONCRETE. 

The method described applies to compression tests of concrete made in 
a laboratory where accurate control of materials and test conditions is 
possible. 

Materials and Proportioning .—The materials and the proportions 
used in making the preliminary tests shall be similar in all respects to 
those to be employed in the work. The water content shall be as 
nearly as practicable equal to that to be used in the work, but shall b 
not loss than the sum of 30 per cent, by weight of the cement and 5 per 
cent, by weight of the aggregate unless specially authorised by tho 
Designer. For porous aggregates additional water shall be used to 
allow for the amount absorbed by the aggregates. 

Materials shall be brought to room temperature (58 to 64° F.) before 
beginning the tests. The cement on arrival at the laboratory shall be 
mixed dry either by hand or in a suitable mixer in such a manner as to 
ensure as uniform a material as possible, care being taken to avoid 
intrusion of foreign matter. The cement shall then be stored in air- 
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tight oontainers until required. Aggregates shall be in a dry condition 
when used in concrete tests. 

The quantities of cement, aggregate and water for each batch shall 
be determined by weight to an accuracy of 1 part in 1,000. 

Mixing Concrete .—Tho concrete shall be mixed by hand or in a small 
batch mixer in such a manner as to avoid loss of water. The cement 
and fine aggregate shall first be mixed dry until the mixture is uniform 
in colour. The coarse aggregate shall then be added and mixed with 
the cement and sand. The water shall then be added and the whole 
mixed thoroughly for a period of not less than two minutes and until 
the resulting concrete is uniform in appearance. 

Consistence .—The consistence of each batch of concrete shall be 
measured, immediately after mixing, by the slump test made in accord¬ 
ance with the Method of Test for Consistence of Concrete given in 
Appendix VI. Providing that care is taken to ensure that no water is 
lost the material used for the slump tests may be re-mixed with the 
remainder of the mix before making the test specimen. 

Size of Test Cubes .—Compression tests of concrete shall be made on 
6-inch cubes. The moulds shall be of steel or cast-iron with inner faces 
accurately machined in order that opposite sides of the specimens shall 
be plane and parallel. Each mould shall be provided with a base plate 
having a plane surface and of such dimensions as to support the mould 
during filling without leakage and preferably attached by springs or 
screws to the mould. Before placing the concrete in the mould both 
the base plate and the mould shall be oiled to prevent sticking of the 
concrete. 

Compacting.— Concrete test cubes shall be moulded by placing the 
fresh concrete in the mould in three layers, each layer being rammed 
with a steel bar 15 inches long and having a ramming face of 1 inch 
square and a weight of 4 lb. For mixes of 1J inches slump or less, 35 
strokes of the bar shall be given for each layer ; for mixes of wetter 
consistence this number may be reduced to 25 strokes per layer. 

Curing. —All test cubes shall be placed in moist air of at least 90 per 
cent, relative humidity and at a temperature of 58° F. to 64° F. for 
24 hours (dzi hour) commencing immediately after moulding is com¬ 
pleted. After 24 hours the test cubes shall be marked, removed from 
the moulds, and placed in water at a tomperaturo of 58° F. to 64° F. 
until required for test. 

Method of Testing. —All compression tests on concrete cubes shall 
be made between smooth plane steel plates, without end packing, tho 
rate of loading being kept approximately at 2,000 lb. per sq. in. per 
minute. One compression plate of the machine shall be provided with 
a ball seating in the form of a portion of a sphere, the centre of which 
falls at the central point of tho face of the plate. 

All test cubes shall be placed in the machine in such a manner that 
the load shall be applied to the sides of the cubes as cast. 

Distribution of Specimens and Standard of Acceptance. —For each age 
at which tests are required, throe cubes shall be made and each of these 
shall be taken from a different batch of concrete. 

The acceptance limits are a difference of 15 per cent, of the average 
strength between the maximum and minimum recorded strengths of the 
three cubes. In cases where this is exceeded repeat tests shall be made, 
excepting where the minimum strength test result does not fall below 
the strength specified. 


U 
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APPENDIX VIII. 

STANDARD METHOD OF MAKING WORKS CUBE 
TESTS OF CONCRETE. 

The method described applies to compression tests of concrete sampled 
during the progress of the work. 

Size of Test Cubes and Moulds .—The test specimens shall be 6-incli 
cubes. The moulds shall be of steel or cast iron, with inner faces 
accurately machined in order that opposite sides of the specimen shall 
be plane and parallel. Eaoh mould shall be provided with a base plate 
having a plane surface and of such dimensions as to support the mould 
during filling without leakage and preferably attached by springs or 
screws to the mould. Before placing the concrete in the mould both 
the base plate and the mould shall be oiled to prevent sticking of the 
concrete. 

Sampling of Concrete .—Wherever practicable concrete for the test 
cubes shall be taken immediately after it has been deposited in the work. 
Where this is impracticable samples shall be taken as the concrete is 
being delivered at the point of deposit, care being taken to obtain a 
representative sample. All the concrete for each sample shall be taken 
from one place. A sufficient number of samples, each large enough to 
make one test cube, shall be taken at different points so that the test 
cubes made from them will be representative of the concrete placed in 
that portion of the structure selected for tests. The location from which 
each sample is taken shall be noted clearly for future reference. 

In socuring samples the concrete shall be taken from the mass by a 
shovel or similar implement and placed in a large pail or other receptacle, 
for transporting to the placo of moulding. Care shall bo taken to see 
that each test cubo represents the total mixture of concrete from a given 
place. Different samples shall not be mixed together but each sample 
shall make one cubo. The receptacle containing the concrete shall be 
taken to the placo where the cubo is to bo moulded as quickly as possible 
and the concrete shall be slightly re-mixed before placing in the mould 

Consistence .—The consistence of each sample of concrete shall bo 
measured, immediately after re-mixing, by the slump test made in 
accordance with the Method of Test for Consistence of Concrete given 
in Appendix VI. 

Providing that care is taken to ensure that no water is lost the 
material used for the slump tests may be re-mixed with the remainder 
of the mix before making the test cube. 

Compacting .—Concrete test cubes shall be moulded by placing the 
fresh concrete in the mould in three layers, each layer being rammed 
with a steel bar 15 inches long and having a ramming face of 1 inch 
square and a weight of 4 lb. For mixes of 1£ inchos slump or less, 
35 strokes of the bar shall be given for each layer ; for mixes of wetter 
consistence the number may be reduced to 25 strokes per layer. 

Curing .—The test cubes shall be stored at the site of construction, 
at a place free from vibration, under damp sacks for 24 hours (dz £ hour) 
after which time they shall be removed from their moulds, marked and 
buried in damp sand until the time for sending to the testing laboratory. 
They shall then be well packed in damp sand or other suitable damp 
material and sent to the testing laboratory, where they shall be similarly 
stored until the date of test. Test cubes shall be kept on the site for as 
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long as practicable but at least three-fourths of the period before test 
oxcept for tests at ages less than seven days. 

The temperature of the place of storage on the site shall not be 
allowed to fall below 40° F., nor shall tho cubes themselves be artificially 
heated. 

Record of Temperature .—A record of the maximum and minimum 
day and night temperatures at the place of storage of the cubes shall be 
kept during the period the cubes remain on the site. 

Method of Testing .—All compression tests on concrete cubes shall be 
made between smooth plane steel plates without end packing, the rate 
of loading being kept approximately at 2,000 lb. per sq. in. per minute. 
One compression plate of the machine shall be provided with a ball 
seating in the form of a portion of a sphere, the centre of which falls at 
the central point of the face of the plate. 

All cubes shall be placed in the machine in such a manner that the 
load shall be applied to the sides of the cubes as cast. 

In Appendix I of the Code of Practice for Reinforced Concrete 
the following Loads are specified. 

Loads. 

15. Superimposed Loads. 

(a) Schedule of Loads .—For the purpose of calculating the loads on 
slabs, beams, columns, piers, walls and foundations, tho minimum super¬ 
imposed load on each floor and*on tho roof shall be estimated as equiva¬ 
lent to the following dead loads :— 


Class No. 

Type of building or floor. 

Slabs. 

Lb. per sq. ft. 
of floor area. 

Beams, columns, 
piers, walls and 
foundations. 

Lb. per sq. ft. 
of floor area. 

1 

1 

Rooms used for domestic purposes, 
hotel bedrooms, hospital rooms 
and wards. 

50 

40 

2 

Olliccs, floors above entrance floor 

80 

50 

3 

Oilicos, entrance floor and floors 
below entrance floor 

80 

80 

4 

Churches, schools, reading rooms, 
art galleries and the like 

80 I 

70 

5 

Retail shops and garages for cars 
of not moro than two tons dead 
weight. 

80 

80 

6 

Assembly halls, drill halls, dance 
halls, gymnasia, light work¬ 
shops, public spaces in hotels 
and hospitals, staircases and 
landings, theatres, cinemas, 
restaurants and grandstands 

100 

100 

7 

Warehouses, book stores, station¬ 
ery stores and similar uses, to¬ 
gether with garages for motor 
vehicles exceeding two tons 
dead weight; actual load to be 
calculated but not less than 

200 

200 
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Class NoJ 

Roofs. 

Slabs. 

Lb. per sq. ft. 
of covered area. 

Beams. 

Lb. per sq. ft. 
of covered area. 

8 

Flat roofs and roofs inclined at an 
angle with the horizontal of not 
more than 20°. 

50 

30 


On roofs inclined at an angle with the horizontal of more than 20° a 
minimum superimposed load (deemed to include the wind load) of 15 lb. 
per sq. ft. of surface shall be assumed acting normal to the surface 
inwards on the windward side, and 10 lb. per sq. ft. of surface similarly 
acting outwards on the leeward side, provided that this requirement shall 
apply only in the design of the roof structure, and that a vertical applied 
load of 10 lb. per sq. ft. of covered area shall be substituted for it in 
estimating the applied roof load upon all other parts of the con¬ 
struction. 

Beams and ribs within the depth of the floor but not spaced further 
apart than 3 feet between centres shall bo designed for slab loads. 

(b) Partition Loads .—In all cases where the positions of the parti¬ 
tions are definitely located in the design the actual weight of the parti¬ 
tions shall be included in the dead floor load. 

In all cases of floors where the positions of the partitions are not 
definitely located in the design a uniformly distributed load sufficient 
to allow for them shall bo added to the dead floor load and for all such 
floors used for offices the minimum total allowance for partitions shall 
be at the rate of 20 lb. per sq. ft. of floor area. 

> ( c) Alternative Loads on Slabs and Beams .—Floor slabs and beams 

Z. shall bo capable of carrying the following alternative loads on an other¬ 
wise unloaded floor :— 


Class of floor. 

Alternative minimum superimposed load. 

Slabs. 

Beams. 

Floors scheduled under Class 1 

I ton uniformly dis¬ 
tributed per foot 
width. 

1 ton uniformly dis¬ 
tributed. 

All floors under Classes 2 to 7 
except garage floors under 
Class 7. 

§ ton uniformly dis¬ 
tributed per foot 
width. 

2 tons uniformly dis¬ 
tributed. 

Garage floors under Class 7. 

1*5 X maximum wheel load but not less 
than 1 ton considered distributed over a 
floor area of 2 ft. 6 in. square. 


In the case of slabs the alternative superimposed load where specified 
as per foot width shall be taken on a length equal to the span in the case 
of slabs spanning in one direction and equal to the shorter span in the 
case of slabs spanning in two directions at right angles. 
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The reactions due to these alternative loads need not be allowed for 
in calculating the loads on columns, piers, walls or foundations. 

(d) Column Loads .—For the purpose of calculating the total load to 
be carried on columns, piers, walls and foundations in buildings of more 
than two storeys in height, the superimposed loads for the roof and 
topmost storey shall be calculated in full in accordance with the schedule 
of loading, but for the lower storeys a reduction of the superimposed 
loads may be allowed in accordance with the following table :— 


Next storey below topmost storey . 

Next storey below. 

Next storey below . . . • . 

Next storey below. 

Each succeeding storey . 


10 per cent, reduction of its 
superimposed load. 


20 

do. 

do. 

30 

do. 

do. 

40 

do. 

do. 

50 

do. 

do. 


The above reduction may bo made by estimating the proportion of 
floor area carried by oach foundation, column, pier and wall. No such 
reductions shall be allowed on any floor scheduled for an applied loading 
exceeding 100 lb. per sq. ft. 

(e) Special Loads .—In any case where the superimposed load on any 
floor or roof is to exceed that hereinbefore specified for such floor or 
roof, such greater load shall be provided for pursuant to Clause 2 herein¬ 
before. 

In the case of any floor intended to be used for a purpose for 
which a superimposed load is not specified herein, the superimposed 
load to be carried on such floor shall be provided for pursuant to 
Clause 2 hereinbefore. 

16. Wind Pressure. —All buildings other than those indicated below 
shall be so designed as to resist safely a wind pressure in any horizontal 
direction of not less than 15 lb. per sq. ft. upon the upper two-thirds 
of the vertical projection of th 3 surface of such buildings, with an 
additional pressure of 10 lb. per sq. ft. upon all projections above the 
general roof level. 

If the height of a building is less than twice its width, wind pressure 
may be neglected, provided that the building is stiffened by floors and/or 
walls. 

17. Exhibition of Notice of Safe Applied Load.— In every building 
scheduled for an applied loading exceeding 100 lb. per sq. ft. a notice 
shall be permanently exhibited in a conspicuous position on every floor 
stating the total superimposed load per square foot of floor area for 
which the floor has been designed (inclusive of partitions, if any). 


Permissible Pressures upon Subsoil, Brickwork, Concrete 
and Stonework 

18. Pressure upon Subsoil. —The following permissible loads upon 
various subsoils are given as a general guide to their safe bearing 
capacity, but the building owner shall be responsible for providing any 
trial holes, loading tests or other measures necessary to ascertain the 
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safe bearing load of the ground upon which the founds of a building are 
to be bedded. 

Permissible 
load on 
ground. 

Tons per sq. ft. 


Alluvial soil, made ground, very wet sand . . . Up to J. 

Soft clay, wet or loose sand.Up to 1. 

Ordinary fairly dry clay, fairly dry fine sand, sandy 

clay.Up to 2. 

Firm dry clay.Up to 3. 

Compact sand or gravel, London blue or similar hard 

compact clay.Up to 4. 

Hard solid chalk.Up to 6. 

Shale and soft rock.Up to 10. 

Hard rock.Up to 20. 


Intermediate values and values for other materials shall be agreed 
in consultation with the local building authority. 

The above pressures may be exceeded by an amount equal to the 
weight of the material in which a foundation is bedded and which is 
displaced by the foundation itself, measured downward from the final 
finished lowest adjoining floor or ground level. 

19. Pressures on Load Bearing Concrete.— The bearing pressures on 
load bearing concrete in bearing walls, bearing structures and founda¬ 
tions shall not exceed the following values oxcept in reinforced concrete 
as provided for in the body of this Codo of Practice :— 

Tons per sq. ft. 


12 mass concrete.5 

10 mass concrete.10 

8 mass concrete.15 

6 mass concreto.20 

2 : 4 concrete.30 

1^:3 concrete.35 

1 : 2 concrete.40 


The above pressures on mass concrete may be exceeded by an 
amount up to 20 per cent, in all cases where such increased pressure is 
of a local nature, as at girder bearings. 
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A 

Absorption of water by bricks, 3 

-, percentage, of stones, 3 

Aggregates, percentage voids in, 12 
Aluminous cement, 9 
Analyses of iron and steel, 19 

-of cements, 10 

Arched masonry, 381 

-bridge, design of 3-hinged, 439 

Arches, bonding of, 381 

-, equivalent load on, 431 

-, line of least resistance in rigid 

masonry, 435, 436 
-, load on, 429 

-, masonry and concrete, 429, 439 

-, pin-jointed, 345, 434, 439 

-, skew, 443 

Ashlar masonry, 374, 380 
Asphalte, 14, 27, 34 
Assuan dam, 418 
Axis, neutral, position of, 92 
-, physical, of columns, 138 


B 

Ballast, weight of, 27, 28 
Baltimore truss, stresses in, 230 
Ban dam, 420 

Bascule girder, stresses in, 258-261 
Beams, deflection of, 302 

.-, fixed, 86, 89 

-, lateral bending in, 133 

-, shear stress in, 107 

-,-in, intensity and dis 

tribution of, 109 
Bearings for girders, 271 
Beech, 16 

Bending moment, 52 

-and shearing force, relation 

between, 53, 108 

-diagrams for rolling loads, 66, 

68, 72, 76 

- -, maximum, due to rolling 

loads, 73, 75 

-on cantilever, 52, 53 

-on beams supported at both 

ends, 55, 56, 57, 58, 60, 66, 68, 72, 76 
.-on balanced cantilevers, 61, 

64 


Bending moments on continuous gir¬ 
ders, 82, 85 

-, positive and negative, 55 

Boarding, weight of, 32 
Bolts, weight of, 32 

Bond in masonry and brick arches, 381 
Boucherie’s process of preserving 
timber, 18 

Bowstring lattice girders, stresses in, 
250 

Bracket, connection to pillar, 123 
Bricks, manufacture and properties of, 3 
Brickwork, specification for, 4 
Bridge, plate girder, design of, 208 

-, 3-hinged concrete arched, design 

of, 439 

Bridges, dead load on, 27 

-, equivalent distributed load on 

main girders, 35 

-, highway, live load on, 36, 37 

-, live load on, 34 

-, weight of cross-girders in, 30 

Briquettes, tonsile strength of, 10 
Buckled plates, 24, 28 


C 

Cantilevers, balanced, bending mo¬ 
ment and shear force on, 61, 64 

-, bending moment on, 52, 53 

-, shear force on, 52, 53 

Cantilever girders, stresses in, 235, 240 
——, deflection of, 300 
Cast iron, 19 
Cement, 5 

-, analysis of, 10 

-, bulking of, 7 

-, natural, 5 

-, Portland, 5 

-composition and manufacture 

of, 5 

-, influence of fine grinding on 

strength of concrete, 8 

-, influence of fine grinding on 

weight of, 7 

-, Le Chatelier test for, 8 

-, tensile strength of, 8 

-, --, tests for, 8 

-, manufacturing plant for, 5-7 

-, rapid hardening, 9 
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Cement, Portland, weight and specific 
gravity of, 7 

Characteristic points, 80, 81 

-, use of, 82, 85, 88 , 89, 90 

Chartrain dam, 418 

Chequered plates, mild steel, dimen¬ 
sions of, 28 

Chimney stacks, tall, 447-452 
Ciment Fondu, 10 
Column formulae, Euler’s, 150 

-, Moncrieff’s, 155 

-, Rankine’s, 152 

-, straight-line, 153 

Column sections, properties of, 147 

-, selection of type of, 162 

Columns, caps and bases of, 169 

-, compound, 188 

-, connections to, 163 

-, curves of safe loads on, 158, 159, 

160, 162 

-, defects in practical, 136 

-, eccentrically loaded, 161 

-, fixed-ended, 154 

-, foundation bolts, 187 

-, foundations, 174, 186, 187, 872 

Columns, ideal and practical, 136 

-, lacing in, 190 

-, live load on, 189 

-., method of application of load on, 

138 

-, methods of casting, 20 

-,-of supporting ends of, 140 

-, numerical examples, 178-188 

-, physical axis of, 138 

-, rivet pitches in, 189 

Composite roof, 309-315 
Compression, intensity of, in masonry 
dams, 413, 414, 416, 418, 420, 429 
Concrete, cement, 10 

-,-, bulk of ingredients for, 11 , 

12 

-, compressive tests for, 13 

-, percentage voids in aggregates, 

12 

-, structures, methods of building, 

384 

-, weight of, 26 

Connections, riveted and bolted, 118 

-subject to bending stresses, 123 

Continuous beams, 78, 82, 85 

-, pressures on supports of, 

83, 84 

Corrugated sheets, dimensions of, 22 

-, weight of, 33 

Crane jib, design of, 356 

-lattice girders, design of, 262 

-plate girders, design of, 196 

Creosoting, 18 
Cross-girders, weight of, 30 
Crushing strength of timber, 16 

-weight of granite, 3 

-of limestone, 3 

-of sandstone, 8 


D 

Dams, Arrowrock, 427 

-, contraction joints in, 424, 425 

-, drainage wells in, 425, 426 

-, Elephant Butte, 426 

-, grouting foundations of, 427 

-, Hetch Hetchy, 427, 429 

-, masonry, 403 

-,-, pressure of water on, 403 

-,-, stability of, 404, 407 

-, recent masonry, 424 

Dead load, general considerations of, 25 

---on bridges, 27 

-on roofs, 32, 367 

Deflection, 297 
Depth of girders, 116 
Design of crane jib, 356 

-of crane plate girders, 196 

-of crane lattice girders, 2(52 

-of floor for warehouse, 126 

-of lattice roof girder, 852 

-of masonry dam, 407 

-of plate girder railway bridge, 208 

-of retaining walls, 395, 399 

-of roof truss, 824 

-of steel tank, 360 

- of tall chimney stack, 448 

-of 3-hinged concrete arch, 439 

Details of lattice girders, 268-275 
Distribution of shear stress in beams, 
109 

Dry rot in timber, 17 
Dynamic formula, Fidler’s, 44 


E 

Earth pressure behind retaining walls, 
392 

Elevator girder, stresses in, 262, 263 
Elm, 16, 27 

Ends of columns, methods of support¬ 
ing, 140 

Equivalent distributed load, 35, 75 
Euler’s formula, 150 


F 

Factor of safety, 41 
Ferrocrete, analysis ot, 10 
Fidler’s dynamic formula, 44 
Fittings for corrugated sheeting, weight 
of, 33 

Fixed beams, 86, 89 
Flange width of beams, 117 
Flashing, lead and zinc, weight of, 34 
Flats, rolled steel, 23 
Floor, warehouse, design of, 126 
Floors, live load on, 84, 866 
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Footing courses, 877, 884 
Foundations for columns, 174,186,187, 
366, 372 

-, grillage, 174, 866, 372 

-, pressure on, 385, 386 


G 

Girders, cross, weight of, 30 

-, lattice, 217 

-, main, weight of, 30 

-, plate, 191 

Glass, weight of, 27, 33 
Glazing bars, weight of, 33 
Granite, composition and properties of, 
2 y 3 

-, crushing weight of, 3 

-, percentage absorption of, 3 

-, weight of, 3, 27 

Graphic method for modulus of section, 
98 

-for moment of inertia, 9 4 

Gravity dams, 403 
Greenheart, 16, 27 
Grillage foundations, 174, 366, 372 
Gutters, weight of, 33 
Gyration, radius of, 144 


H 

Hog-backed lattice girder, stresses in, 
238 

Hutton’s formula, 307 
Hydraulic limes, 5 


I 

Impact formulae, 49, 50 
Inclined girders, stresses in, 254-263 
Inertia, moment of, 94, 95, 96,104 
Influence lines, 276-296 

-for bending moment, 279-283 

-for chord stress, 283-288 

-for reactions, 276-279 

-for shear stress, 288-296 

Iron and steel, analyses of, 19 

-, physical properties of, 19 

-, cast, 19 

-, test for transverse strength 

of, 20 

-, ultimate strength of, 20 

-, weight of, 27 

-, wrought, 20 

-, bending tests for, 21 

-, market forms of, 21 

-, sizes of plates, 22 

•—-, tensile strength of, 21 


J 

Jack arches, 30, 430, 439 
Jarrah, 16, 27 

Joints in tension members, 121, 122, 
322 

K 

K-Girders, stresses in, 231-235 
King post timber roof, 308, 309 
Ryan’s process for preserving timber, 18 


L 

La Grange dam, 420 

Larch, weight of, 27 

Lattice girders, crane, design of, 262 

-, details of, 268-275 

-, deflection of, 299 

-, spans of, 219 

-, stresses in, 220-263 

-, types of, 217 

-, weight of, 31 

Launhardt-Weyrauch formula, 42 
Least radius of gyration, 145 
Lime, 4 

— , calcining and slaking of, 4 
-mortar, 5 

Limes, hydraulic, classification of, 5 
Limestone, composition and properties 
of, 2, 3 

-, crushing weight of, 3 

-, percentage absorption of, 3 

-, weight of, 3 

Live load, general considerations of, 25 

-on bridges, 34 

-on columns, 189 

-on cross-girders, 36 

-on floors, 84, 366 

-on highway bridges, 36, 37 

-on rail bearers, 36 

-on troughing, 36 

Load, dead and live, general considera¬ 
tions of, 25 

-,-, on bridges, 27 

-,-, on roofs, 32, 367 

-, due to wind, 36 

-, equivalent distributed, on bridges, 

35 

- on arches, 429 

-on columns, application of, 138 

-on floors of tall buildings, 366, 369 

-on roller bearings, 272 

Louvre blades, weight of, 33 
Luxembourg arch, 430 


M 

Masonry and concrete arches, 429 439 
-arches, bond in, 381 
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Masonry, dam, design of, 407 
-dams, 403 

- 1 general deductions on, 428 

-, maximum compression in, 

414, 416, 418, 420, 429 

-, shear stress in, 420 

-faced concrete blocks, 384 

-footings, 377, 384 

-piers, 382 

-, specifications for, 875-381 

-, types of, 874 

-, weight of, 26 

Mild steel, 22 

Modulus of section, 98, 100, 101, 104, 
115 

Moment, bending. Sec Bending 

-of inertia, 94, 95, 96, 104 

-of resistance, 91, 98 

Moncrieff’s column formula, 155 
Mortar, lime, proportions of constituen ts 
of, 5 


N 

Neutral axis, position of, 92 

-plane, 92 

New Croton dam, 420 
N-Girders, stresses in, 220-227 
Nuts, weight of, 32 


O 

Oak, American, 16, 27 

-, English, 15, 27 

Oblique arches, 443 
Overflow dams, 405, 417, 419 


P 

Panelled retaining walls, 399 
Parabola, construction of, 54 
Parapet girder, 275 
Periyar dam, 420 
Piers, masonry, 382 
Pine, American, 15, 27 

-, Baltic, 15 

-, Dantzic, 16 

-, pitch, 15, 27 

Pin-jointed bridge girder, 273 
Pitch of rivets in girders, 111, 195 
Plate girder foot-bridge, 215, 216 

-girders, depth of, 191 

-, deflection of, 304 

-, economic span of, 191 

-, flange area, 192 

-for crane, design of, 196 

-, railway bridge, design of, 208 

-, rivet pitch in, 195 

-, web thickness, 193 

-, weight of, 80 


Plates, buckled, 24, 28 

-, mild steel, sizes of, 23, 24 

-, wrought iron, sizes of, 22 

Plauen arch, 430 

Points characteristic, 80, 81, 82, 85, 
88, 89, 90 

-of contra-flexure, 78 

Portland cement, 5 

Pressure of earth behind walls, 392 

-on foundations, 385, 386 

Principals, roof, weight of, 32 
Properties of bricks, 3 

-of rolled sections, example of, 114 

-of stones, 3 

Proportions for concrete, 11 
Purlins, design of, 314, 325 
-, load on, 307 


Q 

Queen post timber roof, 309, 310 
Quicklime, 4 


It 

Radius bricks, 4 

-of gyration, 144 

Rail bearers, weight of, 30 
Rails, weight of, 28 
Railway track, weight of, 28 
Range formula, Stone’s, 45, 49 
Rankine’s column formula, 152 

-formula for earth pressure, 393 

Rapid hardening cements, 9 
Reactions for inclined girders, 256, 257 
ltebhann’s construction for earth pres¬ 
sure, 393 

Resistance, line of, in arches, 431, 435, 
436 

-,-in dams, 409 

-, moment of, 91, 93 

Retaining walls, 392 

-, design of, 395, 399 

-, methods of relieving pres¬ 
sure on, 401 

-, surcharged, 397 

-, types of, 398 

Ridging, galvanized, weight of, 33 
Rivet heads, weight of, 32 

-pitch in columns, 189 

-in girders, 111, 195 

Rolled sections, mild steel, 23, 81 
Roller bearings for girders, 272 
Rolling load stresses in girders, 243-249 
-loads, 35, 87 

-, bending moment and shear 

force due to, 66, 68, 72, 76 
Roman cement, 10 
Roof coverings, 32, 305 

-details, 849-351 

- girder, design of, 352 
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Roof truss, design of, 324 
Roofs, 805 

-, arched, 345-349 

-, bowstring, 340, 341 

-, cantilever, 336-340 

-, design of members, 321 

-, dead load on, 32, 367 

-, hipped, 335 

-, reactions on, 317 

-, stress diagrams for, 318, 319, 327, 

344, 348 

-, types of, 316 

Round steel bars, sizes of, 24 
Rubble concrete, 374, 379 

-masonry, 374, 377, 379 

Rueping process of creosoting, 18 


S 

Sandstone, composition and properties 
of, 2, 3 

-, crushing weight of, 3 

-, percentage absorption, 3 

-, weight of, 3 

Sand, weight of, 27 
Sectional area of members, 40 
Section modulus, 98, 100, 101, 104, 115 
Shear force, 52 

-diagrams, 52-85 

-f or rolling loaas, 66, 68, 

72, 77 

-on cantilevers, 52, 53, 61, 64 

-on continuous girders, 82, 85 

-, positive and negative, 55 

-stress in beams, 107 

- ? intensity and dis¬ 
tribution of, 109 

-in dams, 420 

Sheets, corrugated, dimensions of, 22 
Sizes of plates, 22, 23, 24 

-of round bars, 22, 24 

-of slates, 33 

-of steel troughing, 28 

-of timber, 15, 16, 17 

Skew arches, 443 
Slag, weight of, 27 
Slates, sizes and weight of, 33 
Slump test for concrete, 13 
Snow load, 34 

Specification for brickwork, 4 
Specifications for masonry, 375-381 
Steel, 22 

-, mild, bending tests for, 23 

-,-, sizes of rollod soctions, 23, 

24, 31, 147, 148, 149 

-,-, troughing, 24, 28 

-, tensile strength of, 23 

-, weight of, 27 

Stone, durability of, 1 

-, face dressing of, 375 

-, porosity of, 1 

-, resistance to compression, 1 


Stone, selection of, 1 

-, specification for, 375 

-, weight of, 1, 2, 3, 27 

Stone’s “ Range ” formula, 45 
Straight line column formula, 153 
Strength, crushing, of timber, 16 

-, shearing, of timber, 17 

-, tensile, of Portland cement, 8 

—-, of steel, 28 

-, -, of wrought iron, 21 

-, transverse, of cast iron, 20 

-,-, of timber, 16 

-, ultimate, of cast iron, 20 

Stresses by method of sections, 341 

-in lattice girders, 220-263 

-in roof trusses, 318-348 

Structures, intensity of wind pressure 
on, 39 

Struts. See Columns 
Surcharged retaining walls, 397 


T 

Tall buildings, 366 

-, column anchorage, 372 

-•-, details of, 367 

-, load on floors of, 366, 367, 

369 

-, wind bracing in, 369 

-chimneys, 447-452 

Tank, steel, design of, 360 
Teak, 16, 27 

Test, Le Chatelier, for Portland 
cement, 8 

Tests, bending, for mild steel, 23 

-,-, for wrought iron, 21 

Tests, compressive, for concrete, 13 

-, tensile, for Portland cement, 8 

Thirlmere dam, 418 
Three-hinged archos, 345, 439 

-, pin joints for, 434 

Ties, riveted joints in, 121, 122 
Timber, 14 

-beams, safe stress in, 112 

-, decay of, 17 

-, destruction of, 17 

-, preservation of, 18 

-, seasoning of, 17 

-, scantlings of, 15 

-, selection of, 15 

-, shearing strength of, 17 

-, weight and strength of, 16, 27 

Tramway rails, weight of, 28 
Troughing, steel, 24, 28 


V 

Villar dam, 418 

Voids, percentage, in aggregates, 12 
Vyrnwy dam, 416 
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w 

Warren girders, stresses in, 227-230 
Weight of asphalte, 27, 34 

-of ballast, 27 

-of boarding, 32 

-of bolts, nuts, and rivet-heads, 32 

-of concrete, 26 

-of corrugated sheeting, 33 

-of gross-girders, 30 

-of fittings for corrugated shooting, 

33 

-of galvanized ridging, 33 

-of glass, 27, 33 

-of glazing bars, 33 

-of granite, 2, 8, 27 

-of gutters, 33 

-of hollow tile floors, 368 

-of iron and steel, 27 

-of lead and zinc flashing, 34 

-of limestone, 2, 3 

-of Louvre blades, 33 

-- of masonry, 26 

-of plate and lattice girders, 30 

-of Portland cement, 7 

-of rail bearers, 30 


Weight of rails, 28 

-of railway track, 28 

-of rolled steel section bars, 31, 

147, 148, 149 

-of roof principals, 324 

-of sand, 27 

-of sandstone, 3 

-of slag, 27 

-of slating, 33 

-of steel floor plates, 28 

-of timber, 16, 27 

-of troughing, 28 

-of water, 27 

-of York paving flags, 27 

Wet rot, 17 

Weyrauch formula, 42 

Wind bracing in tall buildings, 369 

-load, 36 

-pressure, intensity of, on struc¬ 
tures, 39 

-on roofs, 307 

Wohler’s experiments, 42 
Working stresses, 40 

-by “ Range ” formula, 46 

Wrought iron, 20 
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TO CHAPTERS XIII TO XVII ON REINFORCED CONCRETE 

(Nos. Refer to pages,) 


A 

Adhesion, 459 
Aggregates, 455 

-, proportions of, 572, 573, 574 

-for tanks, 540 

Ambergate service reservoir, 569 
Anchorage for bond, 460 
Appendix, 570 

-VI of Code of Practice, 576 

-* VII, of Code of Practice, 576 

-VIII of Code of Practice, 578 

Area of column footings, 520 
Arm, moment, 463, 464 
Asphalte lining, keying grooves, 569 

-, 568 

Axial load on columns, 508 

B 

Beams, bending moment on, 491 
-,-coefficients for con¬ 
tinuous, 498, 499 

-, breadth and depth of, 465 

-, deflection of, 471 

-, depth of neutral axis in, 464 

-, diagonal shear reinforcement, 

488 

-, distribution of load to, 501 

-, effective depth of, 462 

-, fracture under test, 482 

-, moment arm of, 463, 464 

-, moment of inertia of, 470 

-,-of resistance of, 462, 464, 

473 

-, percentage reinforcement in, 465 

-,-, economical, 465 

-, shear reinforcement in, 476, 

482, 486 

-, shear stress in, 484 

-, simply supported and con¬ 
tinuous, 466 

-, stiffness of, 471 

-, T and L, 476 

-, vertical stirrups in, 486 

-,-, spacing of, 487 

-with reinforcement on both 

sides, 473 

Bending moments in tank walls, 545, 
546, 547, 548 

Bond stress, 460, 572, 573, 574 
Breadth, effective, of T and L beams, 
477 

589 


C 

Cantilever retaining walls, 527, 528 
Circular tanks, 541 
Columns, bending moment in, 515 
-, combined bending and com¬ 
pression, 511 

-, effective length of, 511 

——, footings of, 519 
Column footings, eccentric loads on, 
524 

-loads, 581 

-, long, axially loaded, 510 

-, moment of inertia of, 470, 555 

-, reduction of load on, 581 

-, short, axially loaded, 507 

-,-, axial load on, 508 

-,-, helical binding in, 509 

-,-, longitudinal reinforce¬ 
ment in, 508 

-,-, permissible stresses in, 

508 

-,-, transverse reinforcement 

in, 509 

-, stiffness of, 517 

-wall, 517, 518 

-with small eccentricity, 612 

-large eccentricity, 513 

Concrete, curing of, 577, 578 

-, ordinary grade, 464, 570, 572 

-, high grade, 464, 570, 573 

-, special grade, 464, 570, 574 

-, permissible stresses on, 572, 

573, 574 

-, sampling of, 578 

Construction joints, 533, 564, 665 
Content water, 454, 455, 458 
Contraction joint, 564 
Copper expansion joints, 566, 567, 568 
Correction diagram for bending 
moment, 600 

Counterfort retaining walls, 527, 534 
Cover, 458, 459 

Crushing strength of concrete, 454 


D 

Dead load moment coefficients, 498, 
499 

Deflection of beams, 471 
Density of concrete, 455 



590 


INDEX 


Depth of beams, 465 

-of neutral axis, 464 

Dersingham service reservoir, 561, 
562 

Design of cantilever retaining wall, 
528 

—— of column footings, 520, 521, 
523, 524 

—— of continuous slab with free 
ends, 496 

-of counterfort retaining wall, 

534 „ 

-of elevated tank, 550 

-of interior continuous slab, 505 

-of rectangular column, 513 

-of sides of roofed tank, 544 

-of simply supported beam, 467 

-of simply supported slab, 469 

-of square column, 514 

-of T-beam, 478 

Diagonal shear reinforcement, 488 
Distributed loads, moment co¬ 
efficients for, 498, 499 
Distribution of slab load to beams 
501 

Drainage behind walls, 533 
Drains under reservoir floors, 559, 565 


£ 

Eccentric loads on columns, 512, 
513 

-on footings, 524 

Effective breadth of T-beams, 477 

-depth of beams, 462 

-length of columns, 611 

Elevated tanks, 549 
End moments in beams, 517, 518 
Expansion joints, 564, 565, 567, 568, 
569 


F 

Factor of safety, 456 
Fixation, partial, 492 

-,-, moment coefficients, 518 

Fixed ended beam, 492 

-beams, moment coefficients, 498 

499 

Floors, reservoir, 659, 561 

-,-, joints in, 664, 565 

-, superimposed loads on, 579, 

680, 681 

Footings, column, 519 
Foundation pressures on sub-soil, 
681, 582 

Frankley service reservoir, 569 
Free ended beams, moment co¬ 
efficients for, 498, 499 


O 

Graphs of crushing strength of con¬ 
crete, 454 

-of density of concrete, 455 

Grashof-Rankine formula, 504 
Gyration, ratio of length to radius of 
in columns, 511 


H 

Helical binding in columns, 509 
High yield point steel, 575 
Hooks, standard dimensions of, 461 


I 

Impermeability, thickness of con¬ 
crete for, 540 

Inertia, moment of, 470, 513 
Interior continuous slab, 505 
Intze elevated tank, 556, 558 

J 

Joint, complete contraction, 564 

-, construction, 533, 564 

-, partial contraction, 564, 565 

Joints, expansion, 664-569 
-, sliding, 542, 564 

K 

Key for asphalte lining, 669 

L 

L-beams, 476 

Load-bearing concrete, pressures on, 
582 

Load, wind, 581 

Loads, alternative, on beams and 
slabs, 580 

-, eccentric, on columns, 512, 513 

-,-, on footings, 624 

-, partition, 580 

-, permissible, on sub-soils, 582 

-, special, on floors and roofs, 681 

-, superimposed, on floors, 679, 

580, 581 

Longitudinal reinforcement in 
columns, 608 

M 

Materials for reinforced concrete, 
453 
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Mixes for grades of concrete, 464, 672, 
673, 674 

Modular ratio, 467, 572, 573, 574 
Moment arm, 463, 464 

-, bending, coefficients for, 498, 

499 

-, bending, in columns, 511, 615 

-, end ,in beams, 517, 518 

-of resistance, 462, 464, 473 

-overturning, 528, 630, 535, 551 


N 

Neutral axis, position o r , 463, 464, 
477 


O 

Open circular tanks, 541 

-rectangular tanks, 543, 547 

Overturning moment, 528, 530, 535, 
551 


P 

Partition loads, 580 
Percentage reinforcement in beams, 
465 

Points, characteristic, in continuous 
spans, 493-496 
— of contraflexure, 492, 493 
Pressures on load-bearing concrete, 
582 

-, permissible on ground, 582 

Pressure, water, in tanks, 541, 543, 
545 

-, wind, 581 

Primary and secondary beams, 501 
Principles, general, 453 


R 

Rectangular tanks, 543-549 
Reduction of column loads, 581 
Reinforced concrete, 453 

-, adhesion, 459 

-beams and slabs, 491-506 

-, coefficient of expansion of, 

458 

- 1 columns, 507-526 

- 1 consistence test for, 576 

-, crushing strength, 454, 

456 

- 1 density of, 455 

-, factor of safety, 456 

-, impurities in, 453 

-. materials for, 453 


-, modulus of elasticity of, 

472 

-, modular ratio for, 457, 

572-574 

-, permissible working 

stresses, 572-574 

-, preliminary cube tests for, 

576 

-, protection from corrosion, 

458 

-,-fire, 458 

---reservoirs, service, 556-569 

—r-retaining walls, 527-539 

-tanks and reservoirs, 540- 

569 

-, works cube tests for, 578 

Roofs, loads on, 580 
Roofed tanks, 544 


S 

Shear reinforcement, 486 

--, spacing of, 487-490 

-stress, 484 

Slabs, floor, bending moments in, 491 

-, loads on, 579, 580 

-, interior continuous, 505 

Slab loads, distribution of, 501 
Slabs with two-way reinforcement, 
503 

Steel, high yield point, 575 
-, permissible stresses for, 575 


T 

Tanks, circular, 541 

-, concrete for, 540 

-, elevated, 549-556 

-, rectangular, 543 

-, roofed, 544 

-, sides of, 544-549 

-, uplift on, 543 

Taylor and Thompson formula, 505 
Tests on concrete cubes, 576-578 
Test, slump, 576 

U 

Uplift beneath tanks, 543 


W 

Walls, cantilever, 528-534 

-, counterfort, 534-539 

-, retaining, 527 

Water pressure in tanks, 541, 543, 545 
Wind pressure on buildings, 581 
-on roofs, 580 





